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PREFACE. 

In preparing this second edition for press I have altered as 
slightly as possible those portions of the work which were 
written entirely by Prof. Kelland. The mode of presentation 
which he employed must always be of great interest, if only 
from the fact that he was an exceptionally able teacher ; but 
the success of the work, as an introduction to a method which 
is now rapidly advancing in general estimation, would of itself 
have been a sufHcient motive for my refraining from any 
serious alteration. 

A third reason, had such been necessary, would have pre- 
sented itself in the fact that I have never considered with the 
necessary care those metaphysical questions connected with 
the growth and development .of mathematical ideas, to which 
my late venerated teacher paid such particular attention. 

My own part of the book (including mainly Chap. X. and 
worked out Examples 10 — 24 in Chap. IX.) was written 
hurriedly, and while I was deeply engaged with work of a very 
different kind ; so that I had no hesitation in determining to 
re-cast it where I fancied I could improve it. 

P. G. TAIT. 

University of Edinburgh, 
November, 1881. 



PEEFACE TO THE FIKST EDITION. 



The present Treatise is, as the title-page indicates, the joint 
production of Prof. Tait and myself The preface I write 
in the first person, as this enables me to offer some personal 
explanations. 

For many years past I have been accustomed, no douht 
very imperfectly, to introduce to my class the subject of 
Quaternions as part of elementary Algebra, more with the 
view of establishing principles than of applying processes. 
Experience has taught me that to induce a student to think 
for himself there is nothing so effectual as to lay before him 
the different stages of the development of a science in some- 
thing like the historical order. And justice alike to the 
student and the subject forbade that I should stop short at 
that point where, more simply and more effectually than at 
any other, the intimate connexion between principles and pro- 
cesses is made manifest. Moreover, in lecturing on the ground- 
work on which the mathematical sciences are based, I could 
not but bring before my class the names of great men who 
spoke in other tongues and belonged to other nationalities 
than their own — Diophantus, Des Cartes, Lagrange, for in- 
stance — and it was not just to omit the name of one as 
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great as anj' of them, Sir William Rowan Hamilton, who 
spoke their own tongue and claimed their own nationality. 
It is true the name of Hamilton has not had the impress 
of time to stamp it with the seal of immortality. And it 
must be admitted that a cautious policy which forbids to 
wander from the beaten paths, and encourages converse 
with the past rather than interference with the present, is 
the true policy of a teacher. But in the case before us, 
quite irrespective of the nationality of the inventor, there 
is ample ground for introdacing this subject of Quaternions 
into an elementary course of mathematics. It belongs to 
first principles and is their crowning and completion. It 
brings those princijoles face to face with operations, and thus 
not only satisfies the student of the mutual dependence of 
the two, but tends to carry him back to a clear apprehension 
of what he had probably failed to appreciate in the sub- 
ordinate sciences. 

Besides, there is no branch of mathematics in which 
results of such wide variety are deduced by one uniform 
process ; there is no territory like this to be attacked 
and subjugated by a single weapon. And what is of the 
utmost importance in an educational point of view, the 
reader of this subject does not require to encumber his 
memory with a host of conclusions already arrived at in 
order to advance. Every problem is more or less self- 
contained. This is my apology for the present treatise. 

The work is, as I have said, the joint production 
of Prof. Tait and myself. The preface I have written 
without consulting my colleague, as I am thus enabled 
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to say what could not otherwise have been said, that 
mathematicians owe a lasting debt of gratitude to Prof. 
Tait for the singleness of purpose and the self-denying 
zeal with which he has worked out the designs of his 
friend Sir Wm. Hamilton, preferring always the claims of 
the science and of its founder to the assertion of his own 
power and originality in its development. For my own 
part I must confess that my knowledge of Quaternions 
is due exclusively to him. The first work of Sir Wm. 
Hamilton, Lectures on Quaternions, was very dimly and im- 
perfectly understood by me and I dare say by others, until 
Prof. Tait published his papers on the subject in the 
Messenger of Mathematics. Then, and not till then, did 
the science in all its simplicity develope itself to me. Sub- 
sequently Prof. Tait has published a work of great value 
and originality. An Elementary Treatise on Quaternions. 

The literature of the subject is completed in all but 
what relates to its physical applications, when I mention in 
addition Hamilton's second great work. Elements of Quater- 
nions, a posthumous work so far as publication is concerned, 
but one of which the sheets had been corrected by the 
author, and which bears all the impress of his genius. But 
it is far from elementary, whatever its title may seem to 
imply; nor is the work of Prof. Tait altogether free from 
difficulties. Hamilton and Tait write for mathematicians, 
and they do well, but the time has come when it behoves 
some one to write for those who desire to become mathe- 
maticians. Friends and pupils have urged me to undertake 
this duty, and after consultation with Prof. Tait, who from 
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being my pupil in youth is my teacher in riper years, 
I have, in conjunction with him, and drawing unreservedly 
from his writings, endeavoured in the first nine chapters 
of this treatise to illustrate and enforce the principles of 
this beautiful science. The last chapter, which may be 
regarded as an introduction to the application of Quater- 
nions to the region beyond that of pure geometiy, is due 
to Prof Tait alone. Sir W. Hamilton, on nearly the last 
completed page of his last work, indicated Prof Tait as 
eminently fitted to carry oh happily and usefully the appli- 
cations, mathematical and physical, of Quaternions, and as 
likely to become in the science one of the chief successors 
of its inventor. With how great justice, the reader of this 
chapter and of Prof Tait's other writings on the subject 
will judge. 

PHILIP KELLAND. 

UNIVEKSITT of EDINEUKaH, 

October, 1873. 



CONTENTS. 



CHAPTEE I. 

PAGES 

Intkodcotoky 1 — 5 



CHAPTEE 11. 

Vectob Addition and Subtbaction 6 — 31 

Definition of a veotok, with conclusions immediately resulting 
therefrom, Art. 1 — 6 ; examples, 7 ; definition of unit vectob and 
TENSOK, witli examples, 8; coplanarity of three ooinitial vectors, 
with conditions requisite for their terminating in a straight line, 
and examples, 9 — 13 ; mean point, 14. 

Additionaij Examples to Chapteb II. 



CHAPTEE m. 

YBOTOK MnLTIPLICATION AND DIVISION 32—58 

Definition of multipHcation, and first principles, Art. 15 — 18 ; 
fundamental theorems of multiplication, 19 — 22 ; examples, 23 ; 
definitions of division, vebsoe and quateenion, 24 — 28 ; examples, 
29; conjugate quaternions, 30; interpretation of formulae, 31. 

Additional Examples to Chapteb in. 



xii COJNTJiJNTS. 

CHAPTER IV. 

PAGES 

The Steaight Link and Plane . . • • ^9 72 

Equations of a straight line and plane, 32, 33 ; modifications and 
results — length of perpendicular on a plane — condition that four 
points shall lie in the same plane, &c. 34; examples, 35. 

Additional Exajiples to Chapter IV. 



CHAPTER V. 

The Cibcle and Sphere • 73—90 

EcLuatiorts of the circle, with examples, 36, 37; tangent to circle 
and chord of contact, 38, 39 ; examples, 40 ; ectuations of the sphere, 
with examples, 41, 42. 

Additional Examples to Chapiek V. 



CHAPTER VI. 

The Ellipse • • 91—105 

Equations of the ellipse, 43 ; properties of <pp, 44 ; equation of 
tangent, 45; Cartesian equations, 46; 0"^p, '/■p, &c. 47; properties 
of the ellipse, with examples, 48 — SO. 

Additional Examples to Chapter VI. 



CHAPTER VII. 

The Parabola and Hyperbola ... ... 106 — 127 

Equation of the parabola in terms of 0p, with examples, 52 — 54; 
equations of the parabola, ellipse and hyperbola in a form corre- 
sponding to those with Cartesian co-ordinates, with examples, 55. 

Additional Examples to Chapter VII. 



CONTENTS. xiii 

CHAPTEE Till. 

EAOES 

Central Suetaces of the Second Order 128 153 

Equation of the ellipsoid, 56; tangent plane and perpendicular 
on it, 57, 58; polar plane, 59, 60; conjugate diameters and diame- 
tral planes, witli examples, 60 — 64 ; the cone, 65, 66 ; examples on 
central surfaces, 67 ; Pascal's hexagram, 68 

Additional Examples to Chapter VIII. 



CHAPTEB IX. 

FoRMUL^E AND THEIR APPLICATION 154 — 181 

Formulae, 69, 70; examples, 71. 

Additional Examples to Chapter IX. 

CHAPTEE X. 

Vector Equations of the First Degree 182 — 212 

Appendix . . 213—232 



INTRODUCTION TO QUATERNIONS. 



CHAPTER I. 

IXTRODUCTORY. 

The science named Quaternions by its illustrious founder, Sir 
William Rowan Hamilton, is the last and the most beautiful ex- 
ample of extension by the removal of limitations. 

The Algebraic sciences are based on ordinary arithmetic, start- 
ing at first with all its restrictions, but gradually freeing themselvts 
from one and another, until the pai'ent science scarce recognises 
itself in its offspring. A student will best got an idea of the thing 
by considering one case of extension within the science of Arith- 
metic itself. There are two distinct bases of operation in that 
science — addition and multiplication. In the infancy of the science 
the latter was a mere repetition of the former. Multiplication was, 
in fact, an abbreviated form of equal additions. It is in this form 
that it occurs in the earliest writer on arithmetic whose works have 
come down to us — Euclid. Within the limits to which his prin- 
ciples extended, the reasonings and conclusions of Euclid in his 
seventh and following Books are absolutely perfect. The demon- 
stration of the rule for finding the greatest common measure of 
two numbers in Prop. 2, Book VII. is identically the same as that 
which is given in all modern treatises. But Euclid dares not 
venture on fractions. Their properties were probably all but un- 
known to him. Accordingly we look in vain for any demonstration 
of the properties of fractions in the writings of the Greek arith- 
meticians. For that we must come lower down. On the revival 
T. Q. 1 
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of science in the "West, we are presented with categorical treatises 
fin arithmetic. Tlie first printed treatise is that of Lucas de Burgo 
in 1494. The author considers a fraction to be a quotient, and 
thus, as he expressly states, the order of operations becomes the 
reverse of that for whole numbers — multiplication precedes addi- 
tion, etc. In our own country we have a tolerably early writer on 
arithmetic, Robert Record, who dedicated his work to King Edward 
the Sixth. The ingenious author exhibits his treatise in the form 
of a dialogue between master and scholar. The scholar battles 
long with this difficulty — that multi2)lying a thing should make it 
less. At first, the master attempts to explain the anomaly by 
reference to proportion, thus : that the jaroduct by a fraction bears 
the same proportion to the thing multiplied that the multiplying 
fraction does to unity. The scholar is not satisfied ; and accord- 
ingly the master goes on to say : "If I multiply by more than one, 
the thing is increased; if I take it but once, it is not changed; and 
if I take it less than once, it cannot be so much as it was before. 
Then, seeing that a faction is less than one, if I multiply by a 
fraction, it follows that I do take it less than once", etc. The 
scholar thereupon replies, " Sir, I do thank you much for this 
I'eason ; and I trust that I do perceive the thing". 

Need we add that the same difficulty which the scholar in the 
time of King Edward es:perienced, is experienced by every thinking 
boy of our own times; and the explanation afforded him is precisely 
the same admixture of multiplication, proportion, and division which 
suggested itself to old Robert Record. Every schoolboy feels that 
to multiply by a fraction is not to multiply at all in the sense in 
which multiplication was originally presented to him, viz. as an 
abbreviation of equal additions, or of repetitions of the thing multi- 
plied. A totally new view of the process of multiplication has 
insensibly crept in by the advance from whole numbers to fractions. 
So new; so difi'erent is it, that we are satisfied Euclid in his logical 
and unbending march could never have attained to it. It is only 
by standing loose for a time to logical accuracy that extensions in 
the abstract sciences— extensions at any rate which stretch from 
one science to another— are efiected. Thus Diophantus in his 
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Treatise on Arithmetic (i.e. Arithmetic extended to Algebra) 
boldly lays it down as a definition or first principle of his science 
that 'minus into minus makes plus'. The science he is founding 
is subject to this condition, and the results must be interpreted 
consistently with it. So far as this condition does not belong to 
ordinary arithmetic, so far the science extends beyond ordinary 
arithmetic: and this is the distance to which it extends — It makes 
subtraction to stand by itself, apart from addition; or, at any rate, 
not dependent on it. 

We trust, then, it begins to be seen that sciences are extended 
by the removal of barriers, of limitations, of conditions, on which 
sometimes their very existence appears to depend. Fractional 
arithmetic was an impossibility so long as multiplication was re- 
garded as abbreviated addition ; the moment an extended idea was 
entertained, ever so illogically, that moment fractional arithmetic 
started into existence. Algebra, except as mere symbolized arith- 
metic, was an impossibility so long as the thought of subtraction 
was chained to the requirement of something adequate to subtract 
from. The moment Diophantus gave it a separate existence — 
boldly and logically as it happened — by exhibiting the law of minus 
in the forefront as the primary definition of his science, that moment 
algebra in its highest form became a possibility ; and indeed the 
foundation-stone was no sooner laid than a goodly building arose 
on it. 

The examples we have given, perhaps from their very simplicity, 
escape notice, but they are not less really examples of extension 
from science to science by the removal of a restriction. We have 
selected them in preference to the more familiar one of the extension 
of the meaning of an index, whereby it becomes a logarithm, because 
they prepare the way for a further extension in the same direction 
to which we are presently to advance. Observe, then, that in frac- 
tions and in the rule of signs, addition (or subtraction) is very 
slenderly connected with multiplication (or division). Arithmetic 
as Euclid left it stands on one support, addition only, inasmuch 
as with him multiplication is but abbreviated addition. Arithmetic 
in its extended form rests on two supports, addition and multiplica- 

1—2 
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tion, the one different from the other. This is the first idea we 
want our reader to get a firm hold of ; that multiplication is not 
neoessaril}' addition, but an operation self-contained, self-interpret- 
able — springing originally out of addition ; but, when full-grown ^ 
existing apart from its j)arent. ' 

The second idea we want our reader to fix his mind on is this; 
that when a science has been extended into a new form, certain 
limitations, which appeared to be of the nature of essential truths 
in the old science, are found to be utterly untenable ; that it is, in 
fact, by throwing these limitations aside that room is made for the 
growth of the new science. We have instanced Algebra as a growth 
out of Arithmetic by the removal of the restriction that subtraction 
shall require something to subtract from. The word 'subtraction' 
may indeed be inappropriate, as the word multiplication ap- 
peared to be to Record's scholar, who failed to see how the multi- 
plication of a thing could make it less. In the advance of the 
sciences the old terminology often becomes inappropriate ; but if 
the mind can extract the right idea from the sound or sight of a 
word, it is the part of wisdom to retain it. And so all the old words 
have been retained in the science of Quaternions to wliich we are 
now to advance. 

The fundamental idea on which the science is based is that of 
motion — of transference. Real motion is indeed not needed, any 
more than real superposition is needed in Euclid's Geometry. An 
appeal is made to mental transference in the one science, to mental 
superposition in the other. 

We are then to consiiler how it is possible to frame a new science 
which shall spring out of Arithmetic, Algebra, and Geometry, and 
shall add to them the idea of motion — of transference. It must be 
confessed the project we entertain is not a project due to the 
nineteenth century. The Geometry of Des Cartes was based on 
something very much resembling the idea of motion, and so far the 
mere introduction of the idea of transference was not of much value. 
The real advance was due to the thought of severing multiplication 
from addition, so that the one might be the representative of a kind 
of motion absolutely different from that which was represented by 
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the other, yet capable of being combined with it. What the nine- 
teenth century has done, then, is to divorce addition from multipli- 
cation in the new form in which the two are presented, and to 
cause the one, in this new character, to signify motion forwards 
and backwards, the other motion round and round. 

We do not purpose to give a history of the science, and shall 
accordingly content ourselves with saying, that the notion of sepa- 
rating addition from multiplication — attributing to the one, motion 
from a point, to the other motion about a point — had been floating 
in the minds of mathematicians for half a century, without producing 
many results worth recording, when the subject fell into the hands 
of a giant, Sir William Rowan Hamilton, who early found that his 
road was obstructed — he knew not by what obstacle — so that many 
points which seemed within his reach were really inaccessible. He 
had done a considerable amount of good work, obstructed as he was, 
when, about the year 1843, he perceived clearly the obstruction to 
his progress in the shape of an old law which, prior to that time, 
had appeared like a law of common sense. The law in question is 
known as the commutative law of multiplication. Presented in its 
simplest form it is nothing more than this, ' five times three is the 
same as three times five'; more generally, it appears under the 
form of '■ah = ha whatever a and b may represent'. When it 
came distinctly into the mind of Hamilton that this law is not a 
necessity, with the extended signification of multiplication, he saw 
his way clear, and gave up the law. The barrier being removed, 
he entered on the new science as a wanior enters a besieged city 
through a practicable breach. The reader will find it easy to enter 
after him. 



CHAPTER II. 

VECTOR ADDITION AND SUBTRACTION. 

1. Definition of a Vector. A vector is the representative of 
transference through a given distance, in a given direction. Thus 
if 45 be a straight line, the idea to be attached to ' vector AB ' is 
that of transference from A to B. 

For the sake of defiiiiteness we shall frequently abbreviate the 
phrase ' vector AB ' by a Greek letter, retaining in the meantime 
(with one exception to be noted in the next chapter) the English 
letters to denote ordinary numerical quantities. 

If we now start from i?and advance to Cin the same direction, 
BC being equal to AB, we may, as in ordinary geometry, designate 
' vector BG ' by the same symbol, which we adopted to desigaate 
' vector AB.' 

Further, if we start from any other point in space, and 
advance from that point by the distance OX equal to and in the 
same direction as AB, we are at liberty to designate 'vector OX' 
by the same symbol as that which represents AB. 

Other circumstances will determine the starting point, and in- 
dividualize the line to which a specific vector corresponds. Our 
definition is therefore subject to the following condition : — All U»es 
which are equal and drawn in the same direction are represented hy 
the same vector symbol. 

We have purposely employed the phrase ' drawn in the same 
direction ' instead of ' parallel,' because we wish to guard the 
student against confounding 'vector AB' with 'vector BA.' 
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2. In order to apply algebra to geometry, it is necessary to 
impose on geometry the condition that when a line measured in 
one direction is represented by a positive symbol, the same line 
measured in the opposite direction must be represented by the cor- 
responding negative symbol. 

In the science before us the same condition is equally requisite, 
and indeed the reason for it is even more manifest. For if a 
transference from ^ to i? be represented by + a, the transference 
which neutralizes this, and brings us back again to A, cannot be 
conceived to be represented by anything but — a, provided the 
symbols + and — are to retain any of their old algebraic meaning. 
The vector AB, then, being represented by + a, the vector BA will 
be represented by - a. 

3. Further it is abundantly evident that so far as addition and 
subtraction of parallel vectors are concerned, all the laws of Algebra 
must be applicable. Thus (in Art. 1) AB + £0 or a + a produces 
the same result a.s, AC which is twice as great as AB, and is there- 
fore properly represented by 2a ; and so on for all the rest. The 
distributive law of addition may then be assumed to hold in all its 
integrity so long at least as we deal with vectors which are parallel 
to one another. In fact there is no reason whatever, so far, why 
a should not be treated in every respect as if it were an ordinary 
algebraic quantity. It need scarcely be added that vectors in the 
same direction have the same proportion as the lilies which corre- 
spond to them. 

We have then advanced to the following — ■ 

Lemma. All lines drawn in the same direction are, as vectors, 
to he represented by numerical multiples of one and the same 
symbol, to which the ordinary laws of Algebra, so far as their addi- 
tion, subtraction, and numerical multiplication are concerned, may 
be unreservedly applied. 

4. The converse is of course true, that if lines as vectors are 
represented by multiples of the same vector, symbol, they are 
parallel. 
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It is only necessary to add to what has preceded, that if BC be 
a line not in the same direction with p 

AB, then the vector BO cannot be 
represented by a or by any (arith- 
metical) multiple of a. The vector A B 
symbol a must be limited to express transference in a certain 
direction, and cannot, at the same time, express transference in 
any other direction. To express ' vector BC" then, another and 
quite independent symbol yS must be introduced. This symbol, 
being united to a by the signs + and — , the laws of algebra will, 
of course, apply to the combination. 

5. If we now join AC, and thus form a triangle ABC, and if 
we denote vector AB by a, BC by (i, AG by y, it is clear that we 
shall be presented with the equation a + yS = y. 

This equation appears at first sight to be a violation of Euclid I. 
20 : " Any two sides of a triangle are together greater than the 
third side". But it is not really so. The anomalous appearance 
arises from the fact that whilst we have extended the meaniiif' of 
the symbol + beyond its arithmetical signification, we have said 
nothing about that of a symbol = . It is clearly necessary that the 
signification of this symbol shall be extended along with that of 
the other. It must now be held to designate, as it does perpetually 
in algebra, 'equivalent to.' This being premised, the equation 
above is freed from its anomalous appearance, and is perfectly con- 
sistent with everything in ordinary geometry. Expressed in words 
it reads thus : ' A transference from A to B followed by a trans- 
ference from ^ to C is equivalent to a transference from .1 to C 

6. Axiom. If two vectors have not the same direction, it is 
impossible that the one can neutralize the other. 

This is quite obvious, for when a transference has been efiected 
from A to B, it is impossible to conceive that any amount of trans- 
ference whatever along BC can bring the moving point back to A. 

It follows as a consequence of this axiom, that if a, /S be different 
actual vectors, i.e. finite vectors not in the same direction, and if 
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ma + w;8 = 0, where m and n are numerical quantities; then must 
TO = and m = 0. 

Another form of this consequence may be thus stated. If 
[stillwith the above assumption as to a and /8] ma + n[3 = pa + q^, 
then must m=p, and n = q. 

7. We now proceed to exemplify the principles so far as they 
have hitherto been laid down. It is scarcely necessary to remind 
the reader that we are assuming the applicability of all the rules 
of algebra and arithmetic, so far as we are yet in a position to draw 
on them ; and consequently that ovir demonstrations of certain of 
Euclid's elementary propositions must be accepted subject to this 
assumption. 

To avoid prolixity, we shall very frequently drop the word vector, 
at least in cases where, either from the introduction of a Greek 
letter as its representative, or from obvious considerations, it must 
be clear that the mere line is not meant. The reader will not fail 
to notice that the method of demonstration consists mainly in reach- 
ing the same point by two different routes. (See remark on Ex. 9.) 

Examples. 

Ex. 1. Tlte straight lines lohichjoin the extremities of equal and 
parallel straight lines towards th6 same parts are themselves equal 
and parallel. 

Let AB be equal and parallel to CD ; 
to prove that ^C is equal and parallel 
U BD. 

Let vector AB be represented by a, 
then (Art. 1) vector CD is also repre- q^ 
sented by a. 

If now vector CA be represented by /?, vector DB by y, we shall 
have ( Art. 5) vector GB = CA+ AB = p + a, 

and vector CB^CD+ DB = a + y; 
.'. P + a — a-¥y, 
and P = y; 
so that /8 and y are the same vector symbol; consequently (Art. 1) 
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the lines which they represent are equal and parallel; i.e. CA i.s 
equal and parallel to BB. 

Ex. 2. T/ie opposite sides of a parallelogram, are equal ; and 
the diagonals bisect each other. 

Since A£ is parallel to CD, if vector AB be represented by a,' 
vector CD will be represented by some numerical multiple of a 
(Art. 3), call it ma. 

And since CA is parallel to BB; if vector CA be y8, then vector 
BB is n/3 ; hence 

vector CB^-CA+AB = p + a, 
and = CB + BB = ma + nj3 ; 
. •. a + /S = ma + n(i. 
Hence (Art. C) m = 1, w= 1, i.e. the opposite sides of the paral- 
lelogram are equal. 

Again, as vectors, AO + 0B= AB 

= CB 
= CO + OB ; 

And as ^0 is a vector along OD, and CO a vector along OB) 
it follows (Art. 6) that vector AO is vector OB, and vector CO is 
OB; 

.: VmeAO = OB, CO = OB. 

Ex. 3. The sides about the equal angles of equiangular tnangles 
are proportionals. 

Let the triangles ABC, A BE have a common 
angle A, then, because the angles B and B are 
equal, BE is parallel to BC. 

Let vector AB be represented by a, BE by 
/3, then (Art. ?,) AB \s, ma, BC n^. 

. : as vectoi's, AE = AB + BE = a + /?, 
AC = AB + BC=ma + n/i. 
Now .iC is a multiple of AE, call it p(a+l3). 
.-. ma + n(3=2){a + /3), 
and m-p = n {Art. 6). 
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But line J[ 5 : AD = ni, 
line ^(7 : i)^=n, 
.: AB : AD :: BO : BE. 

Ex. 4. The bisectors of the sides of a triangle meet in a point 
which trisects each of them. 

Let the sides of the tri&ngle ABC be 
bisected in I), E, F ; and let AD, BE 
meet in G. 

Let vector BD or DC be a, CE or EA p, 
then, as vectors, 

BA=BC + CA = 2a+'2,p=1{a. + P), 

DE=DC + CE=a + p, 
hence (Art. 4) BA is parallel to DE, and 
equal to WE. 

Again, BG+GA=BA 
= 2DE 

= 2{DG + GE). 
Now vector BG is along (?^, and vector GA along Z)!?. 
.-. (Art. 6) BG = 2GE, 
GA = 2DG, 
'whence the same is true of the lines. 




C^ ^ < 



Lastly, 



BG=^-;BE 



= ^{BC+CE) 

= |(2a + /3); 
.-. CG = BG-BC 

= ^(2a + ^)-2a 



=i(^-«)- 
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GF=BF-Ba 

=\ba-bg, 

lience CG is in the same straight line "rt^ith GF, and equal to 2GF. 

Ex. 5. When, instead of D awl E being the midJJe -points of 
the sides, they are a nj/ points vdudrver in those sides, it is required 
to find G and the 2Mint in ivhich CG produced meets AB. 

BG G i 

Let f.^ = m, /- = m; also let vector DC = a, vector CE = ji; 







.: BC = ma, CA^nji. 


Hence 




BE=BC+Ct:=ma + P, 
lJA = a + np. 


Let 




BG^xBE, GA = >jDA, 


then 




BA = BG + GA = j: {ina + yS) + y (a + »/?). 


But 




BA = ma + n/3, 


.-. (Art. 


G) 


xm +y = m, x + yn= n. 


and 


X, 


BG {m-\)n AG {n-l)m 
^'''' BE~ m,i-\ '^^''aD mn-l ' 



Again, let BF=pBA =p (nia + m/3). 
But BF = BG + CF 

= ma + a multiple of CG 

= ma + zCG suppose 

= ma + z{BG-BC] 

{{m-l)n ) 

= ma + z V* (ma. + li) — ma - . 

(, vm- 1 ^ ' ' J 

The two values of BF being equated, and Art. G applied, 



there results 



, V -\ m, — 1 

p=l- z =- ■, p^z r . 

mil— i mil— 1 ■ 
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whence 



I.e. 



1 —p n—1 

p 'III - 1 ' 
AF AE BD 



BF CE • CD' 
or AF. BD . CE=AE. CD . BF. 
Ex. 6. When, instead of as in Ex. 4, where B, E, F are points 
taken within BG, CA, AB at distances equal to half those lines 
respectively, they are points taken in BC, CA, AB produced, at 
the same distances respectively from 0, A, and B ; to find the inter- 
sections. 

Let tte points of intersection be respectively G^, G^, G^. 




Retaining the notation of Ex. 4, we have 
BD = 3a, CE = 3j3; 
and .-. BG^^xBE 

= a;(2a+3^) 

and BG^ = BD + DG^ ■ 

= 3a+yDA 
= 3a + y(CA-CI>) 
= 3a + y{2/3-a); 

.: 2x = 3 - y, 3x = 2y, and x — 

.: line EG, = IeB. 

z 7 



•(1), 



6 

1' 
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SimiUrly line FG^ = ^=FC, 

and from equation (1) BG^ = y (2a + 3/3). 

But BG^ = BA + AG^ = 2o. + ip + AG^; 

.: AG^J^{2p-a)- 

2 
hence line AG^ = - line DA 



= 2i)(?„ 



and similarly of the others. 



Ex. 7. The 7niddle faints of the lines which join the points oj 
bisection of the opposite sides of a qiuidrilateral coincide, whether 
the four sides of the quadrilateral he in the same plane or not. 

Let A BCD be a quadrilateral ; E, H, G, F the middle points of 
AB, BC, CD, DA ; X the middle point of FG. 

Let vector AB = a, AC= ^, AD =y, 
then A£ + FG = AD + DG gives 

la + FG = y + l(^-y), 
and AX =AF + l EG. 

= -(a + ^ + y), 

which being symmetrical $'a, j3,yiif the same as the vector to 
the middle point of IIF. 

X is called (Art. 14) the mean point of ABCD. 

Ex. 8. The point of bisection of the line which joins the middle 
points of the diagonals of a quadrilateral (j)lane or not) is the mean 
point. 



'"/ 


/ 


/] 


/ 




1^ 


/■ 


1 






E 

r 
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Let P, Q be the middle points of AC, 
BD, R that of PQ. 

Retaining the notation of the last ex- 
ample we have 



AQ = AB+m = '^ + \{y-o.) = \{a+y), 




Le. AQ^^{AB + AD). 



Similarly 



AE=r,{^P + ^Q) 



= j(a + ^ + v), 

i.e. i? is the same point as X in the last example ; and is therefore 
the mean point of A BCD. 

Ex. 9. AD is draivn bisecting BO in D and is produced to any 
point E ; AB, CE produced meet in P ; AC, BE in Q ; PQ is 
parallel to BC. 

Let ^5 = a, AC = ^, 
AP = xa,AQ = yP, 

.: BC = P-a,AD = AB + \BC, a 

and J-E' is a multiple of AD = z (a + ^) say. 

Then CP ^pCE gives xa- p =p {z{a + fi) - /3}, 
.•. (Art. 6) x = pz, — 1 =pz-p; 
.'. p = x+ 1. 

Similarly BQ = qBE gives y^-a=q{z {a + P)- a], 
y = qz, -\=qz-q, 

■■■ q = i/ + l, 
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and since . 



we have 



' V 1 
x = y, p = q; 

.: PQ=yP-xa.=^x{P-a.)=xBC, 
hence the line PQ is jiarallel to BC. 

The method pursued in this example leads to the solution of all 
similar problems. It consists, as we have already stated, in reach- 
ing the points P and Q resjsectively by two different routes, — viz. 
through C and through E for P ; through B and through E for Q 
— and comparing the results. 

AB. 



Cor. 1. 


PE 


. EC 


: p-l : I :: X : I :: AP 


Cor. 2. 


AE 


: AD 


: 2z : I :. 2.C : x+l 
: 2(p-l) -.p 
: 2PE : PC, 


.-. 


AD 


DE 


. PE + EC : PE-EC. 




Ex. 10. If DEE he Jrava aiUbirj the sides of a (riaiigle ; then 
will AD.BF .CE = AE. CF . BD. 

Let BD = a, DA =2m, AE^/S, EC=qP, 
then BC = BA + AC = (l +p) a + {l +q) j3, 
and CF is a multiple of BC. 
Let CF=xBC 

= x{{l+p)a+{l+q)/3}. 
But CF=.GE+EF 

=-EC+EF 
= -qP + y{pa + P); 
.: equating, we have x{\ +p) =yp, x {\ +q) = - q + y^ 
whence x = {l+x)pq, 

ie CF^B_F AD CE 

BG~ BC 'BD'AE' 
.: AD.BF. CE = AE . CF . BD. 
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Ex. 11. If from any 'point loithin a parallelogram, parallels 
be drawn, to the sides, the corresponding diagonals cf the two 




parallelograms thus formed, and of the original parallelogram 
shall meet in the same point. 

Let PQ, ES meet in T; 
join TO, OB. 

Let OA = a, OB = p, OQ=ma, OS=nP, 

then QP=QC+CP=nP + {\-m) a, SB = SC + CP = m<i+{l -n) /8, 
and TO = TQ-OQ = x{np+{l-m)a}-ma, 

also T0 = TS-0S = y{ma + (l-n)P}-nl3: 

equating, there results 

xn = i/{l-n)-n; x{l-m) -m = ym; 
m 



a; = 



and 



mn 



1 —m — n' 
mn 



1—m — n^ ' 1- 



m, — n 



OD; 



hence (Art. 4) TO, OB are in the same straight line. 

COE. TO : TB :: mn : (l-m) (l-n) :: OSCQ : GBBP. 

Ex. 12. The points of bisection of the three diagonals of a com- 
plete quadrilateral are in a straight line. 

T. Q. 2 
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P, Q, R, the middle points of the 
diagonals of the complete quadrila- 
teral ABCD, are in a straight line. 
Let AB = a,AD = p, 
AE = ma, AF=nP; 
.-. BF=nP-a-xadiBO = x{n^-a), 
ED = fi- nia and CD = y{l3- ma). 
Sovf BG + CD = BD=AD-AB A 
gives x{n^-o) + y{P-ma) = li-a, 

whence 7m. + y=\, x + my=\, 

m— 1 




mil — 1 ■ 



and 



ApJ-AGJjf.^^{nP-4. 
2 2 ^ mn— 1 ) 

\ m{n-\)a + n (m -l}fi 
~ 2 mn — 1 

AQ^l{a + l3), 



AQ-AP= 



AR-AP=- 



AR= - (ma + nP), 
1 



I (mn— 1) 



{{m-l)a + {n-\)!i}, 
{(m-l)a+(«-l)/3}, 



2 {mn — 1) 

or vector PR is a multiple of vector PQ, and therefore they are in 
the same straight line. 

Cor. Line PQ : PR :: 1 : mn 

:: AB.AD : AE . AF 

:: triangle ABD : triangle AEF. 

We shall presently exemplify a very elegant method due to 
Sir W. Hamilton of proving threQ points to be in the same 
straight Une. 
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8. It is often convenient to take a vector of the length of the 
unit, and to express the vector tmder consideration as a numerical 
multiple of this unit. Of course it is not necessary that the unit 
should have any specified value ; all that is required is that when 
once assumed for any given problem, it must remain unchanged 
throughout the discussion of that problem. 

If the line AB be supposed to be a units in length, and the 
unit vector along AB be designated by a, then will vector AB be 
aa (Art. 3). 

Sir William Hamilton has termed the length of the line in 
such cases, the Tensok of the vector ; so that the vector AB is the 
product of the tensor AB and the unit vector along AB. Thus if, 
. as in the examples worked under the last article, we designate the 
vector AB by a, we may write a = TaUa, where Ta is an abbre- 
viation for ' Tensor of the vector a' ; Ua for ' unit vector along a'. 

Examples. 

Ex. 1. If ilw vertical angle of a triangle be bisected by a 
straight line which also cuts the base, the segments at the base shall 
have the same ratio tliat the other sides of the triangle have to one 
another. 

Take unit vectors along AB, AC, which . 

call a, p respectively : construct a rhombus ■^<'^\q 

APQR on them and draw its diagonal AR. 



IP 
Then since the diagonals of a rhombus bi- 




sect its angles, it is clear that the vector 

AD which bisects the angle ^ is a multiple of AR the diagonal 

vector of the rhombus. 

Now AR = AP + PR = AP + AQ^-a + p, 

.: AD = x{a + P). 
Now vector AB = ca, AG=bj3; using c, b as in ordinary 
geometry for the lengths of AB, AC. 

Hence BD = AD -AB = x{a + P) - ca, 

and BI) = yBC=y{AC-AB) 

= y{bp- co). 

2—2 
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Equating, x-c — ~yc, x = yh; 

and BD : DC :: y : l-y 

:: c : b 

:: BA : AC. 

CoH. If a, j8 are unit vectors from A, and if 8 be another 
vector from A such that S = a; (a + y3) ; then S bisects the angle 
between a and yS. 

Ex. 2. The three bisectors of the angles of a triangle meet in 
a 2}oint. 

Let AJD, BE bisect A, B and meet in Cj CG bisects C. 

Let units along AB, AC, BC be a, j3, y, then as in the last 
example, 

AG-=x{a + ji), BG = y(-a + y). 

But ay = b(i- ca, 



■ ^«=K-"^). 



and 


CG=Ae-AC 




= x{a + p)-b/3, 


also 


C6=BG-BC 




( b/3-ca\ 

=n-"" a )- 




a 




x^b=yi-b, 

a ' 


whence 


be 



a + b + c' 
and ^^ = ^^7^, {«--(« + 6)^} 

hence Cff bisects the angle C (Cor. Ex. 1). 



ART. 9.] VECTOR ADDITION AND SUBTRACTION. 21 

9. If a, /?, y are non-parallel vectors in the same plane, it is 
always possible to find numerical values of a, h, c so that aa + b^ 
+ cy shall = 0. 

For a triangle can be constructed whose sides shall be parallel 
respectively to a, jS, y. 

Kow if the vectors corresponding to those sides taken in order 
be aa, 6j8, cy respectively, we shall have, by going round the 
triangle, 

aa + hp + cy = 0. 

10. If a., P, y are three vectors neither parallel nor in the 
same plane, it is impossible to find numerical values of a, h, c, not 
equal to zero, which shall render aa + 6/8 + cy = 0. 

For (Art. 5) aa + 6^8 can be represented by a third vector in 
the plane which contains two lines parallel respectively to a, /3. 
Now Cy is not in that plane, therefore (Art. 6) their sum cannot 
equal 0. 

It follows that if aa + 6/8 + cy = and a, j8, y are not parallel 
vectors, they are in the same plane. 

11. There is but one way of making the sum of multiples 
of a, p, y (as in Art. 9) equal to 0. 

Let aa+bp + cy = 0, 

and also pa + q^ + ry = 0. 

By eliminating y we get 

(ar — cp)a+ {br- cq) 13 = ; 
. : (Art. 6) ar = cp, br = cq, 
ov a : b : c ■: p : q : r, 
so that the second equation is simply a multiple of the first. 

12. If ", /8, y are coinitial, coplanar vectors terminating in 
a straight line, then the same values of a, b, c which render 
aa + 6y8 + cy = will also render a + b + c = 0. 
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|_u±lAr. XX. 




Let vector OA = a, OB = p, 00 = y, ABO 
being a straight line ; then 

AB = ji-a, 
AG=y-a. 
But ^C is a multiple of AB, 

or y-a=p{/3-a), ^ 

i.e. {p—l)a-p/3 + y=0. 
But (2)-l)~2>+l=0; 

and as p—1, —p, +1 correspond to a, h, c and satisfy the con- 
dition required, the proposition is proved generally (Art. 11). 

13. Conversely, if a, /?, y are coinitial coplanar vectors, and if 
both (la + hp + cy = and a + b + c = 0, then do a, /3, y terminate 
in a straight line. 

For ay + by + cy=0; 

therefore by subtraction 

a{y-a) + b(y-p) = 0, 
i.e. y — a is a multiple of y — ;8, and therefore (Art. 4) in the same 
straight line with it : i. e. AG is in the same straight line with 
BO. (See Tait's Quaternions, § 30.) 

Examples. 

Ex. 1. If two triangles are so situated that the lines which 
join corresponding angles meet in a 23oint, then pairs of correspond- 
ing sides being produced will meet in a straight line. 

ABO, A'B'C are the triangles ; 
the point in which A' A, B'B, CO 
meet ; P, Q, R the points in which 
BO, B'C, &c. meet: PQR is a 
straight line. 

Let OA = a, OB = p, OG = y, 
OA' = ma, OB' = nP, 00' =py, 
then BA = a-P, 

and BJR = x{a-(i); 

B'A' = ma — np, 
and B'R = y {ma - n^). 
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Now BB' = BR- B'B gives 

{n — l)^ = x{a-fi)-y (ma - nft) j 

.: n-l = ~x + ny, (i = x — my, 

, mln — l) 

and x = ^^ : 

m — n 

whence OR = OB + BR = B- '^^'^~^h a- S) 

m — n ^ ' 

_n {m — Vj P — m {n —1) a 
m — n 

SimUarly, OP^P(^-'^)y-^iP-^) ^ ^ 

n-p 

QQ_ m{p-\)a-p{m-l)y _ 
p — m ' 

.: {m-n){p-l) 0E+ (n-p) (m-l) OP 

+ {p-m){n-l)OQ = 0. 
And also 

(m — n)(p-l) + (w -p) (m-l) + {p — m){n-l) = 0, 
whence (Art. 13) P, Q, R are in the same straight line. 

Ex. 2. If a quadrilateral be divided into tivo quadrilaterals 
hy any cutting line, tlie centres of the three shall lie in a straight line. 

Let P^Q^QJP^ be the quadrilateral divided into two by the 




line PJj^. Let the diagonals of P^Q^Q^Pa meet in i2,; and so of 
the others : R^, R^, B, are the centres. 
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Produce PJP^, Q.JQ^ to meet in 0. Let unit vectors along 
OP, OQ be denoted by a, /3 ; and put 

OP, = m^a, OP, = mjx, OP^ = m^a ; 

OQ,=n^P, 0Q, = n^l3, 0Q, = nJ3; 
then OB^ = OP^ + P,B^ ==m^a + x (w,/3 - m,a), 

and 0E,= 0Q, + Q,P, = n^l3 + y{m,a-n,fi). 

Equating, we have 

m^-m^x = inj/, and n^ = n^-n-{y; 

and OR = "'-"^^ (^' - ^^2) " + '^{^2 ('"i " "^J /^ 

Similarly, 

. •. (m,?i, - WjW J mgW^, di?3 + (m/ij - rngji^) to,w, Oi2, 

+ (wijWj - TOjWj) nijjij, OR^ = 0. 
And also 

whence (Art. 13) R^, R^, R^ are in the same straight line. 

Cor R^, R^, R^ will pass through provided the coefficients 
of a and (i in the three vectors have the same proportion, i.e. 
provided 

1 i_ .J^_JL..1_1 . !_}_ 

Ex. 3. iy AD, BE, OF he drawn cutting one another at ami 
point G within a triangle, then FD, DE, EF shall meet the third 
sides of the triangle produced in points which lie in a straight line. 

Also the produced sides of the triangle shall he cut harmo- 
nically. 
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If, as in Ex. 5, Art. 7, we put 

I>C = a, Ci: = l3, BC = ma, CA = nP, 




we get, as in ttat example, 

AF : BF :: n-\ : m-l; 
m-1 



BF= 



and 



FD=BD-BF= 



m + n — 2 
m — 1 



(ma + n^). 



m + n 
DM=xFI>, compared with 

DM=DC-MC = a-yP, 



— ... , „ o - ^' •* „„ j_ ,, _ *; 



i + m — 2 



+ ra — 2 



and 



•■•2/=;r^' 



BM=BO-MC = ma- 



-1 



n-2 



P- 



Again, FE=.FA + AE = 5 {ma - (m - 2) /3} 

° ' m+n-2 
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And EL = xFE, compared with 

EL = CL-CE = ya-P, 

m 
gives y= s > 

T, T , < m (ni — \) 
BL = (y + m)a = r — a. 

Thirdly, Z'iV= xDE = « (a + j8), compared with 

1)]^= BN- BD = y {ma. + m/3) - (m - 1) a, 
«i— 1 



y-- 



7n — n 



and 5iV = (ma + iiR). 

m — n 

Now (m-l){n-2)BM+{m-n)BN' 

-{m~2){n-l)£L = 0. 

Also (j»-l)(n- -2) + {m-n)- {m-2) {n-l) = ; 

therefore B3I, BN, BL are in a straight line (Art. 13). 

Flu-ther, GL = ^^CD, 



m- 



9, 



BL^-^BD; 
m — 2 

.-. Ci : CD :: ^i : BD, 

and i?Z is cut harmonically. 

Ex. 4. :?7ie point of intersection of bisectors of the sides of a 
triangle from the opposite angles, the point of intersection, of per- 
pendiculars on the sides from the opposite angles, and the point of 
intersection of perpendiculars on tlie sides from their middle points, 
lie in a straight line which is trisected hy the first oftliese points. 

1°. Let unit vector CB = a, unit vector CA =/3, 
then, Ex. 4, Art. 7, CG = \ (aa + 6|8). 
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2°. Let AH, BK perpendiculars on the 
sides intersect in 0, 

then HA = hfi- ha cos C, 

= 6 (|8 - a cos C), ^ 

Z7? = a(a-/3cosC). ^ ^ ^ 

Now CO = CA+AO, and also = CB + BO, gives 

h^ + i/b(J3- aa. cos C) = aa + xa{a — ^ cos (7), 

_ h cos (7 — a 
sin^C 

and CO = -^-^ {{b - a cos C) a + (a -b cos C) (3}. 

3°. Let perpendiculars from J) and U (Ex. 4, Art. 7) meet 
in X, 

then ZJX is a multiple of 3 A. 

.•.CX=CD+ DX =CE + EX gives 

jr aa + 1; (j8 - a cos C) = jr 6^ + a (a - j8 cos C), 

h — a cos C 
■'■'"" 2sin^C ' 

, _ „ (a — 6 cos C) a + (5 - a cos CO /8 
and CA=-5 ' . I '— , 

2 sm C 

.-. 2CX+CO-3C(? = 0, 
and also 2 + 1-3 = 0, 

.•. X, 0, G are in a straight line. 
Also C0-CG=2 (CG - CX), 

or vector GO = 2 vector XG, 
.: G0 = 2GX, 
and G trisects XO. 

14, The vector to the mean point of any polygon is the mean 
of the vectors to the angles of the polygon. 
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1°. Let be any point ; then in the figure of Ex. 4, Art. 7, 
we have, calling OA, a, OB, P and OC, y, 

OG=a+AG=p+BG=y+CG 

= \{a + p + y)+UAG + BG+GG) 

= g(a + j8 + 7); 

because AG + BG + CG =--\{AD + BE + CF) 

= I {{AB + AG) + {BA +BG) + {CA + CB)] 
= 0. 

2°. If OA, OB, OG, OB be a, y8, y, S, in the figure of Ex. 7, 
Art. 7, we have 

0X= OR + HX= 0H+ \ {OF- OH) 

J^{OF+OH) = \{a + p + y + ?,). 

3°. In the more general case we may define the mean point in 
a manner analogous to that adopted in mechanics to define the 
centre of inertia of equal masses placed at the angular points of 
the figure. Thus, if we take any rectangular axes OX, OT, and 
designate by a, jS unit vectors parallel to these axes; and by p^, 
p^, &c. the vectors to the different points; and if we write x^, y^; 
x^, y^, &c. for the Cartesian co-ordinates of the different points 
referred to those axes ; and define the mean point as the centre of 
inertia of equal masses placed at the angular poinls; the Cartesian 
co-ordinates of that point will be 

^^ X,+X^+... y^ + y^+... 

m ' '' m ' 

and its vector p =xa+ yp. 
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Now p, = x^a + yfi, p, = x^a + y,/3, &c. 

' ' m m m 

= xa + y^, 
= P- 

Cor. 1. {p,-p) + (p, - p) + (P3 - p) + &c. = 0, 
i. e. the sum of the vectors of all the points, drawn from the mean 
point, = 0. 

The extension of the same theorem to three dimensions is 
obvious. 

Cor. 2. If we have another system of n points whose vectors 
are o-,, o-^j ^''- then the vector to the mean point is 



n 

If now r be the mean point of the whole system, we have 

p,+P3+... +(r, + tr,+ ... 
m + n 

or (m + n) T — mp - wcr = 0, 

hence C13) t, p, a- terminate in a right line; or the general mean 
point is situated on the right line which connects the two partial 
mean points. 

Additional Examples to Chap. II. 

1. If P, Q, B., S be points taken in the sides AB, BG, CD, 
DA of a parallelogram, so that AP : AB ::. BQ : BG, &c., PQRS 
will form a parallelogram. 

2. If the points be taken so that AP = GR, BQ = DS, the 
same is true. 

3. The mean point of PQRS is in both cases the same as that 
oiABGD. 
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4. If PQ'R'S' be another parallelogram described as in Ex. 1, 
the intersections of FQ, P'Q', &c. shall be in the angular points of 
a parallelogram EFGH constructed from PQRS as FQ'E'S' is 
constructed from ABGD. 

5. The quadrilateral formed by bisecting the sides of a 
quadrilateral and joining the successive points of bisection is a 
parallelogram, with the same mean point. 

6. If the same be true of any other equable division such as 
trisection, the original quadrilateral is a parallelogram. 

7. If any line pass through the mean point of a number of 
points, the sum of the perpendiculars on this line from the 
different points, measured in the same direction, is zero. 

8. From a point E in the common base AB oi the two 
triangles ABO, ABD, straight lines are drawn parallel to AC, AD, 
meeting BG, BD at F, G ; shew that FG is parallel to CD. 

9. From any point in the base of a triangle, straight lines are 
drawn parallel to the sides : shew that the intersections of the 
diagonals of every parallelogram so formed lie in a straight line. 

10. If the sides of a triangle be produced, the bisectors of the 
external angles meet the opposite sides in three points which lie 
in a straight line. 

11. If straight lines bisect the interior and exterior angles, 
at A of the triangle ABC in D and E respectively ; prove that BD, 
BC, BE form an harmonical progression. 

12. The diagonals of a parallelepiped bisect one another. 

13. The mean point of a tetrahedron is the mean point 
of the tetrahedron formed by joining the mean points of the 
triangular faces ; and also those of the edges. 

14. If the figure of Ex. 11, Art. 7, be that of a gauche quadri- 
lateral (a term employed by Chasles to signify that the triangles 
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AOD, BOD are not in the same plane), the lines QP, DO, RS will 
meet in a point, provided 

AP OS , AQ DR 
TD^'^SB'^'^'^QO^'^liB- 

15. If through any point within the triangle ABC, three 
straight lines MN', FQ, RS be drawn respectively parallel to the 
sides AB, AC, BG ; then wUl 

MN PQ RS _^ 

'AB'^AG'^BU"'' 

ff 

IG. ABCD is a parallelogram; B, the point of bisection of 
AB ; prove that AC, DE being joined will trisect each other. 

17. ABCD is a parallelogram; PQ any line parallel to CD; 
PD, QG meet in S, PA, QB in R ; prove that AD is parallel to 
RS. 



CHAPTER III. 

VECTOR MULTIPLICATION AND DIVISION. 

15. We trust we have made the reader understand by what we 
stated in our Introductory Chapter, that, whilst we retain for 
'multiplication' all its old properties, so far as it relates to ordi- 
nary algebraical quantities, we are at liberty to attach to it any 
signification we please when we speak of the multiplication of a 
vector by or into another vector. Of course the interpretation of 
our results will depend on the definition, and may in some jjoints 
differ from the interpretation of the results of multiplication of 
numerical quantities. 

It is necessary to start with one limitation. Whereas in 
Algebra we are accustomed to use at random the phrases ' multiply 
by' and 'multiply into' as tantamount to the same thing, it is 
now impossible to do so. We must select one to the exclusion of 
the other. The phrase selected is 'multiply into'; thus we shall 
understand that the first written symbol in a sequence is the 
operator on that which follows : in other words that ay3 shall read 
' a into (i', and denote a operating on /3. 

16, As in the Cartesian Geometry, so ^ 
here we indicate the position of a point in 
space by its relation to three axes, mutually 
at right angles, which we designate the axes 
of X, y, and z respectively. For graphic 
representation the axes of x and y are 
drawn in the plane of the paper whilst that 
of z being perpendicular to that plane is 
drawn in perspective only. As in ordinary 
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geometry we assume that wten vectors measured forwards are 
represented by positive symbols, vectors measured backwards will 
be represented by the corresponding negative symbols. In the 
figure before us, the positive directions ape forwards, upwards 
and outwards; the corresponding negative directions, baokvmrds, 
downwards and inwards. 

With respect to vector rotation we assunie that, looked at in 
perspective in the figure before us, it is negative when in the 
direction of the motion of the hands of a watch, positive when in 
the contrary direction. In other words, we assume, as is done in 
modern works on Dynamics, ttat rotation is positive when it 
takes place from y to z, z to x, x io y: negative when it takes 
place in the contrary directions (see Tait, Art. 65). 

Unit vectors at right angles to each other. 

17. Definition. If i, j, h be unit vectors along Ox, Oy, Oz 
respectively, the result of the multiplication of i into j or ij is 
defined to be the turning of j through a right angle in the plane 
perpendicular to i and in the positive direction ; in other words, 
the operation of i on j turns it round so as to make it coincide 
with Tc ; and therefore briefly ij = k. 

To be consistent it is requisite to admit that if i instead of 
operating onj had operated on any other unit vector perpendiculur 
to i in the plane of yz, it would have turned it through a right angle 
in the same direction, so that ik can be nothing else than —j. 
Extending to other unit vectors the definition which we have 
illustrated by referring to i, it is evident that j operating on k 
must bring it round to i, or jk = i. 

Again, always remembering that the positive directions of 
rotation are y to z, z to x, x to y, we must have ki =_/. 

18, As we have stated, we retain in connection with this 
definition the old laws of numerical multiplication, whenever 
numerical quantities are mixed up with vector operations ; thus 
2i . 3j = &ij. Further, there can be no reason whatever, but the 
contrary, why the laws of addition and subtraction should undergo 

T. Q. 3 
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any modification when the operations are subject to this new 
definition ; we must clearly have 

i (j +Jc) = y + ik. 

Finally, as we are to regard the operations of this new de- 
finition as operations of multiplication — magnitude and motion 
of rotation being united in one vector symbol as multiplier, 
just as magnitude and motion of translation were united in 
one vector symbol in the last chapter — we are bound to retain 
all the laws of algebraic multiplication so far as they do not 
give results inconsistent with each other. In no other way can 
the conclusions be made to compare with those deduced from 
the corresponding operations in the previous science. Thus we 
retain what Sir William Hamilton terms the associative law of 
mult'qjlication : the law which assumes that it is indifierent in 
what way operations are grouped, provided the order be not 
changed ; the law which makes it indifferent whether we consider 
ahc to be a X he or ab x c. This law is assumed to be applicable to 
multiplication in its new aspect (for example that yk=^ij . k), and 
bjiug assumed it limits the science to certain boundaries, and, 
along with other assumed laws, furnishes the key to the interpreta- 
tion of results. 

The law is by no means a necessary law. Some new forms of 
the science may possibly modify it hereafter. In the meantime 
the assumption of the law fixes the limits of the science. 

The commutative law of multiplication under which order may 
be deranged, which is assumed as the groundwork of common 
algebra (we say assumed advisedly) is now no longer tenable. And 
this being the case it is found that the science of Quaternions 
breaks down one of the barriers imposed by this law and expands 
itself into a new field. 

ij is not equal to^'i, it is clearly impossible it should be. 

A simple inspection of the figure, and a moment's consideration 
of the definition, will make this plain. The definition imposes on i 
as an operator on_; the duty of turning J through a right angle as 
if by a left-handed turn with a cork-screw handle, thus throwing 
j up from the plane xy ; when, on the other hand, j is the operator 
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and i tlie vector operated on, a similar left-handed turn will bring 
i down from tlie plane of xi/. In fact ij = h, ji = — k, and so 
ij = -ji. 

19. "We go on to obtain one or two results of the application 
of the associative law. 

1. Since ij = k, we have i . ij = ik=: —j. 
Now by the law in question, 

i.ij = ii.j = i'.j; 

.: i''.j = -j, 
or i^ = -l. 

Our first residt is that the square of the unit vector along Ox 
'is - 1 ; and as Ox may have any direction whatever, we have, gene- 
rally, tlis square of a unit vector = — 1. In other words, the 
repetition of the operation of turning through a right angle reverses 
a vector. 

2. Again, ijk = i .jk = i .i = i^ = — l. 
Similarly it may be proved that 

jki = kij = — 1, 
or no change is produced in the product so long as direct cyclical 
order is maintained. 

3. But ikj=i .kj = i .—i = — i^ = + \; 

.: ijh^-ikj, 
or a derangement of cyclical order changes the sign of the product. 
This last conclusion is also manifest from Art. 18. 

Vectors generally not at right angles to each other. 

20. We have already (Art. 8) laid down the principle of 
separation of the vector into the product of tfesor and unit 
vector ; and we apply this to multiplication by the considerations 
given in Art. 18, from which it follows at once that if u, be a 
vector along Ox containing a units, /3 a vector along Oy con- 
taining h units, 

a = ai, P = hj, and aP = abij. 

3—2 



H B 
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In the same way 

a =a% . ai = a'i' = — a", 

or the square of a vector is the square of the corresponding line 
with the negative sign. 

Seeing therefore the facility with which we can introduce 
tensors whenever wanted, we may direct our principal attention, 
as far as multiplication is concerned, to unit vectors. 

21. We proceed then next to find the product ap, when a 
and /3 are vectors not at right angles to one another. 
1. Let o, /3 be unit vectors. 
Let OA==a, 0B = ^. 

Take 00 = y, a unit vector perpen- 
dicular to OB and in the plane BOA. 
Take also BO or JDO produced = e, a unit 
vector perpendicular to the plane BOA. 

Draw AM, AN' perpendicular to OB, 
OC, and let the angle BOA = 6; then 

vector OA = 0M+ MA = OJI+ OX (Art. 1) 

= part of 05 + part of OC (Arl 3). 

Now it is evident that 021 as a line is that part of OB which 
is represented by the multiplier cos 0, or 0M= OB cos 6, and 
similarly that ON =0C sin 6: consequently (Art. 3) the same 
applies to them as vectors ; i. e. 

vector 0M= P cos 6, vector OiV=y sin j 
. ". a = /3 cos 6 + ysia6, 
and a/3 = (/3 cos 6 + y sin 6) (3 

= /3' cos 6» + 7;8 sin ^. 
But /3' = -l (19. 1), 

y/3 = c (17); 

[Observe that y, j3 and e of the present Article correspond 
to j, i and -k of Art. 17.] 

. •. ap = - cos + e sin 6. 
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2. If a, j8 are not unit vectors, but contain Ta and Tj3 units 
respectively, we have at once, by the principle laid down in 
Art. 20, 

afS = Ta.T^ (- cos + £ sin 6). 

3. It thus appears that the product of two vectors a, y3 not 
at right angles to each other consists of two distinct parts, a 
numerical quantity and a vector perpendicular to the plane of 
a, (3. The former of these Sir William Hamilton terms the scalar 
part, the latter the vector part. We may now write 

where S is read scalar, V vector : and we find 

Sa^ = -TaTIB cose, , ' 
ra^=TaTj3€sm0. ^ 

4. The coefficient of e in Va^ is xhe area of the parallelogram 
whose sides are equal and parallel to the lines of which a, ;8 are 
the vectors. 

22. To obtain /3a we have, a and (3 being unit vectors, 
a = j8 cos 6 +y sin ; 
.: /3a = i3 (,8 cos e + 7 sin 0) 
= 13' cos e + Py sin 6 
= - cos (9 - £ sin e (Art. 19. 1 and 18) ; 
therefore generally 

^a = TaTli (- cos - £ sin 6). 

It is scarcely necessary to remark that whilst y operating on 
P turns it inwards from OB to BO produced, )8 operating on y 
turns it outwards from 00 to OB, causing it to become - £. 

We have therefore 

1. Sal3 = SPa. 

2. Fo/3 = -Fj8a. 

3. a^ + Pa=2Sap. 

4. a;8-/3a = 2Fa/3. 



88 QUATERNIONS. [CHAP. III. 

5. {a + l3y={a + l3){a + l3) 

6. {a-Py=a'-2Sal3 + P'. 

7. If a, /? are at riglit angles to each other, Sa/i = 0, and 

conversely. 

8. VafS is a vector in the direction perpendicular to the 

plane which passes through a, /?. 

9. a^j8^ =aj3 . fia because fi' is a scalar ; 

. •. a' (3' = {Sa^ + Vap) {Sa/S - Fa/3) 
= (Sapy--{VaPr. 
Note. a'j3^ must not be confounded with (aftf. 

23. Before proceeding further it is desirable we should work 
out a few simple Examples. 

Ex. 1. To express the cosine of an angle of a triangle in terms 
of the sides. 

Let ABC be a triangle ; and retaining the usual notation of 
Trigonometry, let 

CB=a, CA^P; 
then (vector ABf = (a - /3)' 

= a'-2Sal3 + P'' (22. 6), 
or, changing all the signs to pass from vectors to lines (20) and 
applying 21. 3, 

c' = a' — 2ab cos G + b'. 

Ex. 2. To express the relations between' the sides and opposite 
angles of a triangle. 

Let CB = a, CA = I3, BA=y. 

Then (75 + jBi = CJ. gives '^ ^ 

.: a° = a (yS — y) = a/3 — ay. 
Take the vectors of each side. 
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Now Va' = 0, for a" = -a^ has no vector part, 
.-. Fa^ = Fay; 
L e. (21. 3) a6e sin C = ac£ sin i?, 
or b sin C = c sin B ; 
i.e. h : c :: wa.B : sinC. 

Ex. 3. The swrn of the squares of the diagonals of a paral- 
hlograTn is equal to the sum of the squares of tlie sides. 
Retaining the notation and figure of Ex. 1, Art. 7, 
CB=a + p, 

.: CB' + JDA' = 2a' +2j3', 

and, changing all the signs, we get (20) for the corresponding 
lines, 

CB' + BA'=2CA''+2AB' 

= CA'+AB' + BD' + DC\ 

Ex. 4. Parallelograms wpon the same base and between the 
same parallels are equal. 

It is necessary to remind the reader of what we have already 
stated, that examples such as this are given for illustration only. 
We assume that the area of the parallelogram is the product of 
two adjacent sides and the sine of the contained angle. 

Adopting the figure of Euclid i. 35 and writing TVfta as the 
tensor multiplier of F/3a so as to drop the vector e on both sides; 
we have, calling BA, a; BC, ji ; 

BE=BA+AE 
= a + xj3 ; 
.: V.^{a + x^) = 7{BG.BE), 
i.e. V/3a = r(BC.BE), 
remembering that x/i' has no vector part. 
Hence T.r/3a=T {BC . BE), 

i.e. BC. B A sin ABC = BO. BE sin EBC {21. 3), 
which proves the proposition. 



40 QUATERNIONS, ICUAf. m. 

Ex. 5. On the sides AB,AG of a triangle are constructed any two 
parallelograms ABBE, ACFG: the sides BE, FG are produced to 
meet in H. Prove that the sum of the areas of the parallelograms 
ABDE, ACFG is equal to the area of the parallelogram whose 
adjacent sides are respiectively equal and parallel to BG and AH. 

Let BA = a, AE = j3, AC = y, GA^S, 

then AH = /3 + xa, and AH= — S—yy; 

.: raAH=Val3 and ryAH=-ryS 

= FSy(22. 2), 
hence ^ (a + y) ^^= Fa/3 + VSy, 

i.e. (21. 4), the parallelogram whose sides are pai-allel and equal to 
BO, AH, equals the two parallelograms whose sides are parallel 
and equal to BA, AE ; GA, ^ C respectively. 

[The reader is requested to notice that the order GA, AC is the 
same as the order BA, AE, and BA, AH : so that the vector e 
is common to all.] 

Ex. 6. If be any j)oint whatever either in the plane of the 
triangle ABC or out of tliat plane, the squares of the sides of the 
triangle fall short of three times the squares of the distances of tlie 
angular points from 0, hy the square of three times the distance of 
the mean point from, 0. 

Let OA=a, OB = p, OC = y, 

then (Art. 14), 0G = \(a + l3 + y), 

O 

or a^ + j8^ + /+2,S'(a/3 + /37 + ya) = 9C»G'^ 

Now AB = l3-a, BC = y-l3, CA = a-y, 

. : AB' + BC + CA' = 2 (a' + (3' + f) - 2^ (a^ + j3y + ya) 

=^S{a' + j3' + y')-90G\ 
and the lines 

AB' + BC + CA' = 3 {OA' + OB' + OC) - (300)'. 

Ex. 7. The sum of the squares of the distances of any point 
from the angular points of the triangle exceeds the sum of the 
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squares of its distances from the middle points of the sides hy the 
sum of the squares of half the sides. 

Retaining the notation of the last example, and the figure of 
Ex. 4, Art. 7, 

OD = \{fi + y), OE = \{y + o), 0F=l{a + l3); 

.: i{01)' + OE' + OF') = 2{a!' + p' + f) + 2S (a/3 + Py + ya) 
= a' + fi' + y' + 90G' 
= 4: {a' +13' + y') - {AB' + BC + CA') ; 

/( R^ 4- flP" J- P A^ 
.-. as lines OB' + OW + Or-+ , =OA'+OB' + OC\ 

4 

Ex. 8. TIis squares of tlie sides of any quadrilateral exceed the 
squares of the diagonals hy four times the square of the line which 
joins the middle points of the diagonals. 

detaining the figure and notation of Ex. 8, Art. 7, we have 
squares of sides as vectors 

= a^+{l3-ay + {y-l3y + f 

= 2(a=+/3^ + /)-2^(a;3 + /3y), 

and squares of diagonals 

= li'+iy-ay 

= a' + l3'+y'-2Say; 

therefore the former sum exceeds the latter by 

a' + ^' + y'- 2Sal3 - 2SPy + 2Say 
= {a + y-l3)' 

= 4:{0Q-0Py 

= iPQ\ 
Therefore as lines the same is true. 
Note. The points A, B, C, D need not be in one plane. 
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Ex. 9. Four times the squares of the distances of any point 
whatever from the angular points of a quadrilateral are equal to the 
sum of the squares of tlie sides, the squares of the diagonals and the 
square of four times the distance of the looint from the mean point 
of the figure. 

With the notation of Art. 14, and the figure of Ex. 7, Art. 7, 
■we have 
squares of the sides + squares of the diagonals 

= (y3-a)'+(y-ySf + (8-7)^ + (a-S)= + (y-a)^ + (S-^)" 
= 3 (a'' + /3^ + / + 5^) - 26' (a^ + ay + aS + ;8y + iSS + yS). 
Now (Art. 14) (a + ^ + y + Sf = (40A')' ; 

.-. (40J)^ + squares of sides + squares of diagonals 
= 4(04'+05' + 0C'+(92>^). 

Ex. 10. The lines which join the mean points of three equila- 
teral triangles described outwards on the three sides of any triangle 
form an equilateral triangle whose mean i^oint is the same as that of 
the given triangle. 

Let P, Q, R be the mean points of the equilateral triangles on 
BC, CA, AB; PD = a, DC = P, C-E = y, £Q = S; and let the sides 
of the triangle ABC he 2a, 26, 2c. 




PQ' = (a + P + y + Ey 

= a' + P'-+y' + B'' + 2Saj3 + 2Say + 25a8 

+ 2Sj3y + 28/38 + 2SyS. 
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Changing all the signs and observing that 

2 
Sa^ = 0, Say = j^ ah sin C, &c. 

we have (writing the results in the same order), 

linePQ» = ^ + a» + 5' + | + 

2.2 2 

+ — ^a6sinC + ^«6cos C-2a6cosC+ " a6sinC+0 

4 4 

= -={a'' + b''- ah cos C) + — — ah sin C 

= ^{d'+V + c") + ~ area of ABC, 
which being symmetrical in a, h, c proves that PQR is equilateral. 
Again, G being the mean point of ABC, 

o o 

.: FG' = a' + ^ + ^+^Sa/i + ^Say + ^SPy, 

J 1- Tins a' a" W 4 , . -, 4 , _ 
and Ime PG^ = -^+ -5-+ -q- + ;t— rs a6 sm C - ^ a6 cos C 

= ^{a' + h' + c') + ^ area ABC ; 

.-. PG = QG = PG; 
and G is the mean point of the equilateral triangle PQP. 

Ex. 11. In any quadrilateral prism, the sum 
of the squares of the edges exceeds the sum of the ^- 
squares of the diagonals hy eight times the square 
of the straight line which joins the points of inter- 
section of the two pairs of diagonals. 

Let OA=a, 0B = I3, OC = y, OD = S; 
sum of squares of edges = 

2{a' + ^' + {y-ay+{y- ^y + 2S'} 

= 2 {'2a' + 2/3" + 2y' + 23^ - 2Say - 2S^y}, 
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sum of squares of diagonals 

= (8 + y)^ + (S-y)'=+(S + a-/3)' + (S + /3-a)= 

Also loG==l{S + y) 

= vector to the point of bisection of 
CD, and therefore to the point of intersection of OG, CD, 
and vector from to the point of bisection of AF, as also to that 
of BE, and therefore to the intersection of J F, BE 

hence vector which joins the points of intersection of diagonals 

= ^(a + yS-y), 

eight times the square of this vector 

= 1{a' + ^' + y' + %Saji - 2Say - 2SI3y), 

which, added to the sum of the squares of the diagonals, makes up 
the sum of the squares of the edges. 

24. Definition. We define the quotient or fraction — , where 

a ' 

a and /3 are unit vectors, to be such that when it operates on a it 
produces y8 or — . a = /3. This form of the definition enables us to 
strike out a by a dash made in the direction of ordinary writing, 
thus — . a= B. — is therefore that multiplier which, operating 
on a, or on ft cos d + y sin (21), produces (3. 

Now cos 6 + e sin operating on j3 cos 6 + yahiO produces 
/3 cos' + (y + eft) sin OcosO + cy sin' 6. 

But a glance at the figure (Art. 21) will shew that 
e/3 = -y, 
and «y = /S ; 
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. •. cos e + e sin e operating on ^8 cos ^ + y sin 6 produces ^ ; 

hence ^ = cos 6 + c sin 6. 

a 

^ It may be -s^rorth wHle to exhibit another demonstration of 
this proposition : thus 

-. a^ = /3. /3 (by the associative law) = - 1 . (19 . 1). 

i.e, (21.1)^.(_cose + esine) = -l. 

Now (cos^ + esiae) (-cos^ + csinS) 

= - cos^ 6 — sin" 6 

= -1; 
. /8 



- = cos ^ + e sin ^. 
a 



/3 



y8 



Cor. ^ = -;8a (by 22). 
25. 1. Definition. StUl retaining a, p as unit vectors, since 
operatiiig on u, causes it to become /3, it may be defined as a 



VEESOE acting as if its axis were along OB (Fig. Art. 21). By 
comparing the result of that article with the definitions of Art. 

17, it is clear that - or cos + csin^ is an operator of the same 

character as —kov e (as we have now called the corresponding 

unit vector) ; with this difference only, that whereas — A; or e as an 

operator would turn a through a right angle, cos 6 + e sin turns it, 

in the same direction, only through the angle 6 : cos d + ^shid is 

then the versor through the angle 0. 

2. If a, yS are not unit vectors, the considerations already 

advanced render it evident that 

P TP . „ ... 
— = -fir (cos 6 + e sm 6). 
a la ^ ' 

TB . 
Now yfY^ is itself of the nature of a tensor, for it is a numerical 
la 

quantity, hence — is the product of a tensor and a versor. 
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26. By comparing the last Article -with Art. 22 it appears 
that generally the product or quotient of two vectors may be 
expressed as the product of a tensor and a versor. This product 
Sir W. Hamilton names a Quaternion. 

CoK. It is evident that a quaternion is also the sum of a 
scalar and a vector. 

27. (1) If <^, A y ^re unit vectors in the same plane, € a 
unit vector perpendicular to that plane ; we 

have seen that - operating on a turns it 

round about e as an axis to bring it into the 

position p. If now ^ be a second operator ^i 

about the same axis in, the same direction 

acting on /3, it will bring it into the position y. But it is evident 

that - acting on a would at once have brought it into the position 

•y. This is equivalent to the fact that ^ . ^ = - : or in another 

pa a 

form (Art. 2i) that 

(cos ^ + £ sin <l>) (cos 6 + e sin 6) = cos (9 + ^) + t sin (6 + ^). 

From this it is evident that the results of Demoivre's Theorem 
apply to the form cos 6 + e sin 6. 

Further, it is evident that since cos^ + esin^ operating with e 
as its axis, turns a vector through the angle 0, whilst e itself acting 
in the same direction turns it through a right angle, cos ^ + c sin 6 
is pa7-t of the operation designated by e, viz. that part which bears 
to the whole the proj)ortion that 6 bears to a right anwle. 

(2) Kemembering then that the operations are of the nature 
of multiplication, it becomes evident that cos 6 + e sin 6 as an 

e 

~ 29 

operator may be abbreviated by c^ or e^. 
And since 
(cos (9 + £ sin e) (cos ^ + £ sin </>) = cos ((9 +<^) + tsin {6 + <^), 
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we shall have 

or tlie law of indices is applicable to this operator. 

(3) Now we have already seen (19. 1) that e^ =- 1 ; 

.-. £*= + l. 

Conversely, if e" = ±e, n must be an odd number; if€" = — 1, 
11 must be an odd multiple of 2 ; and if e" = + 1, n. must be an even 
multiple of 2. 

(4) When a, yS are not units, the introduction of the corre- 
sponding tensor can be at once effected. 

We conclude that a quaternion may be expressed as the power 
of a vector, to which the algebraic definition of an index is 
applicable. 

28. Reciprocals of quaternions — unit vectors. 
1. Since a.a = a^ = — 1, 

and 



1 

a 


. a = 


1 (Def. 
— a . a; 


Art. 


24) 




1_ 
a 


— a, or a~' = 


-a; 



or the reciprocal of a unit vector is a unit vector in the opposite 
direction. 

2. Again, a.- = a( — a) = l= — .a; 
or a vector is commutative with its reciprocal. 

3. If g' be a versor (say cos 6 + £ sin 6, or — j , 

- . q=\ (Def. extended). 

Now — = ? j 

a 

.■./? = qa, by operating on u. 
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Also 
and 




a 1 

a = - /?, by ojaerating on /?, 
/3 = ya = ?.~/3; 






••• 1 


1 1 1 
. - = 1 = - . y, 

? 2 





ox- (7 and — are commutative. 
(1 

Tliis is perhaps better demonstrated by observing tliat 
or that if — = cos 5 + € sin 6, 



then must „ = cos 6 — t sin 6 ; 

factors which are from their very nature commutative. 
Asa verification, we have 

- ■ -A = (cos 6 + e sin 6) (cos - e sin 6) 
a p 

= (cos ey - £' (rtin Gf 

= 1 
because c" = - 1 (28. 1). 

When the versors are not units the tensors can be introduced 
as mere multipliers without affecting the versor couclusions. 

29, We present one or two examples of quaternion division. 

Ex. 1. To express sin {6 + (p) and cos {0 + <^) in terms of sines 
and cosines of 6 and (f). 

u, /3, y being unit vectors in the same plane (Fig. Art. 27), we 
have 

~ = coa6 + e sin 6, 
a 
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^ = cos <^ + £ sin <^, 
^ = cos (6+ <^) + « sin {6+ <^). 

But 5'=V ^. 

a pa 

. : cos (0+ <fi) + e sin (6 + <^) = (cos 5 + e sin 6) (cos <^ + e sin <^) ; 
whence multiplying out and equating, we have 

sin (^ + <^) = sin cos <^ + cos 6 sin ^, 

cos (^ + <^) = cos cos <^ - sin 6 sin (j>. 

CoE. If the action of the versors be in opposite directions, 
/3 lying beyond y, we have (Art. 28) 

- = cos (0 - <j>) - € sia (0 - <f>). 
But - = cos ^ + £ sin ^, 

•^ = cos — £ sin ; 

a a B . 
.: -=-K.- gives 

COS (^ - <^) - £ sin (5 - ^) = (cos ^ - £ sin 6) (cos (^ + £ sin <^), 
whence sin (5 - <^) = sin 6 cos ^ - cos 6 sin ^ , 

cos (0 -(!>) = cos ^ cos ^ + sin 6 sin <^. 
Ex. 2. To find the cosine of the angle of a spherical triangle 
in terms of the sides. 

Let a, 13, y be unit vectors OA, OB, 00 not in the same 
plane, then 

^=^ «. 
7 a "y ' 

i. e. taking the scalar of each side, 

cos a = cos c cos 6 + /Sf . (V ''^yj' 
T. Q. 
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Now SV—V- is sin c sin 6 X cosine of tte angle between 
a y 

perpendiculars to the planes AB, AC, and is therefore 

sin b sin c cos A ; 

.'. cos a = cose cos 6 + sin c sin 6 cos .4. 

The reader will observe that in accordance with the results of 
Art. 21, the sign of the term involving cos j1 is +, seeing that it is 
in fact — cosine (supplement of A). 

Ex. 3. The angles of a triangle are together equal to two right 
angles. 

What we shall prove in fact is that the exterior angles formed 
by producing the sides in the same direction are equal to four 
right angles. 

Let unit vectors along BC, CA, AB be a, /3, y ; and let the 
exterior angles formed by producing BC, CA, AB be 6, 4>, >}/; 
then 

29 ' 
€-a = ^ (27. 1), 

£-/3 = 7, 





ij, 




^^ y=a; 




U 29 2* 




.". i'^ . €" a = £'f /3 =y, 


and 


2i(' 2<(> 29 2if' 
e'' .€".€" a= e" y = a, 


so that 


'ii/r "i^ 29 



/^'^^*"*>=1(27.2). 
or \ ' 

2 

Hence (27. 3), - {9 + ^ + \^) is an even multiple of 2. The 

first value is 4 ; 

.-. e + 4> + xp=2-n; 

or the exterior angles of a triangle are equal to four right angles. 
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It will be seen that the demonstration here given is of the 
nature of that given by Prof. Thomson in the Notes to his Euclid. 

[More directly 

i" y = -a, 
£ "^ a = - ^. 



From these 



-{A+JB+CD T 

E" =-1, 



or A + £+ C = Tr.] 

Ex. 4. In the figure of Euclid i. 47 t7ie three lines AL, BK, 
CF meet in a point. 

Let BG = a, CA = /3, AB = y ; the sides being as usual denoted 
by a, b, c. 

Let i be the vector which turns another negatively through a 
rio-ht angle in the plane of the paper, so that 

BD = ia, CK=il3, AG = iy. 

If BK, AL meet in 0, 

BO = xBK=x{a + ip), 
and BO = BA + AO = BA+yBD 

= -y + yia; 
x{a + i(i) = -y + yia, 
xSa. (a + iji) = - Say, 

Say ac cos B 

^ Sa (a + i^) " a" + ab sin 

"a' + bc' 
and xSaP = ySia^ ; 

6 be 



2/ = 



03 = - 



c a' + be 

4—2 
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whicli being symmetrical ia 6 and c shews tliat CF, AL intersect 
in the same point in which BK, AL intersect. 

BO c' 

COE. Since M^aFVbc' 



we have 
also 



CO V 



CF a'+bc' 

AO be . 

£I>~ a' + bc' 

AO BO CO c' + b' + bc 



= 1. 



■ ■ BB BK CF a' + bc 

Ex. 5. If ABCB be a quadrilateral inscribed in a circle ; 

AB = a, BO = 13, CD = y, DA=S; 

„ TaTBTy . 
then aySy = ™k — o. 

Let unit .vectors along AB, BC, CD, DA be a', /3', y', 8'; and 
let the exterior angles at B and D he 6 and <^ respectively ; then 
a'13'y' = (- cos + £ sin 6) y' (21. 1) 
= (cos ^ + e sin <^) y 
= 8' (25.1); 
therefore, introducing the tensors, 

TaTpTy 

«Py = yg 8. 

Conjugate Quaternions. 

30. If we designate by q the expression — cos 6 + i sin 0, we 
have seen that it may be regarded as a versor through an angle 6 
in a certain direction. Now if we write —6 in place of ^ in this 
expression it assumes the form — cos 6— (. sin 6, which must ou 
the same hypotheses be regarded a versor through the angle 6 in 
the contrary direction. 

When the quaternion is completed by the introduction of a 
tensor Tq, if we retain the same tensor to both forms of the 
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versor, we have Sir W. Hamilton's conjugate quaternion defined 
ttus ; The conjugate of a quaternion q, written Kq, has the same 
tensor, plane and angle as q has, only the angle is taken in the 
reverse way. 

The analogy between q and Kq is precisely the same as that 
which exists between the two forms 

B (cos <f) + ^ — 1 sin <^) and B (cos cfi — ^ — 1 sin <^) ; 

and as the product of the latter form is B", so the multiplication 
of the former produces {Tqy. 

If we put q = Sq+ Vq, 

we shall have Kq = Sq— Vq, 

and qKq = {Sqy + {Trqy, 

for {Vqy = -{TVqY, Art. 20. 

It is almost self-evident that, since the change of order of 
multiplication of two vectors produces no other change than that 
of the sign of the vector part of the product (22), 

£:{qr) = XrKq, 

q and r occurring in a changed order. 

The following is a demonstration. 

Let q=Tq (— cos ^ + a sin 6), 

r = Tr(- cos <p + j3 sin <^), 

a and j8 being unit vectors ; then 

qr = TqTr (cos 6 cos <^ — a sin ^ cos <^ - /? cos 9 sin (jt 

+ aP sin 6 sin ^), 

ErKq = TqTr (- cos .^ - ^8 sin <^) (- cos (9 - a sin 6) 

= TqTr (cos cos (/) + a sin. ^ cos ^ + ^ cos 6 sin (j> 

+ ^a sin 6 sin <^). 

Now observing that ySa has the same scalar part with a^, but 
the vector part with a contrary sign, we see that the two ex- 
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pressions for qr and for KrKq likewise have the same scalar 
part, but that their vector parts have contrary signs. 

Hence K{<ir) = KrKq. 

(See Tait, § 79 et sq.) 

31. We propose, in this Article, to give and interpret one or 
two formulse, relating to three or more vectors, which are indis- 
pensable to our progress, reserving to a separate Chapter the 
demonstration and application of other formulae, the value of 
which the reader can hardly as yet be expected to understand. 

1. To express /S* . aySy geometrically. 

First suppose a, p, y to be unit vectors OA, OB, 00. 

Let A0B = 6, and the angle which 00 makes with the plane 
A OB = ^ ; then since 

a;8 = - cos (9 + € sin 6 (Art. 21), 
where c is perpendicular to the plane A OB, 

S . a(3y = S{- cos ^ + € sin 6) y 
= Sey sin 6. 
Now Siy = — cos . angle between £ and y 

= — sin . angle between plane AOB 

and 00 
= - sin tfi ; 

.-. S. ay3y= — sin cf) sin 9. 

Next if a, ;3, y are not units, but have re- 
spectively the lengths Ta, T/S, Ty, or a, h, c; 
we shall have 

<S' . a/3y = — abc sin Q sin ^. 

But abwo-O is the area of the parallelogram of which the 
adjacent sides are a, h ; and c sin <^ is the perpendicular from C on 
the plane of the parallelogram ; 

. •. — S . a/3y = ah sin . c sin <Jl> 

= volume of parallelepiped of which three con- 
terminous edges are OA, OB, 00. 
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2. From the nature of the case, no change of order amongst 

the vectors ul, (3, y can make any change in the value (apart from 

the sign) of the scalar of the product of the three vectors ; for it 

will in every case produce the volume of the same parallelepiped. 

.-. S.al3y = ^S .yal3 = d^S.ayl3, &c. 

CoE. 1. The volume of the triangular pyramid, of which OA, 

OB, OG are conterminous edges is —-^S. a;8y. 

Cor. 2. If a, p, y are in the same plane, <^ = ; 
.-. S.aPy^Q. 

Conversely, if S . a/3y = 0, none of the vectors a, yS, y being 
themselves 0, we must have either ^ = or <^ = ; hence in either 
case the three vectors are co-planar. 

3. Since Va^ — y (21. 3), a vector perpendicular to the plane 
OAB (fig. of formula 2) ; F/3y = a', a vector perpendicular to 
the plane OBC ; and since y', a' are both perpendicular to OB, 
the line along which is the vector fi ; OB is perpendicular to the 
plane which passes through y, a, and therefore (21. 3) is in the 
direction of Fy'a' ; hence 

F( FayS F/3y) = Fy'a' - m/3, 

or the vector of the product of two resultant vectors, one of the 
constituents of each of which is the same vector, is a multiple of 
that vector. 

4. If 02 = a, 0B = j3, OI) = S, 0E=^; and if the planes 
OAB, ODE intersect in OP; it follows, as in (3), that, Vafi and 
FSe being both perpendicular to OP, 

r{Vaj3V8e) is along OP and is therefore =nOP. 

5. Connection between the representation of the position of a 
point hy a vector and its representation by Cartesian co-ordinates. 

If X, y, z be the perpendicular distances of a point P in space 
from the planes of yz, zx, xy respectively (fig. of Art. 16); i, j, k 
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unit vectors in the directions of x, y, z; tten xi is the victor of 
which the line is x (Art. 3) ; consequently OM along Ox, MN 
parallel to Oy and NP parallel to Oa, being x, y, z as co-ordinates, 
they are xi, yj, zh as vectors. 

Now vector Oi'=OJf+ MN + NP, 

and is therefore p = xi + yj + zh. 

The same method of representation is evidently applicable 
when the planes of reference are not mutually at right angles. 
If x, y, z be the co-ordinates of P referred to oblique co-ordinates ; 
a, /3, y unit vectors parallel respectively to x, y, z; then 

vector 0P = xa + yl3 + zy. 

Cor. When x, y, z are at right angles to one another 
p = xi + yj + zk 
gives Sip = -x, Sjp = — y, fSkp = — z; 

.: {Sipf + {SjpY + {SkpY ^x' + y' + z" 
= 0P'. 

Ex. To find the volume of the lyyramid of which the vertex is 
a given point and the base the triangle formed by joining three 
given points in the rectangidar co-ordinate axes. 

Let A, B, G ho the three given points ; 

lineC>^ = a, OB = b, OC = c; 
x, y, z the co-ordinates of the given point P, 
then vector 0^ = «?, OB = bj, OC = ch; 

and OP = a-;' + yj + zk; 

.: PA = OA-OP = -{{x-a)i + yj + zl\, 
PB = -{xi + {y — b)j + zk), 
PC = -{xi + yj+{z-c)k}. 
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Now tlie volume of the pyramid PABC is 

-^S{PA.FB.PC) (31. 2. Cor. 1) 

= — -^S .{{x-a)i + yj + zh}{od + {y- h)j + zh] {xi + yh + {z — c) h]. 

Multiplying out and observing that only terms which involve 
all of the three vectors i, j, h produce a scalar in the product, 
we get 

(+ or -) Vol. = — -^{{x-a) (bz + cy — he) - cxy — bxz} 



= 1 6cp4 + *-l). 
o \a c / 



The sign of the result will of course depend on the position 
of P. 



Additional Examples to Chap. III. 

1. If in the figure of Euclid i. 47 DF, GE, KE be joined, 
the sum of the squares of the joining lines is three times the sum 
of the squares of the sides of the triangle. 

The same is true whatever be the angle A. 

2. Prove that 

4.AD' (Art. 7, Ex. 4) = 2 {AB' + AC^) - BC\ 

3. If P, Q, R, S be points in the sides AB, BC, GD, DA of 
a rectangle, such that PQ = ^^S*, prove that 

AB!' + CS' = AQ' + CP'. 

4. The sum of the squares of the three sides of a triangle is 
equal to three times the sum of the squares of the lines drawn 
from the angles to the mean point of the triangle. 
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^ 5. In any quadrilateral, the product of th.e two diagonals and 
the cosine of their contained angle is equal to the sum or difference 
of the two corresponding products for the pairs of opposite sides. 

6. If a, b, c be three conterminous edges of a rectangular 
parallelepiped ; prove that four times the square of the area of 
the triangle which joins their extremities is 

7. If two pairs of opposite edges of a tetrahedron be respect- 
ively at right angles, the third pair will be also at right angles. 

8. Given that each edge of a tetrahedron is equal to the edge 
opposite to it. Prove that the lines which join the points of 
bisection of opposite edges are at right angles to those edges. 

9. If from the vertex of a tetrahedron OABO the straight 
line OD be drawn to the base making equal angles with the 
faces OAB, OAC, OBO ; prove that the triangles' 0^^, OAO, OBG 
are to one another as the triangles DAB, BAG', DBG. 



CHAPTER IV. 

THE STRAIGHT LINE AND PLANE. 

32. Equations of a straight line. 

1. Let /3 be a vector (unit or otherwise) parallel to or along 
the straight line; a the vector to a given 



point A in the line, p that to any point what- 
ever P in the line, starting from the same 
origin ; then ^P is a vector parallel to y8 " 

= a;/?, say, 
and OP=OA->r AP 

gives p = a + a;j8 (1) 

as the equation of the line. 

2. Another form in which the equation of a straight line 
may be expressed is this : let OA = a, OB = /3 be the vectors to 
two given points in the line ; then 

AB = (3-aa.nd AP = x{l3-a); 

.: p = a + x{/3-a){2). 

Of course the /3 of No. 2 is not that of No. 1. The first form 

of the equation supposes the direction of the line and the position 

of one point in it to be given, the second form supposes two points 

in it to be given. 

3. A third form may be exhibited in which the perpendicvilar 
on the line from the origin is given. 
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Let OB perpendicular to AF = S ; then 

i)P = p-8 and ,S'S(p-8) = 0, 
because OB is perpendicular to AP (22. 7) ; 

i.e. <S'8/D = C (3), 
wliere C is a constant. 

(Note. In addition to this we must have the equation of the 
plane of the paper, in which p is tacitly supposed to lie. This 
may be written as S(.p = 0.) 

33. Equation of a plane. 

Let P be any point in the plane, OB perpendicular to the 
plane ; and let 

OB = l, OP = p; 
then p-^^BP, 

which is in a direction perpendicular to OB ■ 
.: S8{p-S) = 0, 
or SSp=S', 

or S^ = l. 

CoE. 1. If S&p = C be the equation of a plane, 8 is a vector 
in the direction perpendicular to the plane. 

CoE. 2. If the plane pass through 0, p can have the value zero, 
.•. SSp = is the equation. 

Cor. 3. Since a vector can be drawn in the plane through B, 
parallel to any given vector in or parallel to the plane ; if ^ be 
any vector in or parallel to the plane, aSS/J = 0. 

34. We proceed to exhibit certain modifications of the 
equations of a straight line and plane, and one or two results 
immediately deducible from the forms of those equations. 

1. To find the equation of a straight line which is perpen- 
dicular to each of two given straight lines. 

Let yS, y be vectors from a given point A in the required line, 
and parallel respectively to the given lines. 
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If OA =a as before, then since (22. 8) F/3y is a vector along 
the line whose equation is required ; we have 
p — a = X VPy, 
or p = a+ xVj3y, 
as the equation of the line. 

2. To find the length of the perpendicular from the origin on 
a given line. 

Equation (1) of Ai-t. 32 is 

p = a + xj3. 

Know p = 0Z> = 8; 

we get ,S8' = ^Sa, 

or -OD' = SSa; 

UB being the unit vector perpendicular to the line. 
CoE. The same result is true of a plane. 

3. To find the length of the perpendicular from a given point 
on a given plane. 

Let Sap = he the equation of the plane, y the vector to the 
given point. 

Then if the vector perpendicular be xa (33. Cor. 1), 
p = y + oca 
gives Say + xa' = C, 

and the vector perpendicular is 

xa = + a~^ (C - Say) ; 

the square of which with a - sign is the square of the perpendi- 
cular. 

4. To find the length of the common perpendicular to each 
of two given straight lines. 
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Let p, y8j be unit vectors along the lines; a, a^ vectors to 
given points in the lines ; 

p = a + xjS, 
Pj = ai + a;,/3i, 
the vectors to the extremities of the common perpendicular S. 

Then since 8 is perpendicular to both lines, it is perpendicular 
to the plane which passes through two straight lines drawn pa- 
rallel to them through a given point ; 

.-. (21. 3)8 = 2/ F/3A- 

But 8 = p-pj = a + .'*-yS — aj -a:j/3, , 

hence S . 8/3/3, = ^ . (a - a-,) /3/3, ; 

i.e. S{yr(il3,.pl3,) = S.{a-a,)lip„ 

because SVpp^S/i/3, = ; 

whence 8 = yVI3j3^ is known. 

5. To find the equation of a plane which passes throvigh three 
given points. 

Let a, (3, y be the vectors of the points. 

Then p-a, a- fS, /8 — y are in the same plane. 

.-. (Art. 31. 2. Cor. 2) S. (p-a) (a-/3) (/3-y) = 0, 
or Sp{VaP+ri3y+Vya)-S.al3y==0 

is the equation required. 

COK. VajS + Vfiy + Yya is a vector in the direction perpen- 
dicular to the plane ; therefore (No. 3) the perpendicular vector 
from the origin 

= S . al3y . {Vaj3 + V(3y + Vya)'\ 

6. To find the equation of a plane which shall pass through 
a given point and be parallel to each of two given straight lines. 
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Let y be tlie vector to the given point, p = a + xjS, p = a^ + x^ji^ 
the lines ; then if lines be drawn in the required plane parallel to 
each of the given straight lines — these lines as vectors will be 
;8, j8j : also p — y is a vector line in the plane ; 

.-. S.pj3^{p-y) = (31. 2. Cor. 2), 

which is the equation required. 

7. To find the equation of a plane which shall pass through 
two given points and be perpendicular to a given plane. 

Let a, p be the vectors to the given points, SSp = C the equa- 
tion of the plane ; then the three lines p — a, a — j3, S are vectors 
in the plane ; 

... S.{p-a)(a^l3)S = 0, 

or S.p{a-p)S + S.afiS = 0. 

8. To find the condition that four points shall be in the same 
plane. 

1. Let OA, OB, 00, OB or a, /3, y, S be the vectors to the 
four points ; then S — a, S — /3, 8 — y are vectors in the same plane ; 

.-. ;Sf.(8-a)(S-j8)(S-y) = 0(31. 2. Cor. 2), 
or ;S'.8;8y + ,S^.ci8y + /S^.ay8S = >S'.a^y (1). 

2. Another form of the condition is to be obtained by as- 
suming that 

d8 + cy + bl3 + aa = (2), 

and substituting in equation (1) the value of 8 deduced from 
this equation. The result is 

« 6 c - . 
d^d^d"-^-^' 

or a + b + c + d = (3). 
Equation (1), or the concurrence of equations (2) and (3) is the 
condition necessary and sufficient for coplanarity. 

9. To find the line of intersection of two planes through the 
origin. 
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Let Sap = 0, S^p = be the planes. 

Since every line in the one plane is perpendicular to a; and 
every line in the other perpendicular to /3; the line required is 
perpendicular to both a and yS, and is therefore parallel to Va^, 
or p = xVa/i is the equation. 

10. The equation of the plane which passes through and 
the line of intersection of the planes /Sap = a, S^p = 6 is 

Sp{aP-ha) = Q. 

For 1° it is a plane tlrrough ; 2° if p be such that Sap = a, 
then must S^p = h. 

11. To find the equation of the line of intersection of the two 
planes. 

Let p = ma + n^ + xVa^ 

be the equation required. 

Then Sap = ma" + nSa^ = a, 

since Va^ is perpendicular to a, and similarly 

S^p = mSaft + nl3" = b, 

. aP^-bSaf3 bSa(3-afi" 

••"* a'l3'-{Sal3f- {VaPY 1^1^— ^- •^). 

aSaR-ha" aSaB-ba" 

{Sa/iy-a'fi'- (Vajsy ■ 

35. We offer a few simple examples. 

Ex. 1. To find the locus of the middle points of all straight 
lines which are terminated by two given straight lines. 

Let AP, BQ be the two given straight 
lines, unit vectors parallel to which are yS, y; 
AB the line which is perpendicular to both 
AP, BQ. 

Let be the middle point of AB; vector 
OA = a; R the middle point of any line PQ, 
vector OB = p; then 
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OQ = p + RQ = -o. + yy. 
But EF + liQ = 0; 

hence, since Sa/S = 0, Say = 0, 

Sap = is the equation required ; and the locus is a plane passing 
through (33. Cor. 2), and perpendicular to OA (33. Oor. 1). 

Note that, if p \\ y, we have simply 

2p = x'l3; 

and, as there is now but one scalar indeterminate, the locus is a 
straight line instead of a plane. 

Ex. 2. Planes cut off, from, the three rectangular co-ordinate 
axes, pyramids of equal volume, to find the locus of the feet of per- 
pendiculars on them from the origin. 

Here the axes are given, so that i,j, h are known unit vectors!. 

Let ai, hj, ck be the portions cut off from the axes by a plane, 
the perpendicular on which from the origin is p. 

Then p — ai is perpendicular to p ; 

. : Sp (p — ai) = 0, 

or p^ = aSip. 

Similarly, p'' = bSjp, 

p" = cSkp. 

Hence p^ = dbc Sip Sjp Shp 

= GSipSjpSkp, 

since aha is by the problem constant. 

If X, y, z be the co-ordinates of p this equation gives at once 
{x' + yUzy=^-Gxyz 
as the equation required. 

T. Q. o 
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Ex. 3. To find the locus of the middle points of straight lines 
terminated hy two given straight li7ies and all parallel to a given 
plane. 

Retaining tte figure and notation of Ex. 1, let 8 be the vector 
perpendicular to the given plane : we have 

2p = a;/3 + yy, 

2gP=2a + a;;8-2/y. 

Now ,S'S§P = (33. Cor. 3); 

.-. ,S'S(2a + xy8-yy) = 0; 

_ 2^a8 ;S^ 

^SyS nS'yS ' 

and 2p = ./3 + — y + X^^y 

= ay+a:(/3 + Jy), 

2Sa8 , SBS .„ . . . 

where a = -— s- , 6 = -^--- are constants : (SyS for instance is tlie 
jjyo oyo ' 

negative of the cosine of the angle between one of the given lines 

and the perpendicular to the given plane). 

Now j8 + 6y is a known vector lying between ^ and y ; call it 
e, and 2p=ay + x€ is the equation required; which is that of a 
straight line, not generally passing through (32. 1). 

Ex. 4. OA, OB are two fixed lines, which are cut by lines 
AB, A'B' so that the area AOB is constant/ and also the product 
OA, OA' constant. It is required to find the locus of the intersec- 
tions of AB, A'B'. 

Let the unit vectors along OA, OB be a, jB respectively^ 
OA = nia, OA' = m'a, 
OB = nP, OB' = n'fi; 
then the conditions of the problem are 
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Now if AB, A'B' intersect ia P, and OP = p, we have 
p=OA + AP 

— ma + X (mj8 - ma), 
p = OA' + A'P 

= Tn'a + x' (n'P — m'a) ; 

fG 
or p = ma + x ' 



67 



and 



(-^-ma), 

p = m'a + x' {—,P — m'a j ; 
.•. m — xm=m! — x'')n', 



x x 
m m 



Hence 



m 
m^ + a' 



l-x = - 



m' + a 



and 



(aa + C/S), 



m, +a 

and the locus required is a straight line, the diagonal of the 
parallelogram whose sides are aa, Cp. 

Ex. 5. To find the locus of a point such that the ratio of its 
distances from a given point and a given straight line is constant — 
all in one plane. 

Let S be the given point, DQ the given 
straight line, SP = ePQ the given relation. 
Let vector SD = a,SP = p, DQ = yy, 
y being the unit vector along DQ, 

PQ = xa; 
then Tp = eT{PQ), 

5—2 
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gives p' = eTQ', where FQ is a vector, 

= e' (xa)' 

= eVa^ 

But p + xa = SQ = SD + DQ 

= a + yy; 

. : Sap + Xa" = a^ for Say = ; 

and a; V = (a° - Sap) ' ; 

hence a^p' = e" (a" - SapY, 

a surface of the second order, whose intersection with the plane 
S . ayp = is the required locus. 

Ex. 6. The same problem when the points and line are not in 
the same plane. 

Eetaining the same figure and notation, we see that PQ is no 
longer a multiple of a ; but 

PQ = SQ-SP 

= a + yy-p; 

■■■p' = e'(o. + yy-py, 
and because PQ is perpendicular to BQ 

Sy{a + yy-p) = 0; 

•■• {yf,^-e-)-y = 'Syp, 

and p' = e^ (a — ySyp — pY, 

a surface of the second order. 

Cor. If e = 1, and the surface be cut by a plane perpendicular 
to DQ whose equation is Syp = c, the equation of the section is 

a'' + c'-2Sap = 0, 

another plane, so that the section is a straight line. 

Ex. 7. To find the locus oftJie middle points of Uties of given 
length terminated hy each of two given straight lines. 
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Retaining the figure and notation of Ex. 1, and calling RP c, 
■we have 

2p = x^ + yy (1), 
and 2RP = RP-RQ=2a + xp-yy (2). 

From equation (1) ■we have 

»S'ap = 0(22. 7), 
iS^p = -x + ySPy, 
because ^ is a unit vector, 

ISyp = xSjSy — y. 
The first of these three equations she'ws that p lies in a jjlane 
through perpendicular to AB (33. Cor. 2). 
The second and third equations give 

{S^yr-\ ' 
2(Syp+SI3ySPp) 

y (s^yr-i ■ 

'Now (2) gives, by squaring, 

- 40" = 4a' + x'yS' + 2/V - 2xySpy, 
in which, if the values of x and y just obtained be substituted, 
there results an equation of the second order in p. 

Hence the locus required is a plane curve of the second order, 
or a conic section, ■which by the very nature of the problem must 
be finite in extent and therefore an ellipse. 

Ex. 8. If a plane he dravm through the points of bisection of 
two opposite edges of a tetrahedron it vnll bisect the tetrahedrmi. 

Let B, E be the middle points of OB, 
AG : DFEG the cutting plane : OA, OB, 
OC = a, p, y respectively. 

OG = mri, AF=n{P-a). 

The portion ODGEA consists of three 
tetrahedra ■whose common vertex is 0, and 
bases the triangles AEF, EFG, FGD. 

Now OE = ^{y + a), 
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0-0 = 1 A 

OG=m.y, 
and 6 times the volume cut off 

+ <S . TT (a + y) my (a + n (/3 - a)} 

+ ^S'.{a + n(/3-a)}myi/8 (31.2 Cor. 1) 

= - {ti + nm + (1 - Ji) to} »S . ayj8 

= ^(re + m)(S'. ay;8. 

But since E, G, D, F are in one plane, and 

1m (1 -n)OE-{\- n) OG + 2mnOD - mOF= 0, 
■we must have (34. 8) 

2to (1 - w) - (1 — n) + 2mn — m = ; 
. •. m + n = \ ; 
and 6 times the whole volume cut off 

= K of 6 times the whole volume, 
hence the plane bisects the tetrahedron. 

Cor. The plane cuts other two edges at F and G, so that 

AF_ OG 
AB "^ 0C~ 
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Additional Examples to Ch.vp. IV. 

1. Straight lines are drawn terminated by two given straight 
lines, to find the locus of a point in them whose distances from 
the extremities have a given ratio. 

2. Two lines and a point S are given, not in one plane ; find 
the locus of a point F such that a perpendicular from it on one 
of the given lines intersects the other, and the portion of the 
perpendicular between the point of section and P bears to SF 
a constant ratio. Prove that the locus of P is a surface of the 
second order. 

3. Prove that the section of this surface by a plane perpen- 
dicular to the line to which the generating lines are drawn perpen- 
dicular is a circle. 

4. Prove that the locus of a point whose distances from two 
given straight lines have a constant ratio is a surface of the second 
order. 

5. A straight line moves parallel to a fixed plane and is ter- 
minated by two given straight lines not in one plane ; find the 
locus of the point which divides the line into parts which have 
a constant ratio. 

6. Required the locus of a point F such that the sum of the 
projections of OP on OA and 0£ is constant. 

7. If the sum of the i^erpendiculars oa two given planes from 
the point A is the same as the sum of the perpendiculars from B, 
this sum is the same for every point in the line AB. 

8. If the sum of the perpendiculars on two given planes from 
each of three points A,B, C (not in the same straight line) be the 
same, this sum will remain the same for every point in the plane 
ABC. 

9. A solid angle is contained by four plane angles. Through 
a given point in one of the edges to draw a plane so that the sec- 
tion shall be a parallelogram. 
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10. Through each of the edges of a tetrahedron a plane is 
drawn perpendicular to the opposite face. Prove that these planes 
pass through the same straight line. 

11. ABC is a triangle formed by joining points in the rect- 
angular co-ordinates OA, OB, OG ; OD is perpendicular to ABC. 
Prove that the triangle AOB is a mean proportional between the 
triangles ABC, ABD. 

12. VapVPp + {Vafiy =0 is the equation of a hyperbola in p, 
the asymptotes being parallel to a, y8. 




CHAPTER V. 

THE CIRCLE AND SPHERE. 

36. Equations of tlie circle. 

Let AD be the diameter of the circle, 
centre C, radius = a, P any point. 

If vector CD = a, CP = p, 

we have p^^ — a" (1). 

If however AP = p, 

GP = p-a, 

we have {p—<if = -a' (2). 

If be any point, 

OP = p, OG = y, GP = p-y, 

we have {p-yY = — a? (3). 

These are the three forms of the vector equation. 
Form (2) may be written 

p'-2;S'ap = 0. 
If 00 = c, form (3) may be written 

p'-2Syp = c^-a'. 

Examples. 

37. Ex. 1. The angle in a semicircle is a right angle. 
Taking the second form 

p' - 2Sap = 0, 
we may again write it 

S(,{p-2a) = 0; 
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therefore p, p — 2a are vectors at right angles to one another. 
But p~ 2a is DP; 

.'. DP A is a right angle. 

Ex. 2. If through any point within or without a circle, a 
straight line he drawn cutting the circle in the points P, Q, the pro- 
duct OP . OQ is always the same for that point. 

The third form of the equation may be -written 
{TpY + 2TpSyUp + c'-a'=Q, 
■which shews that Tp has two values corresponding to each value 
of Up, the product of which is c^ — a^ Therefore, &c. 

Ex. 3. If two circles cut one another, the straight line which 
joins tlie points of section is perpendicular to tlie straight line which 
joins the centres. 

Let 0, C be the centres, P, Q the points of Kection ; 
vector OC — a; a, b the radii; 
then (as vectors) 

OP'=-a\ 
{OP-aY = -V; 
.: SaOP=C, a constant. 
Similarly, SaOQ = C, the same constant ; 

.-. Sa{OQ-OP) = 0, 
or SaPQ = 0, 
i. e. PQ is at right angles to 00. 

Ex. 4. is a fixed point, AB a given straight line. A point Q 
r« taken in the line OP drawn to a point P in AB, such that 

OP.OQ = k' ; 
to find the locv^ of Q. 

Let OA perpendicular to AB be a, vector a ; 
OQ = p, OP = xp; 
then T{OP.OQ)=k\ 

or icp' = — k'. 
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But Sa {xp-a) = 0; 

.'. xSap = — a'; 

hence p'= -2 i^<^P 

is the equation of the locus of Q, which is therefore a circle, 
passing through 0. 

Ex. 5. Straight lines are drawn through a, fixed -point, to find 
the locus of the feet of perpendiculars on them, from another fixed 
point. 

Let 0, A be the points, the lines being drawn through A. 
Let OA = a, and let p = a + x^ be the equation of one of the lines 
through A, 8 the perpendicular on it from 0. 

Then S = a + a;/3, 

and SW = So.l, 

because 8 is perpendicular to /8 ; 

i.e. 8=-5a8 = 0, 
the equation of a circle whose diameter is OA . 

Ex. 6. A chord QR is drawn pa/rallel to the diameter AB of 
a circle : P is any point in AB ; to prove that 

PQ' + PR' = PA' + PB\ 

Let CQ=p, CR = p', PC = a; 

then PQ' = - (vector PQ)' 

= - (a + p)' = - (a= + Map + p'), 
PR' = - (a + p'Y = -(a' + 2Sap' + p") ; 
. : PQ' + PR' = 2PG' + 2AC'-2 (Sap + Sap'). 
But 'S' (p + p') (p - p') = and p — p' = xa, 

because QR is parallel to .4-S; 

. ■. Sap + Sap' = 0, 
and PQ' + PR' = 2PG' + 2AG' 

= PA' + PB': 
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Ex. 7. If three given circles he cut hy any other circle, tlie 
chords of section will form a triangle, the loci of the angular points 
of which are three straight lines respectively perpendicular to the 
lines which join the centres of the given circles ; and these three 
lines meet in a point. 

Let A, B, C be the centres of the three given circles ; a,l,c 
tlieir radii; u,, /?, y the vectors to ^, -B, C from the origin ; 
OA, OB, OG respectively p, q, r ; D the centre of the cutting 
circle whose radius is R, OD = s, vector OJ) = 8, p the vector to 
a ix)int of section of circle D with circle A ; then we shall have 

{p-ay = ~a\ {p-8y = -Ji% 

and .-. 2S{S-a)p = Ji'-a'-s'+p'. 

Now this is satisfied by the values of p to both points of sec- 
tion ; and being the equation of a straight line (32. 3) is the 
equation of the line joining the points of section of circle I> with 
circle A — call it line 1, and so of the others; then 

line lis2S{8-a)p=Ii'-a'- s' +p-, 

line 2 is 2,S'(S - P)p' ^R' -¥ - s' + q\ 

line 3 is 2^(8 - y) p" =R-^-i + »''. 

If 1 and 2 intersect in F whose vector is p^, 1 and 3 in § (pj; 
2 and 3 in i? (pj, we shall have by subtraction 

atP, 2S{a-p)p, = a''-b'-p'' + q'; 

a.tQ, 2S{y-a)p^ = -a'+c'+p'-r'; 

ati?, 2S(fi-y)p^ = ¥-c'-q' + r'; 

therefore (32. 3) the loci of P, Q, R are straight lines, perpen- 
dicular respectively to AB, AC, BC. 

Also at the point of intersection of the first and third of these 
lines, we have, by addition, 

2S{a-y)p = a'-c'-p' + r% 

which is satisfied by the second : hence the three loci meet in a 
jioint. 
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Ex. 8. To find the equation of the cissoid. 

AQ is a chord in a circle whose diameter is AB, QN perpen- 
dicular to AB. 

AM is taken equal to BN., and MF is drawn perpendicular 
to AB to meet AQ in P ; the locus of F is the cissoid. 

Let vector -iP = IT, AG = a, AM=ya., AQ^xtt; 

then y : 1 :: 2-y : a;, by the constraction ; 

•■• y^-TTx- 

Now a!V-2a;,S'a7r = 

is the equation of the circle ; 

2Sair 
.'. x = — ^. 



Also ■K = AM+MF 

= ya + y; 
.". SaTr = ya', 
Sair 

hence (i + ?^)^ = 2, , 

and (7rV2&7r)^a7r=2aV, 

is the equation required. 

Ex. 9. If ABCD is a parallelogram, and if a circle he de- 
scribed passing through the point A, and cutting the sides AB, AC 
and the diagonal AD in the points F, G, H respectively ; then the 
rectangle AD . AH is equal to the sum of the rectangles AB . AF, 
and AG .AG. 

Let AB = a, AG = /3, AD = y 

AF=xa, AG==y(3, AH=zy; 
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6 the vector diameter of the circle ; then 

Zy'-Sy0 =0; 
whence, since y = a + j3, 

Zy = xa^ + y^^ ; 
i.e. AD.AU = AB.AF+AG.AG. 

Ex. 10. What is rejpresented hy the equation 

If a, ji be not at right angles to one another, we can put 
Oj + eji for a, and so choose e that Sa-^ji = 0. 

We shall therefore consider a, /8 as vectors at right angles 
to each other, and we may, on account of x, assume their tensors 
equal, and each a unit. 

a + cc/S _ a + xj3 



Hence p = 

or, if ! 



(a + xPf 1 + x' 

X 
cos 6 = 

" x' 



p = - sin 6 (a sin ^ + /3 cos ff), 
whence Tp (= r) = sin 0, 

a circle of which the diameter is a unit parallel to a. and the 
origin a point in the circumference ; and /3 a tangent vector at 
the origin. 

1 



Otherwise, Sap = 

Sl3p = 



1 + x" 

X 



i +x^' 

{Sapy + {si3py=Sap, 

or - p' = Sap. 
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Or, again, p"' = a + a;^ ; 

whence Sap~^ = — 1 > 

or F/3 (p-' - a) = 0, 

■where U stands for the versor of the quaternion ; 
all of these being, with the obvious condition S . a^p = 0, varieties 
of the form of the equation of a circle, referred to a point in the 
circumference, the diameter through which is parallel to a. 
Draw any two radii p and p^ , then we have 

S. Up-'U{p-^-p-^) = S.Up-^UP^^^ 

=s.up-^u p'^p-^p^^r 

Now ^' '■^ , '''' ^ wUl be rendered a unit if we take a unit 
vector along each of the three vectors p^, {p- pj, and p ; 
.-. S. TTp-^U{p-^ -p-'^)=S .Up-'Up^U{p-p,)Up 
= S.Up,U{p-p,). 
But Pr'-p"" = («=.-'«))8; 

and S. Up-' U {p-' - p-) = S^Up-' = - S^Up. 

Hence S. Up,U{p- p^) =- S^Up. 

If p be constant whilst p^ varies, the right-hand side of this 
equation is constant, and the equation shews that the angles in 
the same segment of a circle are equal to one another. 

Further, the form of the right-hand side of the equation, viz. 
— S^Up, shews that the angle in the segment is equal to the sup- 
plement of the angle between the chord (p) and the tangent (yS). 

38. ^o draw a tangent to a circle. 

1. If we assume the first form of the equation, the centre 
bsing the origin, and assume also that the tangent is at right 
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angles to the radius drawn to the point of contact ; we shall have, 
denoting by tt a vector to a point in the tangent, 

Sp (it - p) = 0, 
for TT — p is along the tangent ; 

. •. Sirp — - a? 
is the equation required. 

2. Without assuming the property of the tangent, we may 
obtain it as follows. 

Let p be a point in the circle near to P ; then 
S{p'-P') = 0, 
from the equation ; 

i.e. S{p+p){p'-p) = 0. 
But p' + p is the vector which bisects the angle between the 
vectors to the points of section, and p' — p is a vector along the 
secant. 

Now the equation shews (22. 7) that the former of these lines 
is pei-pendicular to the latter. 

As the points of section approach one another, the tangent 
approaches the secant, and the bisecting line approaches the radius 
to the point of contact : therefore the radius to the point of 
contact is perpendicular to the tangent. 

39. From a point without a circle two tangents are drawn 
to the circle, to find the equation of the chord of contact. 

Let yS be the vector to the given 
point, 

Sirp = -a? 

the equation of a tangent; then since 
it passes through the given point 
S^p = -a\ 

Now this equation is satisfied for both points of contact, and 
since it is the equation of a straight line (32. 3) it must be satis- 
fied for every point in the straight line which passes through those 
points : it is therefore the equation of the chord of contact. To 
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avoid the appearance of limiting p to a point in the circle, we may 
write o- in place of p ; and the equation of the chord of contact 
becomes 

SI3(T = - a\ 



Examples. 

40. Ex. 1. If chords he drawn through a given point, and, 
tangents he drawn at the points of section, the corresponding pairs 
of tangents will intersect in a straight line. 

Let y be the vector to the given point G, the centre C being 
the origin; j8 the vector to 0, the point of iatersection of two 
tangents at the extremities of a chord through G; then the equa- 
tion of the chord of contact is (39) 

and as the chord passes through G we have 

which, since y is a constant vector, is the equation of a straight 
line, the locus of /3. 

Coa. 1. The straight line is at right angles to CG (32. 3). 

Cor. 2. The converse is obviously true, that if through points 
in a straight line pairs of tangents be drawn to a circle, the chords 
of contact all pass through the same point. 

Ex. 2. Any chord drawn from the point of intersection of 
two tangents, is cut harmonically hy the circle and the chord of 
contact. 

Let radius = a, OC = c, OR=p, OS=q, vector OC=a, unit 
vector OH = p ; then 

(ppy-2pSaip^c'-a' 

is the equation of the circle ; 

i.e. p' + 2pSa.p + c'-a' = 0, 
T. Q. 6 
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a quadratic equation which gives 
the two values oi p, viz. OR and 


OT; 




1 
■'• OE 


1 2Sap 
■^ or rr - a' • 


But qp = 


OS=ON+NS, 


Saqp = 


SaON; 


i. e. qSap = 


SaiOC-NC) 


= 


0? - SaNG 


= 


-c^ + a=(39); 


hence 


2 2 
0^' " q 




2Sap 




1 1 

"'OIC'*' OT 




Ex. 3. If tangents be drawn at the angular j^oints of a triangle 
inscribed in a circle, the inttrsections of these tangents with the 
opposite sides of the triangle lie in a straight line. 




--a, OA = a, 0B = /3, 00 = y, then 
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But a is perpendicular to AP ; 

a' + SafS 



y=- 



and 



! Similarly, 0Q = 



Say-SajB' 

17) ^ - (a° + 
Say — SafS 

(a' + Sap) y-{a' + S/3y) a 



^p_ {a'+Say)p-(a^ + SaP)y 
Say — SafS 



Sa/i - Sjiy 

Sfiy — Say 

Hence (Say - SajS) OP + {Sal3 - SPy) OQ 

+ {S/3y-Say)0£ = 0, 
whilst (^'ay - Sa/i) + (Sa^ - S^y) + (S/Sy - Say) = 0. 

Consequently (Art. 13) P, Q, E are in tte same straight line. 



Cob. PQ -. PE 



SPy-Say :: Sjiy-Sa^ 

cos 2P — cos 2 A : cos 2 C — cos 2 A 

sin C sin. {£ - A) : sin^sin(C — ji). 



Ex. 4. A fixed circle is cut by a number of circles, all of which 
pass through two given points ; to prove that the lines of section of 
the fixed circle with each circle of the series all pass through a point 
whose distances from the two given points are proportional to the 
squares of the tangents drawn from those points to the fixed circle. 

Let be the centre of the 
fixed circle whose radius is a, 
A, B the given points, vectors 
a, P, the origin being ; OA = b, 
OB — c; G the centre of a circle 
which passes through A and B, 
radius r ; OG = p, ir the vector to 
'any point in the circumference of 
this circle; then the equation of 
the circle is (Tr — pf = — r^; 

6—2 
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hence for tlic four points A, B, P, Q, we have 

a'-2>S'ap + p' = -r^ 

y8=-2-SJ8p + p= = -r^ 

0P'-2S.0Pp+p' = -r\ 

0Q'-2S. OQp + p' = -r'. 

From which it follows that 

S{OP-OQ)p-^0 (1), 

-b' + c' = a'-ji' = 2S{a-^)p (2), 

2S(0P - a) p= OP" - a' = -a' +b' (3). 

Let QP, AB intersect in R, OR = <j ; then 
S(7p = S{0P + x {OP - OQ)} p 
= S.OPphj{l), 
and Sa-p = S{a + y{a- I3)}p 

.-. }/{-¥ + c') = 2Sirp-2Sap 
= 2S{0P-a)p 

i.e. 2/ is independent of p and r; or iiJ is the same point for 
every circle : 

also 0R='- ^—p '—, 

and RA : RB :: a-OR : P-OR :: ¥ - a' : c'-a' 

:: AT' : BU'. 

41. The Sphere. 

1. It is clear that there is nothing in the demonstration of 
Art. 36 which limits the conclusions to one plane ; it follows that 
the equations there obtained are also equations of a sphere. 

2. Further if we assume that the tangent plane to a sphere 
is perpendicular to the radius to the point of contact, the con- 
clusion in Art. 38 is applicable also. 
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The equation of the tangent plane to the sphere is therefore 
Sttp = — a'. 

3. Lastly, the results of Art. 39 are also applicable if we 
substitute any number of tangent planes passing through a given 
point for two tangent lines ; the equation of the plane which 
passes through the points of contact is therefore 

This plane is the polar plane to the point through which the 
tangent planes pass. 

CoE. Since the polar plane is perpendicular to the line which 
joins the centre with the point through which the tangent planes 
pass, the perpendicular CD to it from the centre is along this 
line and has therefore the same unit vector with it. The equa- 
tion above gives in this case 

S{CO.CI){U^y} = -a'; 
.: CO.CD = a' (19). 

Examples. 

42. Ex. 1. Every section of a sphere made by a plane is 
a circle. 

Let p' = -a^ be the equation of the sphere, a the vector per- 
pendicular from the centre on the cutting plane ; c the correspond- 
ing line. 

Let p = a + Tr ; 

then the equation becomes 

ir"-l-2<S'air-l-a'' = -o''. 

But Saw = ; 

.-. 7r= = -(a^-c=) 
is the equation of the section, which is therefore a circle, the square 
of whose radius is a^ - c'. 

Ex. 2. To find the curve of intersection of two spheres. 
Let the equations be 

p=-2^ap = C, 

p° — 2SoLp= C ; 
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.• 25(a'-a)p=C-(7', 
a plane perpendicular to the line of whicli the vector is a' — a, 
i. e. to the line which joins the centres of the two spheres. 
Hence, by Ex. 1, the curve of intersection is a circle. 

Ex. 3. To. find the locus of the feet of perpendiculars from the 
origin on planes which pass through a given point. 

Let a be the vector to the point, S perpendicular on a plane 
through it ; then 

SS{p-a) = 
is the equation of that plane ; therefore for the foot of the per- 
pendicular 

or 8--aSV8 = 

is true for the foot of every perpendicular and is therefore the 
equation of the surface required. Hence it is a sphere whose 
diameter is the line joining the origin with the given point. 

Ex. 4. Per2)endicidars are dravm, from a point on the surface 
of a sphere to all tangent planes, to find the locus of their extremi- 
ties. 

Let a be the vector to the given point, 
Sirp = — a* 
the equation of a tangent plane. 

Since the perpendicular is parallel to p, its vector is 
■TT = a + xp ; 
.-. (tt - a)- = x^p^ = xV 
= - x^a^ ; 
because both p and a are vector radii. 
But i^Trp = — a^ gives with xp = Tr - a, 
Sir (ir - a) = — a^x, 
(tt^ — iSairY = a^x" 

2 9 3 

= — a X — ax 

= -a'{Tr-ay. 
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Ex. 5. If the points from wliich tangeiU planes are drawn to 
a sphere lie always in a straight line, prove that the planes of sec- 
tion all pass through a given point. 

Let CE be perpendicular to the line in which the point /3 
lies (41), see fig. of Art. 39, 

CE^c, vector C^=8; 
then SpB=-c' 

is the equation of the line. 

But SP(r = -a' 

is the plane of contact, which is therefore satisfied by 



0^'' 



i. 6. the planes all pass through a point G in CE, such that 

CG = -,GE, 

c 

or CE.CG = a\ 

Ex. 6. If three spheres intersect one another, their three planes 
of intersection all pass through the same straight line. 

Let o, j8, y be the vectors to the centres of the three spheres, 
p' — 2Sap =a, 
P^-2SI3p = b, 

p'-2Syp=c, 
their three equations ; 

.-. 2S{a-P)p = b-a, 
2S (a — y) p = C— a, 
2S{J3-y)p=c-b, 
are the equations of the three planes of intersection. 

Now the line of intersection of the first and second of these 
planes is obtained by taking p so as to satisfy both equations, 
and therefore their difierence 

2S{P-y)p==c-b, 
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which, being the third equation, proves that the same value of p 
satisfies it also. The three planes consequently all pass through 
the same straight line. 

Ex. 7. To Jind tJie locus of a point, the sum of the squares 
of whose distances from a number of given points has a given 
calue. 

Let p denote the sought poiut ; a, ^,... the given ones ; then 

(p-a/+(p-/3)' + &c. = 2(p-a)* = -C. 
If there be n given points ; this is 

V-2<S'.p2a+2a^ = -C, 

This is the equation of a sphere, the vector to whose centre is 

n ^ ' 
i e. the centre of inertia of the n points taken as equal. 

Transpose the origin to this point, then (36) 
2.a = 0, 

and p^ = _l(2(a^) + q. 

Hence, that there may be a real locus, C must be positive 
and not less than the sum of the squares of the distances of the 
given system of points from their centre of inertia. If C have 
its least value, we have of course 

P= = 0, 

the sphere having shrunk to a point. 

Additional Examples to Chap. V. 

1. If two circles cut one another, and from one of the points 
of section diameters be drawn to both circles, their other extre- 
mities and the other point of section will be in a straight line. 
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2. If a chord be drawn parallel to tlie diameter of a circle, 
the radii to the points where it meets the circle make equal angles 
with the diameter. 

3. The locus of a point from which two unequal circles sub- 
tend equal angles is a circle. 

4. A line moves so that the sum of the perpendiculars on it 
from two given points in its plane is constant. Shew that the 
locus of the middle point between the feet of the perpendiculars 
is a circle. 

5. If 0, 0' be the centres of two circles, the circumference 
of the latter of which passes through ; then the point of inter- 
section A of the circles being joined with 0' and produced to 
meet the circles in 0, D, we shall have 

Aa.AD = 2A0'- 

6. If two circles touch one another in 0, and two common 
chords be drawn through at right angles to one another, the 
sum of their squares is equal to the square of the sum of the 
diameters of the circles. 

7. A, B, Care three points in the circumference of a circle; 
prove that if tangents at B and G meet in D, those at G and A 
in E, and those at A and B va. F; then AD, BE, GF will meet 
in a point. 

8. If A, B, G are three points in the circumference of a 
circle, prove that V{AB.BG . CA) is a, vector parallel to the tan- 
gent at A. 

9. A straight line is drawn from a given point to a point 
P on a given sphere : a point Q is taken in OP so that 

OF.OQ = Ii^. 

Prove that the locus oi Q is a sphere. 

10. A point moves so that the ratio of its distances from two 
given points is constant. Prove that its locus is either a plane 
or a sphere. 
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11. A point moves so that the sum of the squares of its 
distances from a number of given points is constant. Prove that 
its locus is a sphere. 

12. A sphere touches each of two given straight lines which 
do not meet ; find the locus of its centre. 



CHAPTER VI. 



THE ELLIPSE. 



43. !• If we define a conic section as "the locus of a point 
which moves so that its distance from a fixed point bears a con- 
stant ratio to its distance from a fixed straight line " (Todhunter, 
Art. 123), we shall find the equation to be (Ex. 5, Art. 35) 

ay = e'{a''-Sapy (1), 

where SP = ePQ, vector SD = a, SP = p. 

When e is less than 1, the curve is the ellipse, a few of whose 
properties we are about to exhibit. 

2. iSA, SA' are multiples of a: call one of them xa: then, 
by equation (1), putting xa for p, we get 

x' = e'{l-xy-; 




l+e' 
e 
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i.e. SA = ^SD, 
1 +e 



i—e 
1-e 



the mnjor axis of tlie ellipse, wMcli we shall as usual abbreviate 
by 2a. 

■ If C be the centre of the ellipse 

CS = SA'-CA'= (^ - ^^ SD = eCA 
\l-e 1-6 J 

= ae, 
and if vector CS be designated by a', CP by p, we have 

a = = ^ a and p = p + a ; 

whence, by substituting in (1), the equation assumes the form 

aY-+{Sapy = -a'(l-e'); 
which we may now write, CS being a and CP p, 

ay+(Sapy = -a'(l-e') (2). 

3. This equation might have been obtained at once by re- 
ferring the ellipse to the two foci, as Newton does in the Prin- 
cii)ia, Book I. Prop. 11 ; the definition then becomes 

SP + HP = 2a, 

or in vectors, if 

CP = p, CS = a, 
T{p+a) + T{p-a) = 2a; 

i.e. J~ {p + af + J-(p- ay = 2a ; 
hence, squaring, 

"■ J- {p - <^Y = «° + Sap ; 
i.e. a'p' + {Sapy = -ci!'{l-e'). 
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If now we write ^p for -^P±^P where ^p is a vector 

which coincides with p only in the cases in which either o coin- 
cides with p or when Sap = 0, i.e in the cases of the principal 
axes ; the equation of the ellipse becomes 

Sp'f>p = l (3). 

The same equation is, of course, applicable to the hyperbola, 
e being greater than 1. 

44. The following properties of ^p will be very frequently 
employed. The reader is requested to bear them constantly in 
mind. 

1. <!> (p + a-) = (jip + <^cr. 

2. <f>xp = X(fip. 

„ „ , a'Sdp + SarrSap 
^- ^'"^P = a- (1-0 

= Spffxr. 

They need no other demonstration than what results from 
simple inspection of the value of <jip 

a'p + aSap 
a'{l-e') • 

45. To find the equation of the tangent to the ellipse. 

The tangent is defined to be the limit to which the secant 
approaches as the points of section approach each other. 

Let CP = p, GQ^p', then 

vector PQ = CQ-CP = p'-p = p say; 
P is therefore a vector along the secant. 
Now Sp'<i>p' = S^p + P)4>.{p + p) 

= S{p + ^)(<t>p+i>/3} (44.1) 
= Sp<t>p + Sp<f>li + Sp<f>p + SP4,p. 



94 QUATERNIONS. [UiiAf. vi. 

But Sp'cfip' = 1 = Spcjip ; 

.: Sp<j^p + SIB4>p + SI3<j>l3 = 0, 

or (44. 3) 2,S/34>p + S/3(j,p = 0. 

Now /3</>p involves tte first power of /3 wliilst ;8^/3 involves 
the second, and the definition requires that the limit of the sum 
of the two as /3 gets smaller and smaller should be the first only, 
even if that should be zero : i.e. when /3 is along the tangent, we 
must have 

2S(S<l>p = 0. 

[We might also have written the equation in the form 
Thus, however small the tensor of j3 may be. 



<j>lp + 



l") 



is always perpendicular to /3. Whence, finally, 

Sli(t>p = 0.] 
Let then T be auy point in the tangent, vector CT = it, then 

TT = p + xp, 
and Sfitjip = gives 

5 (tt - p) (^p = ; 
. ". OTrrftp = Sp'f>p = 1 
is the equation of the tangent. 

Cor. 1 <^p is a vector along the perpendicular to the tangent 
(:^2. 3), that i.s, <f>p is a normal vector, or parallel to a normal 
vector at the point p. 

Cor. 2. The equation of the tangent may also be written 
(44. 3) A><^7r=l. 

46. We may now exhibit the Corresponding equations in 
terms of the Cartesian co-ordinates, as some of the results are 
best known in that form. 
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Let CM= X, MP = 2/ as usual ; then, retaining the notation 
of Art. 31 with i, j as unit vectors parallel and perpendicular 
respectively to CA, 

vector CJ/= xi, MP = yj, CS=-aei-/ 

■■• P = xi + yj, 

a p + aSap 



^p = - 



a' (1 - e^) xi + a\ 



_ (xi yj\ 

where W = a^ (1 - e^) ; 

and Sp<f>p = -S{xi + yj)(^^,+^) 

■ ^-,'1 = 1 
a' ¥ 

is the Cartesian interpretation of iSp(l>p = 1. 

Again, if x', y be the co-ordinates of T a point in the tangent, 
■K^vii + y'j, 

and S'K^p = -S [x'i + y'j) ("^ + ^) 



XX yy 



XX y]i_-, 

' 7 2 -*■ 



is the equation of the tangent. 
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47. The values of p and <^p exhibited in the last Article, 



VIZ. 



p = xi + yj, <t>p = -(^-, +pj (1). 



enable us to write 



a 
"We shall have 



.^P = ^+f^ (2)- 



iSicl>p , jSj(f>p 



4>^P = <^<^P = „2 + 



a 



6^ 



(j>~'p = a'iSip + VjSjp, <&o. 
If, further, we write ypp for 



A'S'ip , }Sjp\ 



we shall have 



,2 I , f^Sip jSjp\ 

= -</>P (4). 



i/f 'p = — (aiSip + ijSjp), &c. 

p = >/'"'# 
= -{aiSi>Pp + bjSj^p) (5). 

It is evident that the properties of <^p (Art. 44) are possessed 
by all these functions. 

Now 'Sp't'P = 1 

gives Spxf/ (\l/p) = — 1 . 

But since Spxpa — Scr^p, 

this becomes ^fpfp = — 1 > 

or Tipp = 1 ; 



ART. 48.] THE ELLIPSE. 97 

whict shews 1. that xf/p is a unit vector; 2. that the equation of 
the ellipse may be expressed in the form of the equation of a 
circle, the vector which represents the radius being itself of vari- 
able length, deformed by the function ijr. 

Lastly, Sa^l3 = 

gives ^ai/f'^ = Sif^a^j/^ = ; 

therefore \j/a, xj/^ are vectors at right angles to one another. 

48. To find the locus of the middle points of parallel chords. 

Let all the chords be parallel to the vector (3 ; tr the vector 
to the middle point of one of them whose vector length is 2a3/3 ; 
then 

77 + X^, TT — x^ 

are vectors to points in the ellipse ; 

.-. S{7r + xP),j,{'n- + xl3) = l, 

S{7r~xP)(j>{-n--x^)=l, 

multiplying out, observiag that (44. 1), 

<^ (tt + KyS) = <J3Tr + x<j>l3, &c., 

we get by subtracting, 

/S'7r<^/3 + SI3<f>7r = 0, 
or, (Art. 44. 3), 

2577^^8 = ; 

i. e. the locus required is a straight line perpendicular to <f>(3. 

Now ^;8 is the vector perpendicular to the tangent at the 
extremity of the diameter /B (Art. 45. Cor. 1). 

Therefore the locus of the middle points of parallel chords is 
a diameter parallel to the tangent at the extremity of the diameter 
to which the chords are parallel. 

Cob. If a be the diameter which bisects all chords parallel 
to /3 ; since 

Sa,f>fi = 0, 
T. Q. 7 
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we have (Art. 44. 3), 

S^(l>a = 0, 

which is the equation, to the straight line that bisects all chorda 
parallel to a. Moreover /3 is parallel to the tangent at the ex- 
tremity of a, for it is perpendicular to the normal (j>a. 

Hence the properties of a with respect to /3 are convertible 
with those of ;S with respect to a : and the diameters which 
satisfy the equation 

Sa4,l3 = 0, 

are said to be conjugate to one another. 

49. Our object being simjily to illustrate the process, we shall 
set down in this Article a few of the properties of conjugate 
diameters without attempting to classify or complete them. 

1. . If CP, CD are the conjugate semi-diameters a, /3 ; and 
if DO be produced to meet the ellipse again in £!, and PD, PE 
be joiaed ; vector DP =a-ji, vector EP = a + p. 

Now 

= .S'a<jf>a -,S/3<^/3 - Sa<j>l3 +SP4>a (44. 1) 
= 0, 
because Sa<j>a, SjSipjS, each equals 1. 

Therefore a -I- ^, a - /3 are parallel to conjugate diametere. 
(Art. 48. Cor.) 

This is the property of Supplemental Chords. 

2. Let two tangents meet in T, CT=ir, and let the chord 
of contact be parallel to (3. If for the present purpose we denote 
CJf by a, we have 

AS'ir<^(a-Ha;y8) = l, 
SiT(j> (a + x^ /?)= 1, 
for the two points of contact. 
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Subtracting and applying (44. 1), 

hence w and j8 i.e. OF, QB are conjugate. 

3. The equation of the chord of contact is Sa-<t)ir = 1. 
For Spcfnr = 1 (45. Cor. 2) is satisfied by the values of p at 
Q and at E, and siace Sp<f}ir = 1 or S(7<l>Tr = 1 is the equation 




of a straight line, ir being a constant vector (32. 3) it is the 
hneQE. 

4. If QR pass through a fixed point E, the locus of T is 
a straight line. 

Let o- be the vector to the point JE, then 

Scr<j>7r =1 ; 

or the locus of ^ is a straight line perpendicular to (fxr, i.e. 
parallel to the tangent at the point where CE meets the ellipse. 
(45. Cor. 1.) * 

The converse is of course true. 



5. Let us now 

GP = a, CD=p, CN=xa, NQ^yP, CT=za; 

7—2 
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then the equation of the tangent becomes 
Sza^ (xa + y/3) = 1 ; 
i.e. xzSa(l>a = 1 ; 
.-. xz=l, 
or xa .za^a" ; 

geometrically CN.CT= GP\ 

6. The equation of the ellipse gives 

,5' {xa + yp) <t> (xa + yj3) = l, 
or x'Sa<pa + fSP^P + 2xySa4,^ = 1, 

i.e. 0^ + 1/^=1, 

or, since CJH' is xa, CP = a, &c., 

the equation of the ellipse referred to conjugate diameters, 

7. a = ij/~^\pa = — (aiSiipa + bjSj\j/a) 
/3 = V'~'i/'/3 = - (aiSiflS + tjSj4:/3) ; 

. : Faj8 = ab Vij {SMJ/aSj^^ - Sixj/pSjfa). 

If now we call k the unit vector perpendicular to the plane 
of the ellipse, we get 

Vij = Jc. 

And, observing that \j/a, i(/(3 are unit vectors at right angles ; 
if the angle between i and i^-a be 6, that between i and i/f/S 
will be 

jj + ^, &c. (fee, 

we shall have (21. 3) 

iSitpa = — cos $, 
Sif^ = sin 0, 
Sj^/a = — sin 6, 

sjii/p = - cos e. 

.: Siij^aSjtl/P - SifliSj^a = cos'' 9 + sin" 6 = 1. 
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Consequently Fa^S = ahh ; 

i.e. Ta.Tps.mPCD = ab, 
or all parallelograms circumscribing an ellipse are equal. 

50. Examples. 

Ex. 1. To find the length of tlie perpendicular from the centre 
on the tangent. 

Let CYthe perpendicular, which. (Art. 45. Cor. 1) is a vector 
along (jip, be x<j>p ; then since Z is a point in the tangent, 

S7r<}>p=\ gives jSx4>p<f>p =1, 

or X {4>py= 1 ; 

.-. {x<i>py{<^py=^i, 

and C7' = T{xcj>py = T-^, 

(46). 






Ex. 2. The product of the jyerpendiculars from the foci on tlie 
tangent is equal to the square of the semi-axis minor. 

"We have SY the vector perpendicular = x<^p, and as Z is a 
point in the tangent, and 

CY=a + X€J>p, 

S{a + X(f>p)(j)p = 'i., 

X {(f>py = 1 — Saxl>p, 

SY=Tx^p=^T^-^P. 
9P 

Similarly, EX=tI±^; 

9P 
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Now (43. 2) ay = -S'ap-a'{l- e'), 



^P = -^ 



a^p + aSap 



(</>p) 



S'ap - a* 



a'il-e") 
l-S'{a<f>p) = 



a'-S'ap 

a' ' 

ST.HZ=a%\-e') = V. 



Ex. 3. The perpendicular from the focus on the tangent in- 
tersects the tangent in the circumference of the circle described about 
tlie axis major. 

Eetaining the notation o£ the last example, we have 
GY=a + x<^p 

<j>p{l-Sa6p ) 

. 2Sa<t>p{l-Sa<j>p) {l-Sa<l>py 

. . O 2 = a -i T-. — r;i + ; — r s 

(<t>py (#) 

5 1 — S^a4)p 
= a + 



{<t>py 

= - aV — a'{l—e') (last example) 
= -a% 
and the line GY=a. 

Ex. 4. To find the locus of T when the perpendicvlar from 
the centre on the chord of contact is constant. 

If CT be IT, the equation of QR, the chord of contact, is 

S(T^=1 (Art. 49. 3), 

and the perpendicular (Ex. 1) is ^ — - ; 

fpTT 
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••• (4>^y=-c% 

or ScjiTT .<t,ir = - c', 
or iSTr<ji<jj7r = -<^ (Art. 44. 3); 

an ellipse. 

Ex. 5. TQ, TR are two tangents to an ellipse, and GQ', OR' 
are drawn to the ellipse parallel respectively to TQ, TR ; prove 
that Q'R' is parallel to QR. 

Let CQ=p, CR = p', CT=a, 

tben Sp<l>a = 1, 

Sp'<f>a= 1. 
Now since CQ' is parallel to TQ, 

GQ'=xTQ = x{p-a). 

Similarly GR' = y{p'-a), 

and S.GQ'<i>{GQ')=l 

gives a?S{p-a)^{p-o.) = \, 

i.e. x' {Sa<l>a — \) = 1, 

and ^^(^a<^a-l)=l; 

• ■• y=«', 

and Q'R'=GR'-GQ' = x{p'-p) 

= xQR; 

hence Q'R' is parallel to QR. 

CoE. QR"" : QR" :: a? : I 

: : 1 : Sa^a — 1 

where a;, y are the co-ordinates of T. 
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Ex. 6. If a 'parallelogram he inscribed in an ellipse, its sides 
are parallel to conjugate diameters. 

Let PQRS be the parallelogram. 

PQ = a., FS=I3, 
Cr = p, CS = p'; 
then CQ = p+a, CR = p' + a; 

.: Sprjip=l, 
S{p + a)4,(p + a) = l; 
■wherefore 2Spcfia + Sa<f>a = 0. 

Similarly 2Sp'(jia + *S'a(^a = ; 

.". S{p' ~ p) 4>a = 0, by subtraction, 
or S/3<j>a = 0, 
and (48. Cor.) /S, a are parallel to conjugate diameters. 



Additional Examples to Chap. VI. 

1. Shew that the locus of the points of bisection of chords to 
an ellipse, all of which pass through a given point, is an ellipse. 

2. The locus of the middle points of all straight lines of con- 
stant length terminated by two fixed straight lines, is an ellipse 
whose centre bisects the shortest distance between the fixed lines; 
and whose axes are equally inclined to them. 

3. If chords to an ellipse intersect one another in a given 
point, the rectangles by their segments are to one another as the 
squares of semi-diameters parallel to them. 

4. If FCP', DCD' are conjugate diameters, then PD, PD' 
are proportional to the diameters parallel to them. 

5. If (2 be a point in the focal distance SP of an ellipse, such 
that SQ is to SP in a constant ratio, the locus of § is a similar 
ellipse. 
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6. Diameters whicli coincide -with the diagonals of tlie paral- 
lelogram on the axes are equal and conjugate. 

7. Also diameters which coincide with the diagonals of any 
parallelogram formed by tangents at the extremities of conjugate 
diameters are conjugate. 

8. The angular points of these parallelograms lie on an ellipse 
similar to the given ellipse and of twice its area. 

9. If from the extremities of the axes of an ellipse four pa- 
rallel lines be drawn, the points in which they cut the curve are 
the extremities of conjugate diameters. 

10. If from the extremity of each of two semi-diameters 
ordinates be drawn to the other, the two triangles so formed will 
be equal in area. 

11. Also if tangents be drawn from the extremity of each 
to meet the other produced, the two triangles so formed will be 
equal in area. 

12. If on the semi-axes a parallelogram be described, and 
about it an ellipse similar and similarly situated to the given 
ellipse be constructed, any chord PQR of the larger ellipse, drawn 
from the further extremity of the diameter CD of the smaller 
ellipse, is bisected by the smaller ellipse at Q. 

13. If TP, TQ be tangents to an ellipse, and POP' be the 
diameter through P, then PQ is parallel to CT. 



CHAPTER VII. 

THE PARABOLA AND HYPERBOLA. 



51. As already stated, most of tHe properties of the hyperbola 
are the same as the corresponding properties of the ellipse, and 
proved by the same process, e being greater than 1. There are, 
however, some properties both of it and of the parabola which 
may be conveniently developed by a process more analogous to 
that of the Cartesian geometry. This process we shall develope 
presently. In the meantime we proceed to give a brief outline 
of the application to the parabola of the method employed in 
the preceding Chapter for the ellipse. 

52. If 'S' be the focus of a 
parabola, DQ the directrix, we 
liave SP = PQ, SA=AD = a. 

J£ SP = p, SD = a, we have 
(Ex. 5, Art. 35) 

ay^ia'-SapY (1). 

p — a~'(Sap 



If<^p=^ 



•(2), 




to which the properties of tpp in 
Art. 44 evidently apply, 
the equation becomes 

/S'/>(^p + 2a-') = l (3). 

If p be another point in the parabola, p'-p=p, the limit to 
which /8 approaches is a vector along the tangent; so that if 
xfi = IT - p, IT i% the vector to a point in the tangent ; this gives 

S{ir-p){^p + a-^) = (4); 
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hence the equation of the tangent becomes 

<S'7r(<^p+a-')+iS'a-'p=l (5). 

From (2) it is evident that 

Sa<jyp = (6), 

so that <f)p is a vector perpendicular to the axis. 

From the same equation 

a 

(p — a'^SapY 
" a' 

= a=(M (7)- 

From (4) the normal vector is 

«;f>p+ a"' (8); 

therefore the equation of the normal is 

o- = p + a; (<^p + a~^) (9). 

Equation (2) -w^hen exhibited as 

a^<f)p = p — a'^Sap, 

reads by (6), 'vector along IfF = SP - vector along AF', which 
requires that 

iVT=a'</.p (10), 

SiV= a-'Sap ; 

i.e. =aSa-'p (11). 

For the subtajigent AT, put xa for ir in (5), and there results 

^7 (6) 

a; + >S'o V = l' 

whence (x — -Aa= ^a — aSa~^p ; 

i. e. vector AT = - vector AN (by 11); 
.-. \m&AT=AF; 
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and ST=xa. gives 

ST^ = (a — aSa~^pf 

_ (a'->Sap y 
a' 

= P^by(l); 
.-. line ST = SP, 
whence also tlie tangent bisects tlie angle SPQ ; and SQ is per- 
pendicular to and bisected by the tangent. 

From (8) y {<t>p + a.-') = FG 

= PN+ NG 
^-o?<^p + %a (by 10); 
• ■• 2/ = -a", y = «a, 





Ka = - a ; 




Le. NG=--SD, 


or 


\hiQNG=SD, 


whence the subnormal 


is constant. 


And vector GP = - 


-y{'^p + a.-') = a?{4>p + or'); 




.: vector SQ = SD + I)Q 




= SD + NP 




= a + a'c^p 




= GP, 


and SQGP is a rhombus. 


Lastly, 


\{a + a^4.p) = \sQ 




= SY 




= SA+AY; 




■■■ AY=la.'<t.p; 



or (10) AY is parallel to, and equal to half of WP. 
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53. If now -we substitute Cartesian co-ordinates, making 
p = xi + yj, a = — 2ai ; 
we shall have 

^""'''=-£' 
oT^Sap =oci, 

and equation (3) becomes 






or y^ = ia{a + x) 

= iax' if x' = AF. 

The locus of the middle points of parallel chords is thus 
found. 

Let the chords be parallel to p, tt the vector of the middle 
point of one of the chords, 

then Tr + xP = p, 

and S{-7r + xP) <^ (tt + x/3) + 2Sa-' (tt + xji) = I ; 

which, since the term involving x must disappear, gives 

a straight line perpendicular to <^/3, i. e. (6) parallel to the axis. 
This equation may be written 

which shews (8) that the chords are perpendicular to the normal 
vector at the point where p = ir, i. e. at the point where the 
locus of the chords meets the curve : in other words, the chords 
are parallel to the tangent at the extremity of the diameter which 
bisects them. 

54. Examples. 
Ex. 1. If two chords he drawn always parallel to given lines, 
and cut one another at points either within, or vnthout the parabola, 
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the ratio of the rectangles of their segments is always the same 
whatever he their point of section. 

Let POp, QOq be the chords drawn through. 0, and always 
parallel respectively to /3 and y, which we will suppose to be 
unit vectors. 

Let S be the vector to 0, 
then p=8 + xj3 

gives from equation (3) 

S (S + xfi) {<pB + <^xP + 2a-') = 1 ; 
.-. x'SI34>p + SScf>8 + 2Sa-'8 + Ax = l, 
the product of the two values of x being 
,S'8.^8+2,S'a-'8-l 

.-.OF.Op-.OQ.O,::-^^^:^^ 
a constant ratio whatever be 0. 

Cor. Let 6, & be the angles in which /3 and y cut the axis ; 
then since /3, y are unit vectors, if p be a vector to the parabola, 
drawn from S parallel to POp, which we may now call SP ; 

p = wA <l^p = i.{nl3)=n4,fi{U.2), 

will give 

crojo ^p4>P ^P't'P 
^P'^P = 'n'' = ^P'' 

. NP 
in which case ^p is — 5- ; 

NP N'P' 

.: SI3cj>p : 'S'y.^y :: sine -gp : sinfl'-^^ :: sin'^ : sia^6'; 

and, OP. Op : OQ . Oq :: 



sin'O ' sin'6i'" 

Ex. 2. Find the locus of the point which divides a system of 
parallel chords into segments whose product is constant. 
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By tlie last example, the equation of the locus is 
^8.^8 + 2^a-8-l 

a parabola similar to the given parabola. 

Ex. 3. The perpendicular from A on the tangent, and the line 
PQ are prodMced to meet in It : find the locus of E. 

By Art. 52. 8, AR = x (<^p + a"'), 

and PS = ya ; 

.: ^ + X {<j>p + a~^) = p + ya = TT. 

Operate by S<^p, 
and X {4>py = Sp<j>p 

= a^{^py (52.7); 

.: x= a^ 



and 



TT = ^ + a' {(j)p + a ') 



q 

= — + a^^p is the equation required ; 

and, since sf-n- - -^\a= 0, it is that of a straight Une perpendi- 
cular to the axis, at the distance 3a from S. 

Ex. 4. To find the locus of the intersection with tlie tamgeiii 
of the perpendicular on it from the vertex. 

If TT be the vector perpendicular on the tangent from A, 
we have by (52. 8) 

IT = X {4>p + a~^) (1), 

and the equation of the tangent gives, putting 7r + ^ in place 
of IT in (52. 5), and multiplying by 2, 

2;S'ir^p + 2Sa-'TT + 2Sa-'p = 1 (2), 

we have also 

Sp {<j>p + 2a-) = 1 (3). 
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From these three equations we tave to eliminate x and p. 

Equation (1) gives 

Sair = X, 
wMch gives x, 
and STr<f>p = X {4>py, 

which substituted in (2) gives 

2x {^pY + 2^a-V + 2Sa-'p = 1. 

Also, substituting (52. 7) a^ {<j>py for Sp(j)p, equation (3) 
gives 

a'{<j>py + 2Sa-'p=l; 

therefore by subtraction 

{2x - a') {<f>py + 2Sa-'7r = 0, 

i.e. (2,S'a7r-a')(<^p)''+2,S'a-V=0, 

which from (1) becomes, multiplying by S^air, 

(2Sa7r - a)' (tt - a-'^a7r)^ + 2S'a7rSa-'7r = 0. 
This equation at once reduces to 

2Tr'SxTr-ir=a'' + S'a7r = 0, 

an equation which, when 4a is written in place of a, becomes 
identical with that obtained in Art. 37, Ex. 8. 

The locus is therefore a cissoid, the diameter of the gener9,ting 
circle being AD. 

55. It will probably have suggested itself to the reader, that 
there exists a large class of problems to which the processes we 
have illustrated are scarcely if at all applicable. Hence there 
may have arisen a contrast between the Cartesian Geometry and 
Quaternions unfavourable to the latter. To remove this un- 
favourable impression, all that is required in a reader familiar with 
the older Geometry is a little experience in combining the logic 
of the new analysis with the forms of the old. He will then see 
how simple and direct are the arguments which he can bring 
to bear on any individual problem, and consequently how little 
the memory is taxed. 
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We propose in this Article to put the reader in the track 
of employing his old forms in conjunction with quaternion 
reasonings. 

We shall work several examples on the parabola and the 
hyperbola. Having applied quaternions pretty fully to the 
ellipse in what has preceded, we will Umit ourselves to a single 
example in this case. 

1. The Parabola. If the unit vector along any diameter of 
the parabola be u^ and the unit vector parallel to the tangent at 
its extremity be j8; we may write the equation of the parabola 
under the form 

=£-'«-^^^ w- 

For the particular case in which the diameter in question is the 
axis, and the tangent at its extremity parallel to the directrix 

p=|^<^ + y^ (2), 

where a is AS (Art. 52). 

This is the most convenient form when the focus is referred 
to. 

In other cases a somewhat simpler form may be obtained by 
supposing a, or if necessary both a and fi of equation (1) to 
be other than unit vectors. 

The equation may then be written under the form 

P = ^'a + </8 (3). 

To find the equation of the tangent, we have 
p-J-^a + t'p; 



... p'-p = (t'-t)(^a + py 



ft'+t 
... p--p = (t-t)\ 

T. Q. 
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Now p' - p is a vector along the secant ; and its limit is a 
vector along the tangent: hence any vector along the tangent 
is a multiple oi ta + ft ; and the equation of the tangent may 
be ^vritten 

v = ^^a + tl3 + x{ta + ft) (4). 



Examples. 

Ex. I. If AP, AQ he cliords drawn at right angles to one 
another from A ; PM, QN perpendiculars on the axis, then the 
latus rectum is a mean proportional between AM and AN ; or 
between PM and QN. 

If PM=y, QN^y', 

lP = |^a + 2//?, AQ = y^^a-y'ft. 

Now 5(4P.^(2)=0(22. 7); 

•■■ %-«■-«' 

or yy' = {iay; 
therefore also xx' = (4o^)^ 

Ex. 2. If the rectangle of which AP, AQ are the sides he 
completed, the further angle will trace out a parabola similar to 
the given parabola, the distance between the two vertices being equal 
to twice the latus rectum. 

p=AP+AQ 



4a 



-°- + {y-y')P 



Jy-^a+{y-y')p + ^aa. 

Ex. 3. TJie circle described on a focal chord as diameter touches 
the directrix; and the circle described on any other chord does 
not reach the directrix. 
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Let PQ he any chord, centre 0, 

AP=^a + yP, AQ = '^a + y'p. 

The equation of the circle with centre 0, radius OP, is 
/ AQ + APy /AQ-AP\' 

or p'-S(AP + AQ)p + S{AP.AQ) = 0. 
At the pouits in which this circle meets the directrix 
p = — aa + «/3 ; 



or 



^-.(,./).^^-(f;.»y 



This equation is possible only when 

i. e. when the chord is a focal chord. 

. y + y^ 
In this case the two values of z are equal, each being ; 

and the directrix is a tangent to the circle. 

Ex. 4. Two pwraholas have a common focus and axis ; their 
vertices are turned in opposite directions. A focal chord cuts 
them in PQ, P'Q', so ilmt PP'SQQ' are in order. Prove (1) that 
SP .SF = SQ.SQ'; (2) that SP : SQ' is a constant ratio; and 
(3) that the tangents at P, P" are at right angles to one a/nother. 

The equations of the parabolas are 



P 



a'a-;^,n + 2/A 



the focus being the origia. 



8—2 
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Now since p, p are in the same straight line when the common 
chord is the focal chord, we have 

P =PP'> 
'La 4a 

y=py, 

■ ■■ {yy' - 4aa') (»'2/ + o-v') = 0- 
Taking the former factor, we must have y, i/ on the same 
side of the axis with a constant product; therefore 

The second factor gives BP : SQ' a constant ratio a : a'. 
Lastly, by Equation (4), the tangent vectors at P and P' are 
parallel to 

«»' <£"'')(-ii'-'')-£->=»^ 

therefore the tangents are at right angles to one another. 

Ex. 5. If O' triangle he inscribed in a faraholcij, the three 
points in which the sides are met by tlie tangents at the angles lie 
in a straight line. 

Let OPQ be the triangle. 

Take as the origin, then 

f 
p^-^a + tp, 

f 
■ir=-a + tp+x{ta + (i), 

t 



w'=~ra + t'P + x' (t'a + 13}, 
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are the vectors OP, OQ, and the equations of the tangents at P 
and Q. 

If QO meet in A the tangent at P, 



OA 


f 
= yOQ 


t^ + x{ia + 


P) 




ft" 


a+i^; 








= 2-2/. 






t + x 


= «'2/. 





and 0^ = ^,ga + *'^) 

Similarly if the tangent at Q meets PO in B, 

If the tangent at meets PQ in C, 
OC=OP + z{PQ) 
= OP + z{OQ-OP) 

But OG = v^; 

••• 2 + "^-=^' 

W 
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ft' 
and 00 = ^,^. 

t+t 

Now ^1^0A-'^-^0BJ^0C=(i, 

t to 

, , 2t-t' It'-t f~t" „ 
and also -^ ^, ^ = 0; 

therefore (Art. 13) A, B, Care in a straight line. 

2. TAe elliiJse. If a, |8 are unit vectors along the axes, the 
equation of the ellipse may be written 
p^xa + yP, 

y 

where if = -^ (c?- x') = m (a'- x') ; 

€b 

and the equation of the tangent will be readily seen to be 

TT = xa + yP + X{ya - mx/i). 
A single example will suffice. 

Ex. If tangents be draion at three points P, Q, B of an 
ellipse intersecting in R', Q', P, prove that 

PB'. QF. BQ' = PQ'. QR'. BP'. 
If X, y; x', y ; x'\ y" are respectively the co-ordinates of 
P, Q, B; we shall have 

CB' =xa + yj3 + X {ya - m-x^) 
= x'a + y'P + X ' [y'a — mx'P) ; 
.: x + Xy = x' + X'y', 
y — rnXx = y' — mX'x' ; 
. ■. mX (x'y - y'x) = mx''^ + y'^ — mxx' — yy' 
= V — mxx' — yy'. 
Hence mX {xy —x'y) = h'' -mxx' — yy' 

= -mX{xy'-x'y); 
.: X=~X', 

Y = -T' iorQ', 
Z^-Z' iorP', 
and XY'Z = -X'YZ. 
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Now r = P^. &«• 

hence tlie proposition. 

3. The hyperbola. If a, ;8 are unit vectors parallel to the 
asymptotes CX, CT, the equation of the hyperbola may be written 

Co 

X 

a' + V „ 
since xy = — - — = C. 



If a, j8 be not both, units we may write the equation under 
the simpler form 

.(1). 



p = «a + " . 



To find the equation of the tangent, we have as usual a vector 
parallel to the secant 

and a vector parallel to the tangent will be 

y8 



ta- 



.(2). 
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Hence tlie equation of tlie tangent is 

^ = ta+^^+x(ta-^ (3). 

Cob. It is evident that 

t t 

are conjugate semi-diameters. 

Examples. 

Ex. 1. One diagonal of a parallelogram whose sides are the 
co-ordinates being the radius vectvr, the other diagonal is parallel to 
the tangent. 

We have CN=ta, ■^^ = f - 

CQ = to + 1 , 

and the otlier diagonal is 

-1. 

wbioli, equation (2), is parallel to the tangent at Q. 

Ex. 2. Any diameter GP bisects all the chords which are 
parallel to the tangent at P. 

Let CP be to + ^ , 

then the tangent at P is parallel to 

.: CQ=cy+rQ=x(ta + ^) + Y(ta-^y 

But as (3 is a point in the hyperbola, this equation must have 
the form 
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.-. {X+Y)t=^T, 

and X'-r==l, 

an equation which gives two equal values of Y with opposite 
signs, for every value of X. 

Hence all chords are bisected. 

Cor. X'-r^=lis 



\GP) \GD) ' 



Ci) being ta-^ = PO. 

This is the ordinary equation of the hyperbola referred to 
conjugate diameters. 

Ex. 3. If TQ, T'Q' he tvjo tangents to the hyperbola intersect- 
ing in a and terminated at T, T', Q, Q' by the asymptotes; then 
(1) TQ' is parallel to T'Q; (2) area of triangle TUT' = area of 
triangle QBQ', and (3) CB bisects TQ' and T'Q. 

The equation of the tangent 



ir = «a + J +x(ta-'-j , 

( 

(the coeflGcient of )8 being 0), 



gives 

CT= 2ta, 



CQ^f, 

CT' = 2t'a, 

CQ'=^; 
.: Q'T=2at-'f = ^,{att'-P), 
QT'J{att'-p); 



therefore Q'T is parallel to QT'. 
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Again, CR = CQ + QR=CQ + x{CT-CQ) 



Also 



67^=^..'2fa.'-?); 



t' 

1 _ K _ 1 _ ^' 

1~1~ If t" 

t' 
t + t 

t 

X = 



t+t" 

and a;x' = (1 -cb) (1 — k'), 

i.e. QR.Q'R = RT.RT', 

and tlie triangles TRT', QRQ' are equal. 

2S It' / 8\ 
Lastly, (7,^.J^+___,(„,-^) 

« + « \ < 

or CR is in the direction of the diagonal of the parallelogram of 
which the sides are CT, CQ' ; and therefore CR bisects TQ' 
and T'Q. 

Ex. 4. If through Q, P, Q' parallels he drawn to CX meeting 
CY in E, F, G ; CE, GF, CG are in continued proportion. 

CP = ta + ^; 

Q'Q = m(ta.-^^; 
.: CQ = G7+VQ 

=z(..f)..(,.-f), 
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CE = 


= (X- 


■r)f. 




CF-- 








CG-. 


= (x+y)f; 




CE. 


CG = 


--CF'; 




X'- 


-r== 


= 1 (Ex. 


2). 



and 
because 

Ex. 5. iy 06 cAorcZ of a hyperbola he one diagonal of a 
parallelogram whose sides are parallel to the asymptotes, the other 
diagonal passes through the centre. 

Let the chord be PQ ; p, p tlie vectors to P and Q ; then 

QP = p-p' = at + ^^-(o.f + ^. 

N o-w when one diagonal of a parallelogram is ma + nP, the 
other will be ma — np. 

Therefore in the case before us, the other diagonal is 






And it is therefore in the same straight line with the line 
which joins the centre of the hyperbola with the middle point 
of PQ ; whence the truth of the proposition. 
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Ex. 6. If two tangents to a hyperbola at the extremities 
Qt Q' oj" a diameter, meet a tangent at P in the j)oints T, T'; 
and if CD, CD' are the semi-diameters conjugate to CF, CQ ; 
then (1) PT : QT :: PT' : Q'T' :: CD : CD'; 

and (2) PT . PT' = CD\ 

If t, t', — t', correspond to P, Q, Q', then 



Similarly 



cives 



whence 

Now 
gives 

And 

gives 

COE. 

gives 



CT= 


at + -+x[at-'^ 
t \ t J 


= 


-.at'^l,.x'(atf-l), 




t + xt=t' + x't'. 




1 a; 1 a;' 




t t^ t' t" 




t'-t 

^=t:^t= ^• 


cr 


= «'-^?-^K"^-?) 




=-'-?-'(--? 




t + yt=-^-y't'. 




t t t' t" 




t' + t 

y=t^t=-y- 




X : y :: X : y' 


PT : QT :: PT' : QT' 




:: CD : CD'. 




xy=l 




PT.PT'=CD\ 




x'y' = 1, 




QT.Q'T'=GD'^ 
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Ex. 7. Straight lines move so that the triangular area which 
they cut off from two given straight lines which meet one another 
is constant: to find the loctis of their ultimate intersections. 

Let OAA', OBB' be the fixed lines, AB, A'B' two of the moving 
lines with the condition that 

OA.OB=OA'. OB'. 

If a, ^ be unit vectors along OA, OB, 

OA = ta, 0B = uj3; OA' = t'a, OB = u'^, 

the point of intersection of AB, AB' gives 

p = ttx. + x (m/3 — ta) 

= t'a + x' {u'p — t'a), 

.'. xu = x'u, 

and t{l-x) = t' {I- x') 



, /, xu\ 



Now tu = t'u' = e because the triangle has a constant area; 
.-. a; = ^-^ = 2 ultimately; 
1 1 „ 1 Icp 

the equation of a hyperbola. 



Additional Examples to Chap. VII. 

1. In the parabola S7' = SP . SA. 

2. If the tangent to a parabola cut the directrix in S, SB is 
perpendicular to SP. 

3. A circle has its centre at the vertex A oi a. parabola whose 
focus is S, and the diameter of the circle is 3AS. Prove that the 
common chord bisects AS. 

i. The tangent at any point of a parabola meets the directrix 
and latus rectum in two points equally distant from the focus. 
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5. The circle described on SP as diameter is touched by the 
tangent at the vertex. 

6. Parabolas have their axes parallel and all pass through 
two given points. Prove that their foci lie in a conic section. 

7. Two parabolas have a common directrix. Prove that 
their common chord bisects at right angles the line joining their 
foci. 

8. The portion of any tangent to the parabola between tan- 
gents -which meet in the directrix subtends a right angle at the 
focus. 

9. If from the point of contact of a tangent to a parabola 
a chord be drawn, and another line be drawn parallel to the axis 
meeting the chord, tangent and curve ; this line will be divided 
by them in the same ratio as it divides the chord. 

10. The middle points of focal chords describe a parabola 
whose latus rectum is half that of the given parabola. 

11. FSQ is a focal chord of a parabola: PA, QA meet the 
directrix in y, a. Prove that Pz, Qy are parallel to the axis. 

12. The tangent at D to the conjugate hyperbola is parallel 
to(7P. 

13. The portion of the tangent to a hyperbola which is in- 
tercepted by the asymptotes is bisected at the point of contact. 

14. The locus of a point which divides in a given ratio lines 
which cut off equal areas from the space enclosed by two given 
straight lines is a hyperbola of which these lines are the asymp- 
totes. 

15. The tangent to a hyperbola at P meets an asymptote 
in T, and TQ is drawn to the curve parallel to the other asymp- 
tote. PQ produced both ways meets the asymptotes in R, R : 
RE' is trisected in P, Q. 
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16. Erom any point H of an asymptote, UN, HAf a,ve drawn 
parallel to conjugate diameters intersecting the hyperbola and its 
conjugate in F and B. Prove that CF and CD are conjugate. 

17. The intercepts on any straight line between the hyper- 
bola and its asymptotes are equal. 

18. If QQ' meet the asymptotes in F, r, 

RQ.Qr = FO\ 

19. If the tangent at any point meet the asymptotes in X 
and Y, the area of the triangle XCY is constant. 



CHAPTER VIII. 

CENTRAL SURFACES OF THE SECOND ORDER, PARTICULARLY 
THE ELLIPSOID AND CONE. 

56. The Ellipsoid. In discussing central surfaces of the 
second order, we sliall speak as if our results were limited to the 
ellipsoid. That such limitation is not, in most cases, necessarily 
imposed on us, will be apparent to any one who has a slender 
acquaintance with ordinary Analytical Geometry. We adopt it 
in order that our language may have more j^recision, and that, in 
some instances, our analysis may have greater simplicity. If the 
centre be made the origin it is clear that the scalar equation can 
contain no such term as ASap, for the definition of a central sur- 
face requires that the equation shall be satisfied both by + p and 
by -p. 

If we turn to the equation of the ellipse (Art. 43), we shall 
see at once that the equation of the ellipsoid miist have the form 
ap"" + bS'ap + 2c&'apSI3p + . .. = 1. 

Now if, as in the Article referred to, we put 

4>p = ap + baSap + c (aS^p + (3Sap) + ... 
we shall have 

Sp<j}p = ap" + bS'ap + 2cSapSPp + ... 

= 1, 
the equation required. 

It will be seen that, as in Arts. 32, 33, one form of the equa- 
tion of the straight line was found to coincide exactly with the 
equation of a plane, so a form of the equation of the ellipse 
coincides exactly with the equation of the ellipsoid. 
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It is evident that the three properties of ipp given in Art. 44 
are true of <j>p in its present form. 

57. To find the equation of the tangent plane. 

Let a secant plane pass through the point whose vector is p; 
and let p' be the vector to any point of section. 

Put p''=p + p, where ^ is a vector along the secant plane ; 
then Sp'^p'^S{p + P)<ly{p+P). 

Hence, observing that (44) 

<i,{p + p)=^p + <j>P, 
and Sp<i>li = SP4>p, 

we have Sp'^p = Sp<j>p + 2SI3(j>p + S^^jB ; 

i.e. 2Sj3<f>p + SI3<t>l3=0. 

Now (45), as the secant plane approaches the tangent plane, 
the sum of these two expressions approaches in value to the first 
alone : that is, for the tangent plane, *S/3<^p = 0, where /3 is a vector 
along that plane. 

If TT be the vector to a point in the tangent plane, 
TT =p + a;/3; 
. ". S {it — p) (j>p = xS/3(j>p 
= 0, 
and Sir(j>p = Spcfip 

= 1 
is the equation of the tangent plane. 

Cor. (jip is ^ vector perpendiciilar to the tangent plane at the 
extremity of the vector p. 

58. If OF be perpendicular from the centre on the tangent 
plane; then, since cj>p is a vector perpendicular to that plane, 
0T= x<jip and Sx {<j>pY = 1, giving 

OT=r{x<j>p) = T^^ 

Sir W. Hamilton terms <f>p the vector of proximity, [In fact 
vector Or=(<^p)-'.] 

T. Q. 9 
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59. If tangent planes all pass through a fixed point, the 
curve of contact is a plane curve. 

Let T be the fixed point ; vector a ; p the vector to a point of 
contact. 

Then (Art. 57) Sa.<^p = 1 ; 

i.e. Sptf>a= 1 (44. 3), 
which is the equation in p of a plane perpendicular to (pa. 

Now <^a is the normal vector of the point where OT cuts the 
ellipsoid ; 

.•. the curve of contact lies in a plane parallel to the tangent 
plane at the extremity of the diameter drawn to the given point. 

The plane of contact is called the polar plane to the point. 

60. Tangent planes are all parallel to a given straight line, 
to find the curve of contact. 

Let a be a vector parallel to the given line ; then 
TT = p + osa 
is a point in the tangent plane ; 

. ■. iS (p + xa) <f>p=l ; 
and Sa(f>p = 0, 

or Sp(l>a = 0, 

the equation of a plane through the origin perpendicular to <^a: 
that is, the curve of contact lies in a plane through the centre 
parallel to the tangent plane at the extremity of the diameter 
which is parallel to the given line. 

61. To find the locus of the middle points of parallel chords. 
Let each of the chords be parallel to a, tt the vector to the 

middle point of one of them ; then tt + xa, tt - xa are points in 
the ellipsoid. 

From the first, 

/S (tt + xa) fj> (v + xa) = I (Art. 56) ; 
i. e. (Sttc^tt + 2xS7r<fia + X^/Sa<f)a = 1. 
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From the second, 

JSir^ — 2xSTr(j>a + x'Sa4>a = 1 ; 
.'. subtracting, STr<j>a=0 (1), 

i. e. the locus is a plane through the centre perpendicular to <j>a, 
or parallel to the tangent plane at the extremity A of the 
diameter which is drawn parallel to a. 

If we call this the plane SOC, B and C being any points in 
which it cuts the ellipsoid ; and if OB --= P, OC=y, we shall have 

/S'/30o=O, *S'y^a = 0, 
and therefore Sa^^ = 0, 

or a satisfies the equation Sii-^p -— 

of the plane which bisects all chords parallel to OB (Equation 1). 
Let AOG be this plane which bisects all chords parallel to OB. 
Then, since OG or y is a vector in it, 

Sy^p = 0, i.e. S/3i>y = 0. 
But we have already proved that 

Sy<j>a = 0, i. e. Sacf>y = 0, 
because y is in the plane BOG ; 

.: by equation (1) a, j8 both satisfy the equation of the plane 
Srrtjyy = 0, which is the plane bisecting all chords parallel to y ; 
that plane is therefore the plane AOB: we are thus presented 
with three lines OA, OB, OG such that all chords parallel to any 
one of them are bisected by the diametral plane which passes 
through the other two. 

"We may term these lines conjugate semi-diameters, and the 
corresponding diametral planes conjugate diametral planes. 

It is evident that the number of conjugate diameters is 
unlimited. 

CoK. We have the following equations : 
Sa,j>P = Q = Sp<f>a., 
SP4>y = Q = Sy^P, 
Sa<i>y = Q = Sy^a (2). 

9—2 
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They shew that y is perpendicular to both <^a and <^/3, and is 
therefore a vector perpendicular to their plane j hence, as in 34. 4, 
y = x Vcj>a<f>l3. 

In the same way, since <f>y is perpendicular to both a and /?, 
we have 

or, neglecting tensors, we have the following vector equalities : 
y = V4>a<i>l3, 13 = r(t>a<j>y, a = F</>^^7, 
<f>y=raj3, <j>l3= Vay, <t>a= VjSy (3). 
Note also 

upon which Hamilton founded his solution of linear equations. 

62. If S'S in Art. 47 we write — ij/KJ/p for c^p, ij/p being still a 
vector, the equation of the ellipsoid assumes the form 

Spiff {iljp) = -l, 

i.e. (44) S>j/pipp = -l 

{^py = -Ti^py = -l (1), 

which, if we put a = ilfp, becomes T(r= 1, the equation of a sphere. 

Hence the ellipsoid can be changed into the sphere and vice 
versd, by a linear deformation of each vector, the operator being 
the function \j/ or its inverse. 

The equations 

Sacj>l3 = 0, &c. 

now become Saxfi^p = 0, 

i.e. Silfafp = 0, (fcc, &c (2). 

(1) and (2) shew that if/a, \f/j3, ij/y are unit vectors at right angles 
to one another. 

If we term the sphere Tcr=l the unit-sphere, we may 
enunciate this result by saying that the vectors of the unit-sphere 
which correspond to semi-conjugate diameters form a rectangular 
system. 
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63, Let us now take i, j, h unit vectors along the principal 
axes of X, y,z; then we shall have 

p = xi + yj + zk (1), 

. '. Sip = —x, (fee. 

so that for the sake of transformations in which it is desirable 
that the form of p should be retained, we may write 

p = -{iSip+jSjp + kS/cp) (2); 

and as (f>p is a linear and vector function of p, its vector portions 
along the principal axes will be multiples of 

iSip, jSjp, hSkp ; 
we may therefore write 

iSip jSjp hSkp 
'^P--a?~^^¥'^^ (^)' 

the form a' having been assumed in order to make the equation 

Sp<j>p = 1 

coincide with the Cartesian equation 
x^ if «2 

h — + — =1 

a' y (? 

^s ^P = ->/"/'P (4), 

we require to take ^p so that performing the operation \^ twice 
on p shall give tlie same result (with a — sign) as performing the 
operation ^ once. 

Now a comparison of equations (2) and (3) will shew that 
the latter operation introduces —, <fec. into p ; it is evident 

therefore that the former operation (i/*) is to introduce - &c. or 



^p = _(^^:^+i|e + :^p) (5). 
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It may perhaps be -worth while to verify this result. We have 

/ iSi>l/p ^ jSj4'p ^ kSk<l,p \ 
^^ \ a b c ) 

a\ a h c J " 

. i'Sip 
= 1 — 7^+ ... 
a 

/iSip jSjp ___ h^hp\ 

= -4>p. 



^Sip jSjp kSkp\ 
a* b' c' 



^) (6), 

4>~'p = aHSip + b-jSjp + c'kSkp (7 ), 

because (l>4'~^p produces p. 

ij/~'p = - (aiSip + bjSjp + ckSkp) (8), 

p = \l/~^\^p^- {aiSifp + bjSjfp + ckSJaf/p) (9). 

It is evident that the properties of Art. 44 apply to all these 
functions. 

64. Examples. 

Ex. 1. Ftnd the point on an ellipsoid, the tangent plane at 
which cuts off equal portions from the axes. 

Let X, y, z be the co-ordinates of the point, p the portion cut 
off, then 

p = xi + yj + zk. 

Now pj, pj, pk are points on the tangent plane ; 

.'. S2n'j}p= 1, 
which gives 

^. fiSip 



,.i(?^'., ..) = !. 
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Similarly 
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= 1. 
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Ex. 2. To find the perpendicular from the centre of the 
ellipsoid on a tangent plane. 



^^^=(''^y^ (^*-''> 



.-. ^ = {T4>py = - {^pY = JI + f! + J (Art. 63, 1. 3). 

Ex. 3. To find the locus of the points of contact of tangent 
planes which make a given angle with the axis of z, 

"We have 

SkU{4>p)^p, 

Sk4>p =pT<j>p, 



or 






the equation, of a cone whose axis is that of s and guiding curve 
an ellipse whose semi-axes are a", ¥. 

The intersection of this surface with the ellipsoid is the locus 
required. 

Ex. 4. To fiiid the locus of a point when the perpendicular 
from the centre on its polar plane is of constant length. 

Let TT be the vector to the point, then 

Spiji7r= 1 is the equation of the polar plane (Art. 59), 

and T -— is the length of the perpendicular on it (Art. 58) ; 
<f>7r 
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.•. S ((jiTry = -C^, by the question. 
But since (44) 

SS<f>Tr = STr(l>S, 
if 8 be ^ir, 

. •. Sir(fy'Tr = - C is the equation required ; 
hence the Cartesian equation is (63. 6) 

a b c 

Ex. 5. Tlie sum of the squares of three conjugate semi-dia- 
meters is constant. 

Let a, /3, y be the semi-diameters ; ij/a, xpji, \j/y are rectangular 
unit vectors (Art. 62). 

JSTow a = - {aiSifa + hj,Sjtf/a + cJcS/al/a) (63. 9) ; 

.-. {Tay = -or = a' {Si4,a)- + If {Sj>pay + c' {Sk,pay, 

(Tpy = a= {Si^!iy+ h' {Sjf(3y + d^ {Sk^ppy, 
{Tyy = a' {si^i^yy + 6^ {Sjfyy + c' {Sk^yy ■. 

adding, and observing that 

{Sixl,ay + {Sifl3y + {Sifyy = l (31. Cor.), 
we get 

{Tay + (T/sy + {Tyy = a= + 6^ + c^ 

i.e. a" -h b" -h c" = a' -i- b'- + c\ 

Ex. 6. The sum of the squares of the three perpendiculars from 
the centre on three tangent planes at right angles to one another is 
constant. 

We have 

p = ^-'^p = a'iSi<f>p + h'jSJ4,p + c'kSh^.p (63. 7), 
and ^p = - {iSi^p -i-jSj<j>p + kSk<j>p) (63. 2) ; 

.-. Sp<j>p = i = a' {Sicj^py + 6' {Sj<i>py + c' {Sk<t>py 

= {Tcj^py {a' {Siir<ppy + 6= {Sj u<i>py + c' {SkiT.i>py} ■ 
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hence if p, p, p" be three Tectors so that (j>p, (j>p', <j>p" are at right 
angles to each other ; that i.s, so that the tangent planes at their 
extremities are at right angles to one another (57. Cor.), 
1 1 1 



{T4,py - {T<t>pr {T<i>p"Y 

=- a' {{SiUcf^pY + {SiU4>p'y + {Siu<j>p'y} 
+ ¥{{SjU4>py + ...}+... 

= a' + b' + c' (31. Cor.). 

But 77= — rr,, &c. are the perpendiculars from the centre on the 

tangent planes at p, p, p" (58). Hence the proposition. 

Ex. 7. The sum of the squares of the projections of three con- 
jugate diameters on any of the 'principal axes is equal to the square 
of that axis. 

Let a, p, y be conjugate semi-diameters; then, since 

a = — (aiSifa + bjSjij/a + ckSkij/a) (63. 9), 

Sia = aSitj/a.. 
Similarly, iSi/S = aSii^P, 

Siy = aSiij/y ; 

.: {Siaf + {sipy + {SiyY = of {isi4>ay + {Si^p/sy + {Sifyy} 

= a' (31. Cor.), 

because \j/a, ipp, ij/y are at right angles to one another (62). 

But —Sia is the projection of Ta along the axis of a;; and 
similarly of the others. Hence the proposition. 

Ex. 8. The sum of tJie reciprocals of the squares of the three 
perpendiculars from the centre on tangent planes at the extremities 
of conjugate diameters is constant. 

Let Oy^, Oy^, Oy^ be the perpendiculars. 

(Si^y jsjay {Shay 
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-—— _ - - -I ~2 -i 2 , 



l__(Siyy {Sjyf {Sky)\ 
by^ a' b' c' ' 

Ex. 9. If through a fixed point ivithin an ellipsoid three 
chords he drawn mutually at right angles, the sum of the recipro- 
cals of the products of their segments will he constant. 

Let 6 be tlie vector to the given point ; a, /?, y unit vectors 
parallel to tbree cbords at right angles to each other. 

Then 6 + xa = p gives 

S{6 + xa)4,{6 + xa) = l 
a quadratic equation in x, the product of whose roots is 

864,0-1 _ 

. ■. the product of the reciprocals of the segments of the chord is 

1 Satfia 1 

X^ax^a ^ Se<t>t)-l ' {Ta.f ' 

and the sum of the reciprocals of the products of the segments is 



1 ( Sa<l>a SI3<I,I3 Sy<l>y) 



Now since Satfia = ^—^ + y + » (^3. 2, 3), 
the sum of the reciprocals of the products 



1 



8y(l>y - 1 



^,\{Siay+{Sii3y-+{Siyy^ 



/ 
~[{Sjay + {Sji3y + {Sjyy} 
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+ ^.{iSH'+ }' 

Cor. If be not constant, but Sd<pO be so, i. e. if the given 
point be situated on an ellipsoid concentric with and similar to the 
given ellipsoid, the same is true. 

Ex. 10. If the poles lie in a plane parallel to yz, the polar 
planes cut the axis of x always in the same point. 

Let pi be the distance from the origin of the plane in which 
the poles lie, 8 any line in that plane, then 7r=pi + S is the vector 
to a pole, and 

Spcj>{pi + 8} = 1 (59) 

the equation of the corresponding polar plane. 

At the point where this plane cuts the axis of x, 

p = xi') 

. : Spxitjii + xSicjiS = 1. 

Now S is a vector in a plane perpendicular to ^i, 
.-. Si(j>8=SS<jii=0; 
and Sifjii = constant = n suppose ; 

.•. npx= 1, 
which shews that x is constant. 

Ex. 11. A, £ and C are three similar and similarly 
situated ellipsoids; A and B are concentric, and G lias its centre 
on the surface of B. To shew that the tangent plane to B at this 
point is parallel to (/te plane of intersection of A and 0. 

Let a be the vector to the centre of C. 

Sp<f>p = a the equation of A, 

Sp<l>p = h B, 

B{p-a)ci>{p-a)=c C. 
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Now at the intersection of A and G, p is tlie same for both ; 
therefore the equation of the plane of intersection is to be found 
by subtracting the one from the other. 

It is therefore 2Sp(j)a = Sacf)a + a — c ; 

and the equation of the tangent plane to JB at the centre of C is 

.-. both planes are perpendicular to ^a, and are consequently 
parallel. 

Ex. 12. If through a given 2>oint chords he drawn to an 
ellipsoid, the intersections of pairs of tangent planes at their ex- 
tremities all lie in a plane 2^arallel to the tangent pilane at the 
extremity of the diameter which passes tlirough the point. 

Let a be the vector to the point ; a + a-j/S, a + xfi, the vectors 
to the points of intersection with the ellipsoid of chords parallel 
to ;8 ; then 

Sn<^ (a + a;,/3) = 1, 

^7r<^(a + a-^^) = l, 

are the equations of the tangent planes at these points. 

At the intersection of these planes tt is the same for both ; 
.•. subtracting we get 

SlT^^ = 0, 
SiT^a = 1 . 

The last equation is that of the line of intersection of the tan- 
gent planes; and that line is perpendicular to (j>a, or (57. Cor.) 
parallel to the tangent plane at the extremity of the diameter 
which passes through the given point. 

Cor. (Stt^jS = shews that the line of intersection correspond- 
ing to any one chord is parallel to the tangent plane at the 
extremity of the diameter which is parallel to that chord. 

Ex. 13. Two similar and similarly situated ellipsoids are cut 
I y a series of ellipsoids similar and similarly situated to the tico 
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given ones ; and in such a manner that tJie planes of intersection 
are at right angles to one another. Shew that the centres of the 
cutting ellipsoids lie on another ellipsoid. 

Let Sp<j>p = l (1), 

S{p-o.)<l.{p~a) = C (2), 

be the given ellipsoids; 

S{p-Tr)<t,(p-Tr) = x (3), 

one of the cutting ellipsoids. 

(ji is the same for all because the ellipsoids are similar. 

The plane of intersection of (1) and (3) is found by subtracting 
the equations ; and is therefore 

2<Sp<^Tr = (STTc^ir + 1 — X. 

The plane of intersection of (2) and (3) is 

2Sp (cj>-!r — <^a) = /S'ttc^tt — Sa<f>a + C — X. 

The former of these planes is perpendicular to c^x and the latter 
to ^ir - ^a ; and, since by the question, the former is perpen- 
dicular to the latter, <^jr is perpendicular to t^ir - <^a, 

.•. S(j)Tr ((jiTr — (j>a.) = 0, 
the equation of the locus of the centres of the cutting ellipsoids. 

This equation will be reduced to the requisite form by ob- 
serving that 

S(f>Tr<f>Tr = o7r(^*^7r = 07r<ji ir 

S<f>Tr<jia = /^ac^^Tr ; 

.-. <S'(7r-a)<^V = 0, 

the equation of an ellipsoid of which the semi-axes are propor- 
tional to 

o^ ¥, c" (63. 6). 

The Cartesian equation is 



a; r 
a* b' 



^ (XX yy' ez'\ . 
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Ex. 14. If a tangent 'plane he drawn to the inner of two 
similar concentric and similarly situated ellipsoids the point of 
contact is the centre of the elliptic section of the outer ellipsoid. 

Let ^p4>9 = 1 be the equation of the inner, 

a''Sp4>p = 1 of the outer ellipsoid. 

The tangent plane is Sirc^p = 1. 

Now if cr be the vector to the elliptic section measured from 
the point of eontact, tt = p + cr is a point in the outer ellipsoid ; 

.-. a'S {p + (t) <j> {p + (t) = 1. 
But So-4,p = (57. Cor.) J 

.•. a^ + a^S(T(fia-= 1, 
a' 



1-a- 



SfTt^a = Ij 



the equation of an ellipse of which the centre is the point of 
contact. 

Ex. 15. Find the equation of the curve described hy a given 
point in a line of given length whose extremities move in fixed 
straight lines. 

First, let the straight lines lie in one plane. 

Let unit vectors parallel to them be a, /?. 

Let the vectors of the extremities of the moviBsr line be 

o 

xa, yP, and its length I. Then the condition is 

{yl3-xaf = -l\ 
or x' + y'+2xySal3 = l' (1). 

The vector to a point which divides this line in the ratio 
e : 1 is 

p = xa + e (y/S — Xa) 

= xa{l-e) + eyP; 
. : Sap = — (1 -e) x + eySafi, 
Spp = (1 - e) xSa^ - ey ; 
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, Sap + SaBSBp SBp + SaSSap 

"^^'^''^ "= (l-e)(^V-l) ' ^^ a(W-l) ' 
whicli values being substituted in equation (1) give the required 
equation, viz. : 

{Sap + SaPSI3py (SI3p + SaPSapY 
{1-ey "^ e" 

+ 2 f"^ {Sap + Sa/SS/Sp) {SPp + SajiSap) 
e[i. -e) 

= p (s'-afi - ly. 

But p is subject to the additional condition (31. 2. Cor. 2) 
S . a/3p = ; and the locus is a plane ellipse. 

When the given straight liaes are at right angles to one 
another, the equation is much simplified, for 

Sap = 0; 
and our equations are 

Sap = - (l -e) X, S^p = - ey; 

(SapY (s/ipy 

alienee ___, + ^^ = ^ , 

an ellipse of which the semi-axes are le and ? (1 - e). 

Generally, if the given lines do not meet, let the origin be 
chosen midway along the line perpendicular to bothj then we 
have 

{y + xa-{-y + yp)r = -l% 

y and — y being the vectors perpendicular to the lines, 

p = {y+xa){l-e) + e{-y + y^). 

The first gives 

iy'+{xa-ypy = -P; 

and the second gives, as in the simpler case above, 

Sap = - (1 - e) a; + eySa^, 

Slip = (1 - e) xSaP - ey. 
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Hence the elimination of x and y again leads to the equation 
of an ellipsoid, the only difference being that P is diminished by 
the square of the shortest distance between the lines; i.e. the 
axes are less than in the former case. 

In the extreme case, where l=2Ty, the equation cannot be 
satisfied except by 

a; = 0, 2/ = 0, 
(i. e. the locus is reduced to a single point), unless indeed we have 

for then a; = ± y, 

and the locus is a straight line parallel to each of the preceding 

lines. 

65. The cone. 

1. To find the equation of a cone of revolution whose vertex 
is the origin 0. 

Let a be a unit vector along the axis OA, 

p the vector to a point P on the surface of the cone ; 
then Sap = -Tp cos 0, 

6 being the angle POA. 

But this angle is constant, 

.'. S'ap = c^p' is the equation required. 

2. The equation of a cone which has circular sections, but 
which is not necessarily a cone of revolution, is thus found. 

Take the vertex as the origin, and let one of the circular 
sections be the intersection of the plane 

Sap = -a!' (1) 

with the sphere p^ = S(3p (2). 

Since these are scalar equations we may multiply them together ; 
and thus obtain at all the points of the circular section 

a''p' + SapSPp = (3). 
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Now if xp or p' be written in. place of p, the equation is not 
clianged, since p occurs twice on each side. It is therefore the 
required equation of the cone. 

Cor. 1. Every section by a plane parallel to Sap = - a' is a 
circle. 

For the equation of a plane parallel to 
Sap = — a' 
is Sap = — aa?, 

which being substituted in the equation of the cone gives 

p' = aS!3p, 
the equation of a circle. 

Cor. 2. The plane Sj3p = -hl3' (4) 

also gives a circle -whose equation is 

a'p'^b^'Sap (5). 

These two equations give the suhcontrary sections. 

To deduce the relation between the two sections ; let be the 
vertex of the cone, OAB the plane through a, (3; AB the line in 
■which the section cuts this plane, AD that in which the sub- 
contrary section cuts it ; 

OA=p, OB = p', OD = xp'. 

We have, by (5), xp'^ = — j- Sap 

= Spp,hj{i), 
= P^by(2); 
i.e. OB. OB = A', 

and the triangles OAB, OAB are similar, or AD cuts OA at the 
same angle that AB cuts OB. 

66. If # = 2aV + olSI3p + pSap, 

the equation of the cone is reduced to 

Sp4>p = 0. 
T. Q. 10 
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It is evident that all the properties of 4>p, Art. 44, are appli- 
cable here. 

As in Art. 57, the equation of the tangent plane is 
Stt^P = 0. 

g7^ Examples. 

Ex. 1. Tangent planes are drawn to an elli2JSoid frovi a given 
external point, to find the cone which has its vertex at the origin 
[the centre of the ellipsoid], and which passes through all the points of 
contact of the tangent planes with the ellipsoid. 

Let u, be the vector to the external point, p a point in the 
ellipsoid where a tangent plane through a touches it. 

Then the equation of the ellipsoid is 

Sp<^p = 1> 

and the equation of the tangent plane 

So.<\>p =1, i. e. Sp^a. = 1 . 

Tlie equation 

tSp4>p = iSp4,af, 

x' y" s' (x:)- yif zz\ 

represents a surface passing through the points of contact; and 
is the cone required. [For it is homogeneous in Tp.\ 

Ex. 2. Of a system of three rectangular vectors two are con- 
fined to given planes, to find the surface traced out by the third. 

Let TT, p, n- be the three vectors, of which two are confined to 
given planes whose equations are 

^a7r=0, Slip = 0, 
to find the locus of cr. 

Since the vectors are at right angles, we have 
SiTp = 0, SiT(T = 0, Sap = 0, 
and we have five equations from which to eliminate tt and p. 

Since Sa-n- = 0, »S'crir = 0, 

IT is at right angles to both a and cr, and therefore to the plane 
acr ; or 

TT = a; T atr. 
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Since /Sj8p = 0, S(Tp=0, 

p is at right angles to tlie plane per; therefore 

and Trp = xy Vaa FjStr. 

Now Sirp = 0, 

therefore ,5' . Vaa- V/Sa- = 0, 

or S {aa- - Sao-) {^cr - S/So) = 0, 

or o-^Sal3-SaaSP(r=0, 

the equation of a cone of the second order, ■which has circular 
sections (65. 2). 

CoR. The circular sections are parallel to the two planes to 
which the two vectors are confined. 

Ex. 3. The equation p = fa + u'p + {t + uY y is thai of a cone 
of the second order touched hy each of the three planes through 
OAB, OBO, OCA; and the section ABG through the extremities of 
a, /3, y is an ellipse touched at their middle points by AB, BG, GA. 

1. If the surface be referred to oblique co-ordinates parallel 
to a, j8, y respectively, we shall have 

p= xa +y(3 + zy, 
therefore x = f, y^u", z = {t + u)', 

or z=^{Jx + Jyy = x + y + 2 Jxy, 

which gives (z-x-y)" = ixy, 

a cone of the second order. 

2. Ji i = — u, the equation becomes 

p = f{a + l3), 
the equation of a straight line bisecting the base AB, which since 
it satisfies the equation relative to t, shews that this line coincides 
with the cone in all its length; i.e. the cone is touched in this 
line by the plane OAB. 

Similarly, by putting t = 0, u=0 respectively, we can shew 
that the cone is touched by the plane BOG, COA in the lines 
which bisect AC, GA. 

10—2 
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3. Restricting ourselves to the plane ABC, we have the 
section of a cone of the second order enclosed by the triangle 
ABC, which triangle is itself the section of three planes each of 
which touches the cone. 

Ex. 4. The equation p= aa+hj3 + cy with the condition 
ah + 6c + ca = is a cone of the second order, and the lines OA, OB, 
OC coincide throughout their length ivith the surface. 

1. It is evident that the equation gives 

XT/ + yz + r.x = 0. 

2. That if 6 = 0, c = 0, the question is satisfied by 

p = aa, 
whatever be a, therefore he. 

Ex. 5. Find the locus of a point, the sum of the squares of 
whose distances from a number of given jjlanes is constant. 

Let *S'S,Pj = Cj, <S'o„p,= C'„, &c. be the equations of the given 
planes, p the vector to the point under consideration; then x^S^, 
a;,,8j, etc. will be the perpendiculars on the planes from the point ; 
provided 

&c. ; 





P + 


a^i*i=P,i P + «A=P.> 


therefore 




>yS,(p + £B,S,)=C,, &c. 


and 







i.e. the square of the line perpendicular to the first plane from 
the given point 

_ f C.-SS^p V 

V 2\ J ' 

and, by the question, 

( y^ — I + [^~rn^- ) +&C. IS constant. 
The locus is therefore a surface of the second order. 
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Ex. 6. Tlie lines which divide 23i'oportionaUi/ the pairs of 
opposite sides of a gauche quadrilateral, are the generating lines 
of a hyperbolic paraloloid. 

Let ABGD be the quadrilateral. 
AD, BG are divided proportionally 
in P and E. 

Let CA = a, CB = P, GD = y; 
GB = ml3, DP = mDA; 
i.e. GP—y = m{a. — y); 

therefore RP = GP - GR = y + m{a-y) 

p = GQ = GR +pRP 
= mj8 +p{y + m{a — y)— m/Sl 
= Xa + yP + zy, say; 
x=pm, y = m—pm, z=p{l—m); 

X 




therefore 
therefore 



A 



m = x + y, p = 



x + y 



x + y 
or {x + z) (x + y) = x, 

the equation referred to oblique co-ordinates parallel to a, /?, y. 



Pascal's Hexagkam. 

68. Let be the origin, OA, OB, OG, OD, OE five given 
vectors lying on the surface of a cone, and terminated in a plane 
section of the cone ABGDEF, not passing through ; OX any 
vector lying on the same surface. 

Let OA = a, OB=p, OC = y, OD=h, OE=c, OX=p. 

The equation 

S. F(Fa;8F8£) F(Fj8yFep) r{ryWpa) = (1) 

is the equation of a cone of the second order whose vertex is 
and vector p along the surface. For 
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1. It is a cone wjliose vei-tex is because it is not altered 
by writing xp for p. Also it is of the second order in p, since p 
occurs in it twice and twice only. 



R 

2. All the vectors OA, OB, OC, OD, OE lie on its surface. 

This we shaJl prove by shewing that if p coincide with any 
one of them the equation (1) is satisfied. 

If p coincide with u, the last term of the left-hand side of the 
equation, viz. Vpa, becomes Vaa = Va" = 0, and the equation is 
satisfied. 

If p coincide with p, the lefthand side of the equation be- 
comes 

S. ViVa/SrS^) F(F/?7F€/3) F(Fy8F/3a) (2). 

Now F(F/?yF€/3) = - F(Fe;8F/3y), (22. 2), is a vector parallel 
to y8 (31. 3), call it m^; and 

V.{V{raj3rSc) F(FySF;8a)}= F. {J^Fa^FSc) F(Fai3FyS)}, (22. 2), 

= a multii^e of FayS, (31. 3), 

= n Va^, say. 
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Hence the product of the first and third vectors in expression 
(2) becomes 

scalar + n Fa/3, 

and the second is mji; therefore expression (2) becomes, by 31. 2, 

*S^ . (scalar + nVaj3) m^ 

= 0, 
because Va/S is a vector perpendicular to p. 

Equation (1) is therefore satisfied when p coincides with /3. 

If p coincide with y both the second and third vectors are 
parallel to (3 (31. 3); therefore their product is a scalar, and equa- 
tion (1) is satisfied. 

The other cases are but repetitions of these. 

Hence equation (1) is satisfied if p coincide with any one of 
the five vectors a, j3, y, 8, c; Le. OA, OB, OC, OB, OE are vectors 
on the surface of the cone. 

3. Let F be the point in which OX cuts the plane ABODE; 
then ABCDEF a.Y& the angular points of a hexagon inscribed in 
a conic section. 

4. Let the planes OAB, ODE intersect in OP; OBC, OEF 
in OQ; OCD, OFA in OR; then 

V. Va^VSe^mOP, (31. 4), 

r. rPyrep=nOQ, 

V. VyWpa.=pOE; 
therefore 

;S'. V{VapV^ Vir/SyVep) V (VyBVpa) = mnpS{OP . OQ . OP); 

hence equation (1) gives 

S(OP.OQ.OP) = 0, 

or (31. 2. Cor. 2) OP, OQ, OP are in the same plane. 

Hence PQR, the intersection of this plane with the plane 
ABGDEF is a straight line. But P is the point of intersection 
of AB, ED, &c. 



152 QUATERNIONS. [CHAP. YIII. 

Therefore, the opposite sides (1st and 4th, 2nd and 5th, 3rd 
and 6th) of a hexagon inscribed in a conic section being produced 
meet in the same straight line. 

Cor. It is evident that the demonstration applies to any six 
points in the conic, whether the lines which join them form a 
hexagon or not. 

Additional Examples to Chap. VIII. 

1. Find the locus of a point, the ratio of whose distances 
from two given straight lines is constant. 

2. Find the locus of a point the square of whose distance 
from a given line is proportional to its distance from a given 
plane. 

3. Prove that the locus of the foot of the perpendicular from 
the centre on the tangent plane of an ellipsoid is 

{axf + (byY + {czy = {x' + y' + z')'. 

4. The sum of the squares of the reciprocals of any three 
radii at right angles to one another is constant. 

5. If Oyi, Oy^, Oy^ be perpendiculars from the centre on 
tangent planes at the extremities of conjugate diameters, and if 
Qii Q,> Qi be the points where they meet the ellipsoid; then 

1 1 1111 



OY,\UQy OY^\U(j; OY^'.OQ; a' ¥ c'' 

6. If tangent planes to an ellipsoid be drawn from points in 
a plane parallel to that of xy, the curves which contain all the 
points of contact will lie in planes which all cut the axis of z 
in the same point. 

7. Two similar and similarly situated ellipsoids intersect 
in a plane curve whose plane is conjugate to the line which joins 
the centres of the ellipsoids. 

8. If points be taken in conjugate semi-diameters produced, 
at distances from the centre equal to p times those semi-diameters 
respectively; the sum of the squares of the reciprocals of the 
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perpendiculars from the centre on their polar planes is equal to ^f 
times the sum of the squares of the perpendiculars from the 
centre on tangent planes at the extremities of those diameters. 

9. If P be a point on the surface of an ellipsoid, PA, PB, 
PC any three chords at right angles to each other, the plane 
ABC will pass through a fixed point, which is in the normal to 
the ellipsoid at P ; and distant from P by 

2 

1 i i ' 
a' b' c- 

where p is the perpendicular from the centre on the tangent 
plane at P. 

10. Knd the equation of the cone which has its vertex in 
a given point, and which touches and envelopes a given ellipsoid. 



CHAPTER IX. 

FORMULA AND THEIR APPLICATION. 

69- Pkoducts of two or more vectors. 

1. Two vectors. The relations -whioli exist between the 
soalars and vectors of the jjvoduct of two vectors have already- 
been exhibited in Art. 22. We simply extract them : 

{a) SaP = S/3a. (6) raj8 = -r/3a. 

(c) a^ + ^a = 2,S'a^. (d) a/3 - ySa = 2 Ta^. 

These we shall quote as formulcB (1). 

2. We may here add a single conclusion for quaternion 
products. 

Any quaternion, such as a^, may be written as the sum of 
a scalar and a vector. If therefore q and r be quaternions, we 
may write 

q=,Sq + Vq, 

r - <SV + Vr ; 
therefore qr = SqSr + Sq Vr + Sr Vq + Vq Vi; 

and S.qr = SqSr + S.rqrr, 

r. qr = Sq Vr + SrVq ^V . Vq Vr, 
-where S .VqVr is the scalar part, and V.VqVr the vector part of 
the product of the two vectors Vq, Vr. 

If now we transpose q and r, and apply (a) and (b) of for- 

mulce 1, we get 

S.qr = S.rq \ 

V.qr + V. i-q = 2 (SqVr + SrVq)) ^"'''" 
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3. Three vectors. By observing that iS' . ySaj3 is simply the 
scalar of a vector, anci is consequently zero, we may insert or 
omit such an expression at pleasure. By bearing this in mind 
the reader will readily apprehend the demonstrations which 
follow, even in cases where we have studied brevity. 

S.aPy==S.{SaP + VaP)y 
= S.yra^,{hjl.a), 
= S.y{Sal3+ra.p) 

= S.yaP (3). 

Again, S.aj3y = S.a {Sl3y + VPy) 

= S{Vpy.a),{hjl.a), 

= S{SPy + VPy)a 

= S.Pya (3). 

The formulae marked (3) shew that a change of order amongst 
three vectors produces no change in the scalar of their product, 
provided the cyclical order remain unchanged. 

This conclusion might have been obtained by a different pro- 
cess, thus : 

In (2) let q = a^, r = y, there results at once 
S.al3y = S.yap. 

Again in (2) let q = ya., »" = /?, there results 
S . yaj3 = S . I3ya. 

We have therefore, as before, 

S.al3y=S.yap = S:l3ya (3). 

4. S.a(3y^S.arpy 

= -S.aVyl3, (hjl.b), 

= -S.ay^ (4). 

Similarly S .a^y=-S.fiay (4), 

or a cyclical change of order amongst three vectors changes the 
sign of the scalar of their product. 
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5. It has already been seen (Art. 31. 1) that -(S*. a/3y is thr- 
volnme of the parallelepiped of which the three edges which 
terminate in the point are the lines OA, OB, 00 whose vectors 
are a, /3, y respectively. 

We may express this volume in the form of a determinant, 
thus : 

Let a, jS, y be replaced by 

xi + yj + zh, x'i + y'j + z'k, x"i + y"j + s"k (Art. 31. 5) ; 
X, y, z being the rectangular co-ordinates of A, x', y', z those of B, 
x", y", z' those of C, measured from as the origin ; then 
S . ajiy = S. (xi +yj + zJc) 
X (x'i + ij'j + z'k) 
X (x"i + y"j + z"k). 

Now if we observe first that the scalar part of this product is 
confined to those terms in which all the three vectors i, j, h 
appear ; and secondly that the sign of any term in the product 
will by formulse (3) and (4) be — or + according as cyclical order 
is or is not retained, we perceive that we have the exact con- 
ditions which apply to a determinant : therefore 

S . afSy = -' X , y , z 

^', 2/', «' (5)- 



\ X , y , z 
The volume of the pyramid OABO is one-sixth of the above. 

Xote relative to the sign of the scalar. 

Since ijk = - 1 (19), it is clear that if OA, OB, 00 assume the 
positions of Ox, Oy, Oz in the figure of Art. 16, ;S' {OA . OB . OG) 
will have a minus sign, whilst the order of the letters A, B, C is 
right-handed as seen from 0. 

If now we take any pyramid whatever OABC, of which the 
vertex is 0, and assume that S {OA . OB . OC) (which, being pro- 
portional to the volume of the pyramid, we may designate OABC), 
is negative when the order of the letters A, B, C is right-handed 
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as seen from 0, we shall find the following general law of signs to 
hold good whatever be the vertex ; viz. the sign of the scalar is 
ini/iim or plus according as the order in it of the angles of the base 
of the pyramid is right-handed or left-handed as seen from the 
vertex. 

For example, CABO =S{CA.CB. CO) 

= ^(a-y)(/3-y);(-7) 

= - OABC, 

which is plus because OABC is minus, and the order of the letters 
A, B,0 as, seen from G is left-handed. 

6. r.a/3Y=7.a(5/3y + F/37) 

= a^;8y + F.aFy8y; 
r.7/3a = F. (^y/3 + r7;8)a 

= a5;87-F.aFy;8, (1.&), 
= a5^y+F.aF/37,(l. 6), 
= F.a/3y (6). 

7. F. aj87 = F. (-S'ai8+Fa/3)7 

= 7Sa;8-F.yFa/3; 

F.7aj8 = F.y(*S'a;8+Fa/3) 

.=y;Sa;8+F. yFa/3j 

therefore F. a;8y+F. 70^ = 2y^a/3 (7). 

8. 2F.aFy87=F.a(i3y-yi8), (1. c^), 

= F. aj8y + V. 7a/3 - ( F. ay^ + F. yayS) 
= F(a/37 -1- ;8a7) - F (a7;8 + 70^), (by 6), 
=7. (a;8 + /3a) 7 - F. (a7 + ya) /J 
= 2ySaP-ipSay, (1. c); 
therefore V. aVPy = ySa.^- pSay (8). 
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9. We have, by (8), 

r.aVI3y = ySal3-l3Say, 
V.^Vya^aSPy-ySafi, 
V.yVali=pSay-aSPy; 
therefore, by addition, 

7. (aF/3y + i3rya + yFa/3) = (9). 

10. 7. a/3y = F. a {S^y + F/3y) 

= a;S'/3y+F.aFy8y, 

which, by (8), =aSPy-pSay + ySaP (10). 

Another proof of this important formida is found in the 
identity 

\ (a;8y + ypa) ^r,"-{Py + yP) - o ^ ("V + y<^) + 9 7 ("/^ + P")' 

^ -J -* -* 

which, by (4) and (6), is the theorem itself. 

11. If in (8) we write Vafi in place of a, we get 

F. VapV^y = y,S{ral3. (3)- pS{ral3.y) 
= yS.al3l3-pSapy 
= -/3S.al3y (11). 

12. Four vectors. If in (8) we write FaS in place of a, we 
obtain 

F(Fa8Fj8y) = 7^.a8^-^5.aSy (12). 

13. By (12) we have 

F (F/3y FaS) = S^ . ^ya - a^ . ;8yS. 
But F(F;8yFa8) = - F(FaSF/3y). 

Hence, by adding the above result to (12), we get 
8,^. ;8ya - aS . ;8y8 + yS . a8/3 - ftS . aSy = 0, 
which, by (3) and (4), if we adopt alphabetical order, may be 
written 

aS.PyS-pS.ay8 + yS. a^8 - SS . a/Sy = (1.3), 

or SS.al3y = aS.(3yS-l3S .ayB + yS.ap8 (13), 
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or, again, if we adopt cyclical order, 

aS . pyS-SS. a^y + yS . Sa^-^S.yBa, 
or, filially, 8S . afty = aS . Py&- ^S .y8a +yS . BajS (13). 

This equation expresses a vector in terms of three other 
vectors. The following equation expresses it in terms of the 
vectors which result from their products two and two. 

14. F(y8aj8) may be written, first as V{y . Sa/3), and secondly 
as V{yB . a/3), and the results compared. These forms give re- 
spectively 

r (y . Sa/3) =V.y{S.Ba^+r. Sa^) 

= yS.al38+r. yiSSaP - aS8fi + /J-S'Sa), by (3) and (10), 
= yS . a/3S + VySSajS - Fya^8/3 + VyPSSa ; 

V (yS .aP)=V . {SyS + FyS) {SajS + Va/i) 

= VapSyB + Fy8^ci/3+ F. FyS Fa/3 
= Fa;8;S'y8+ FyS^ajS- F. Fa/3 FyS 
= Va/SSyS + VyBSajB - 8S . aPy + yS . aj3B, by (1 2). 

The two expressions being equated, and the common terms 
deleted, there results 

8S.al3y= ral3SyS+ F/3y5a8 + VyaSfiS (14). 

15. ,S'.a/3y8 = ^.(^.a/3y+F. a;8y)S 

= ,S'.(F. a/3y)8 

= S . {aS/Sy - pSay + ySajS) 8, by (10), 

= /S'a/3>S'y8-/Say6';8S + ^aS5/3y (15). 

16. ,5' ( Fa/3 FyS) = S . {aP - SajS) (yS - ^'yS) 

= ;S'.ajSyS-;S'a;8,S'yS 

= .S'aS,Sy8y-,S'ay^;88, by(15) (16). 

17. ^.a/3y8=/S'.(Fai8y)8 

= ;S'.SFa;8y " 

= S.BaPy (17). 
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18. Five vectors. As we do not purpose to exhibit any 
applications of the relations which exist among five or more 
vectors, we shall confine ourselves to simply writing down the two 
following expressions. 

;S^ . a/3y8E = — S. cSy/Sa, 

F.a/3yS£= V^^SyPa (18). 

70. Many of these formulas might have been proved difier- 
ently, and some of them more directly, by assuming for instance 
that u, (3, y are not in the same plane. In this case amy other 
vector 8 may be expressed in terms of a, /?, y, by the equation 

8 = xa + 2//3 + «y,(,31. 5); 
therefore S . j8yS = a;,5'. fiya = xS . a(3y, (3), 

^.y8a = 2/,S'.y/3a = -2/,S'.a/3y, (4), 
6' . Saj8 = ;:,S' . yo/3 = zS . aySy, (3) ; 
therefore 8>S' . afiy = XaS . apy + yPS . a/3y + zyS . a/Sy 

= aS . l3yS - pS . ySa + yS . Sa/3 
which is formula 13. 

71. Examples. 

Ex. 1. To express the relation betwee^i the sides of a spherical 
triangle and the angles opposite to them. 

Retaining the notation and figure of Ex. 2, Art. 29, we shall 
have 

Va/3 V/Sy = y sin o . a' sin a, 

where y', a' are unit vectors perpendicular respectively to the 
planes OAB, OBG. 

Therefore V . Tap Vjiy = sin c sin a . j8 sin B. 
Also - pS . a(iy = yS sin c sin (^, (31. 1), 

where i^ is the angle between OG and the plane OAB. 
Now these results are equal (formula 11), therefore 
sin ^ = sin a sin B. 
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Similarly sin <^ = sin 6 sin. A ; 

therefore sin a sin -B = sin h sin A, 

or sin a : sin 6 :: sin il : sin 5. 

Ex. 2. To find the condition that the perpendiculars from the 
angles of a tetrahedron on, the opposite faces shall intersect one 
another. 

Let OA, OB, 00 be the edges of the tetrahedron (Fig. of Art. 
31), a, j8, y the corresponding vectors. 

Vector perpendiculars from A and B on the opposite faces are 
VPy, Fya respectively (22. 8). If these perpendiculars intersect 
in G, the three points A, B, G will be in one plane, whence 

S. (/3-a) VPy7ya=Q (31. 2, Cor. 2), 
i.e. S.{P-a)V.VPyVya--^0. 

Now 7. VjSyVya = -yS. /3ya (Formula 11), 

therefore S.{p-a)V. VPyVya. = - {SPy - Say) S . Pya.. 
Hence SPy = Say. 

Now BC + OA' = (y - Pf + a"" 

= a'+P' + y'-2SPy 
= a'' + l3' + Y- 2Say 
= {y-ay + l3' 
= AC + 0B\ 

Consequently the condition that all three perpendiculars shall 
meet in a point is that the sum of the squares of each pair of 
opposite edges shall be the same. 

CoK. Conversely, if the sum of the squares of each pair of 
opposite edges is the same, the perpendiculars from the angles on 
the opposite faces will meet in a point. 

Ex. 3. If P he a point in the face ABC of a tetraliedron, 
from which are drawn Pa, Ph, Pc, respectively parallel to OA, 
OB, OG to meet the opposite faces OBG, OCA, OAB in a, h, c; 
then will 

Pa Pb^ Z£-i 

OA^" OB^ 0G~ 

1. Q. 11 
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Retaining the notation of the last examples, let OP = K, 
Pa = - xa, Fb = — yP, Pc = -zy; then 

0a = h-xa, Ob^S-yP, <9o = S-«y. 
Now because P, A, B, C are in the same plane 

^.(8-a)(a-^)(/3-y) = 0, 

i.e. S.Z{aji + Py + yo)=S.ajBy (1); 

and because 0, a, B, G are in the same plane 

S.{^-xa)Py = 0, 

i.e. xSaPy = S.^Py (2) ; 

also because 0, A,b, C are in the same plane 

^.(8-2//3)ya = 0, 
i. e. yS . jiya = S . 8ya, 

or, by formula 3, yS . o-ySy = S . Sya (3) ; 

lastly, because 0, A, B, c are in the same plane 

<S'.(8-2y)a^ = 0, 
i-e. zS . ya(3 = S . Safi, 

or zS.aPy = S. Sa/3 (4). 

Adding (2), (3), and (4) there results 

{x + y + z)S. a(3y = S. S/iy+S. Sya + S. SajS 

= ^.a;8y,by(l), 

therefore x + y + z=l : 

Pa Pb Pc , 
hence ^_+^^+_ = l. 

Cor. 1. If P be in the plane ABO produced below the plane 
OBG, Pa as a vector will have the same sign as OA has; hence 
in this case we shall have 

_Pa Pb Pc 

oa^ob'"oo~ 
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Cor. 2. If P be outside both the planes OBC, OCA j we 
shall have 

Pa Ph Pe _-, 
~'OA~UB^OG~ 

Ex. 4. Any point Q is joined to the angular points A, B, C^O 
of a tetrahedron, and the joining lines, produced if necessary, 
meet the opposite /aces in a, b, c, o ; to prove that 

Aa Bb Cc Oo ' 

regard being had to the signs of Aa, Bb, &c., as in the last example. 

Let QA=a, QB = P, QG = y, Q0 = 8; Qa = aa, Qb = bp, Qc = cy, 
Qo = dS: then since the points a, b, c, o are in the planes BCO, 
AGO, ABO, ABC, respectively, we have, as ia the last example, 

aS.a(fiy + yS+Sj3} = S.Py8, 

&C. (fee. 

i.e. aS. (al3y+ayB+a8l3)-S.PyS=--0 (1), 

6^. {^ay + PyS + l3Ba)-S. ayS = (2), 

cS. {yal3 + yP8 + ySa)-S.al38=^0 (3), 

dS. {Soil3 + Sj3y + Bya)-S.aj3y = (4). 

Now, if we write 

S.aj3y = X, S.ayB = y, S.aS^ = ^, S.PyS = u; 
and apply the formulse 3 and 4, we get 

ax + ay+az— u = 0, 

— hx— y —bz+bu = 0, 
CX + cy + z — cu — Q, 

- x-dy — dz + du=0, 

which give ^ a; + -j— y w = 0, 



a & n 



11—2 
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C ^ n 



c-1^ 6-1 
c d 



c-\ d-\ 



«=0; 



, , . 1 h c d _(\ 

and, therefore, r + r zr + i + -, — , — ", 

' a-\ h -\ c-1 a- I 



a h c d . 

+ -, T + T+-, 5 = 1> 



a-16-1 c-1 d-l 

Qa Qh Qc Qo . 
Aa Bb Vc Uo 

Ex. 5. If two tatraliedra ABCD, A'B'G'D' are so situated that 
the straight lines, AA', BB', CC, DD' all meet in a point, the lines 
of intersection of the planes of corresp)onding faces shall all lie in 
the same pilane. 

Let A' A, B'B, CO, D'D meet in 0. 

OA = a, OB = p, 0(7 = 7, OZ> = S, 
OA' = ma, OB' = nP, OC'=py, OD' = qt 

The equation of the plane ABC is (34. 5) 

Sp ( Va.p + Vfiy + Vya) = S . aySy, 
and that of A'B'C becomes, after dividing both sides by mnp, 

Sp (J Fa/3 + ^rPy + I Fya) = S . a^y. 
The vector line of intersection of the two planes is (34. 9) 

r.{ral3+ V/Sy + Fya) (1 I'a^ + ~ V/Sy + 1 Fya) , 

i.e. by formula (11), omitting the common factor S . aySy, 

(-l-_l)a.(l-A)^.(l-l)y. 
\n pj \p ■mj \m n/ 

From this expression the vectors of the intersections of the 
other planes may at once be written down. 
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That of ABD, A'E'U is 

\n qj \q mj ^ \m nj ' 
thsAoi AC D, A' CD' \s. 

\p qJ \q mj ' \m pj ' 
and that of BCD, B'C'D' 

\p qJ \q nJ ' \n pj 

Now to prove that any three of these lines lie in the same 
plane, all that is necessary is to prove (31. 2, Cor. 2) that the 
scalar of the product of their vectors equals 0. 

If we take the vectors of the first three, we may write them 
under the form 

aa + 6/3 + cy, a a + V^ + cS, a' a + 6'y - 6S, 

respectively ; so that the scalar of their product is 

S. {aa + b^ + cy) (a a + b'j3 + cS) (a"a + b'y - 6S). 

Now the coefficient of every difierent scalar in this product 13 
separately equal to 0. That of S . aj3y for instance is, omitting 
the common factor b', 

(lA)(l_l\_(l_l)(lA)_(l_l\(l_l) 
\n pJ \q mJ \in nJ \p qJ \p mJ \n q] ' 

in which every term vanishes. 

That again of S . ySyS is 

— bcb' + cb'b, 

which is ; and so of the rest. 

Hence the intersections, two and two, of the first three pairs 
of planes lie in the same plane ; and the same may be proved in 
like manner of any other three : whence the truth of the pro- 
position. 
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Ex. 6. CP, CD are conjugate semi-diameters of an ellipse, 
as also CP, CD' ; PP', BB' are joined ; to jjrove that the area of 
tlie triangle PCP' equals that of the triangle BOB'. 

Let a, p, a, /3' be the vectors CP, CB, CP', CB' ; h a unit 
vector perpendicular to the plane of the ellipse. 

Since 

a'^ij/~'^ij/a = — (aiSiij/a + bjSjtl/a), &c., &c. (47. 5), 
therefore Vaa = F. {aiSit^a. + bjSjij/a) [aiSiij/a + bjSjfa) 
= abk (Sixj/aSjipa — Sjij/ajSixl/a") 
= - abkS . k V (il/aipa). (Formula 16.) 
Similarly F/S/3'= - abkS . kV {4>j3xi,p'). 

Now i/^a, i/f/3 are unit vectors at right angles to one another; 
as are also xpa, ij/ji' ; therefore the angle between ij/a and ij/a is 
the same as that between i/^/S and ij/j3'. 

Hence S. k V {4,mj,a') = S.kr {^/3>pP'), 

and raa'=Vp/i', 

i.e. area of triangle PCP'= that of triangle BCB'. 

Ex. 7. If a parallelepiped be constructed on the semi-con- 
jugate diameters of an ellipsoid, the sum of the squares of the areas 
of the faces of tlie 'parallelepiped is equal to the sum of the squares 
of the faces of the rectangular p)arallelepip>ed constructed on the 
sem,i-axes. 

By 63. 9, a = — {aiSiil>a + bjSjif/a + ckSktj/a) 

/3 = - (aiSiijjlS + bjSjil/P + ckSk>pl3) ; 

therefore Vafi = abk (6'ii//a-5'i//y8 - SifPSjij^a) 

+ acj {Si<paSki]/l3 - Si'PPSkilja) 

+ bci {SjfaSkfP - SjippSkipa). 

Now Si>^aSj0-Sixlt!iSj^a = STijVxl,Pxl;a, Formula (16), 

= -Sk4,y, (Art. 17); 
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therefore Fa/3 = - (abJcSkij/y + acjSjipy + hciS^y), 

Fya = - {abkSmi + acjSjil,^ + bciSiipji), 

F/3y = — {abJcSJaj/a. + acjSjij/a + hciSitj/a.). 

If now we square and add these expressions, observing that 
because \j/a, i/'jS, ij/y are unit vectors at right angles to one another, 

{Sitj^aY + (Si^^y + (Si4,yy = i, 

we shall have 

( Va^y + ( Vayy + ( FySy)' = - {{aby + {acy + {bey}, 
which (21. 4) is the proposition to be proved. 

Ex. 8. To find the locus of the intersections of tangent planes 
at the extremities of conjugate diameters of an ellipsoid. 

Let TT be the vector to the point of intersection of tangeat 
planes at the extremities of a, yS, y : then 

^7r<^a= 1, (57), 

gives Sirij/'a = — 1, 

or Sij/TTij/a = — 1 , 

S\pir\py = — 1 . 

From these three equations we extricate i^ir by means of for- 
mula (14), which gives 

xj/irSij/aij/l^fy = Tipa'^PS\pinliy + Fi/'/Ji/'y/Si/'Tn/'a 
+ Vipytj/aSij/Tnj/p ; 
therefore i/fTr = Vil/a.il/(3 + Fi/'^i/'y + Fi/^yi/'a 

= i//y + i/fa + ij/p, 
(iny = -{l + l + l) 

= -3, 

?1 t ^ - 1 . 

an ellipsoid similar to the given ellipsoid. 
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Ex. 9. I/O, A, B, C, B, E are any six points in space, OX 
any given direction, OA', OB, 00', OB', OB' the projections 
ofOA, OB, OG, OB, OB onOX ; BGBB, CBEA, BEAB, BABC, 
A BOB the volumes of the pyramids whose vertices are B, G,B,E,A, 
with a positive or negative sign in accordance with the law giver), 
in the note to 69. 5 ; then 

OA'. BGBE+ OF. CBEA + DC'. BEAB + OB'. EABG 

+ OE'.ABCB = 0. 

Let OA, OB, OG, OB, OE be a, (3, y, S, c respectively. 

Write for aS (y - y8) (8 - jS) (t - ^) its value 

a (,S'. yU-S. 8el3 + S. €^y - S. j8y8), 

and similar expressions for I3S (a — 7)(8 - y) (e — y), Ac, and there 
will result, by addition, 

aS{y-/3)i8-l3){.-p) + (3S{a-y){B-y){.-y) 

+ y^(a-S)(^-S)(e-S)+85(a-.)(^-.)(y-c) 
+ £5(/3-a)(y-a)(8-a)=0, 

i.e. retaining the notation adopted in the Note referred to, 

OA . BGBE+ OB. GBEA + OG . BEAB+OB . EABG 

+ OE.ABCB = 0. 

Now let TT be a vector aloug OX ; then the operation by iS . tt 
on the above expression gives the result required. 



In some of the examples which follow, we will endeavour to 
shew how a problem should not, as well as how it should, be 

attacked. 

Ex. 10. Given any three planes, and the direction of the vector 
perpendicular to a fourth, to find its length so thai they may meet 
in one point. 

Let Sap = a, Sj3p = h, Syp = c be the three, and let 8 be the 
vector perpendicular to the new plane. Then, if its equation be 

SSp = d. 
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■we must find the value of d that these four equations may all be 
satisfied by one value of p. 

Formula (14) gives 

pS . aPy = VajSSyp + V/SySap + VyaS^p 
= cVa.p + aVPy + hVya, 
by the equations of the first three. Operate by aS . 8, and use the 
fourth equation, and we have the required value 

dS .aPy = aS . Pyh+hS .ya.h + cS .aP^. 

Ex. 11. The sum of the (vector) areas of the faces of any 
tetrahedron, and therefore of any polyhedron, is zero. 

Take one corner as origin, and let a, (3, y be the vectors of 
the other three. Then the vector areas of the three faces meeting 
in the origin are 

2 ^"^A 2 ^^'^' 2 ^■^"' J'^^^Pe^tively. 

That of the fourth may be expressed in any of the forms 

lF(y-a)(^-a), lF(a -^)(y -/3), gr(^-y)(a - y). 

But all of these have the common value 

-^V{yl3 + l3a + ay), 

which is obviously the sum of the three other vector-areas taken 
negatively. Hence the proposition, which is an elementary one in 
Hydrostatics. 

Now any polyhedron may be cut up by planes into tetrahedra, 
and the faces exposed by such treatment have vector-areas equal 
and opposite in sign. Hence the extension. 

Ex. 13. If the pressure he uniform, throughout a fluid mass, 
an immersed tetrahedron {and therefore any polyhedron) experiences 
no couple tending to make it rotate. 

This is supplementary to the last example. The pressures on 
the faces are fully expressed by the vector-areas above given, and 
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their points of application are the centres of inertia of the areas 
of the faces. The co-ordinates of these points are 

l(a+/3), l(/3 + y), i(y + a), | (a + ^ + 7), 

and the sum of the couples is 

^r.{Val3.(a + l3) + V/Sy • (/3 + y) + Fya . (y + a) 

+ r{yP + I3a + ay) . (a + /3 + y)} 

= -| F(ray3 . y + F/3y . a + Fya . ;8) = 0, 

by applying formula (9). 

Ex. 13. What are the conditions that the three planes 
Sap = a, SjSp = b, Syp = c, 
shall intersect in a straight line ? 

There are many ways of attacking such a question, so we will 
give a few for practice. 

(a) pS . aPy = VofjSyp + V^ySap + YyaSPp 

= cVa/i + aV/iy.+ bVya 

by the given equations. But this gives a single definite value 
of p unless both sides vanish, so that the conditions are 

S.a/3y=0, 

and c Fa/3 + a Yjiy + b Fya = 0, 

which indiiJcs the preceding. 

(b) S {la - mfS) p = al- bni 

is the equation of any plane passing through the intersection of 
the first two given planes. Hence, if the three intersect in a 
straight line there must be values of I, m such that 

la — mfi = y, 

la — mb = c. 

The first of these gives, as before, 

-S . aj8y = 0, 
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and it also gives 

Fya = m Fa/3, V/Sy^-l Vafi, 

60 that if we multiply the second by Va^, 

laVaP-mbVa.p = cVali 

becomes - a F/3y - 6 Yya = c Va/S ; 

the second condition of (a). 

(c) Again, suppose p to be given by the first two in the form 
p = pa + qP + x Ya-P, 
■We find a =pa.^ + qSaj3, because SaVafi = 0, 

l=pSal3 + gj3'; 



therefore 



Sap, y8^ 



= a 


a, Sa/S 


+ ^ 


2 

a , a 




b, 13' 




5ct/3, 6 



+ x7ap, 



SO that the third equation gives, operating hj S . y, 



a% ^^a^ 


= Say 


a. Sap 


+ SPy 


a" , a 


Sap, /3^ 




h, P' 




Sap, h 



+ xS . aPy. 



Kow a determinate value of x would mean intersection in one 
point only j so, as before, 

S.aPy=Q, 
C {a'P' - S'aP) = a (P'Say - SapSPy) - h {SapSay - a'SPy). 

The latter may be written 

S.a[c {aP' - pSaP) - a (y/3= - pSPy) - b {aSPy - ySaP)] --. 0. 

Now >S' . a (a/3-° - pSaP) = Sa{p. Pa- pSpa) 

= S.a(pVpa) 

= -S.a{praP) = ~S{apraP}. 
Similarly, S . a (yP' - pSPy) = S (a/3 VPy), 

and ,S' . a {aSPy - ySaP) = S.a{r.p Fya), (formula 8), 

= ,S'(a;8Fya). 
The equation now becomes 

S. ap (cVap + aVPy + 6Fya) = 0. 
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ISTow since S . a/?y = 0, a, (3, y are vectors in tlie same plane; 
therefore y maj be written Tna + m/3, 

and c Vaji + a Vfiy + h Vya 

assumes the form e Vaj3, which, unless e = 0, gives 

S{a^Val3) = 0, 

or Vafi is in the same plane with m, /3; but it is also perpendicular 
to the plane, which is absurd ; therefore e = 0, or 

cFa/3 + flr/3y + 6Fya=0; 

thus the third and prolix method leads to the same conclusion as 
the first. 

Ex. 14. Find the surface traced out hy a straight line which 
remains always perpendicular to a given line ivhile intersecting 
each of two fixed lines. 

Let the equations of the fixed lines be 

Then if p be the vector of the new line in any position, 

p = vi + y {■nj^ — zb) 

^{l-y){a. + xP)+y{a^ + X,P,). 

This is not, as yet, the equation required. For it involves 
essentially three independent constants, x, x^, y ; and may there- 
fore in general be made to represent any point whatever of 
infinite space. The reader may easily see this if he reflects that 
two lilies which are not parallel must appear, from every point of 
space, to intersect one another. We have still to introduce the 
condition that the new line is perpendicular to a fixed vector, 
y suppose, which gives 

S.y{vi^--m) = Q = S.y [(a, - a) + x^p^ - xji]. 

This gives x^ in terms of x, so that there are now but two 
indeterminates in the equation for p, which therefore represents 
a surface, which, it is not difficult to see, is one of the second 
order. 
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Ex. 15. Find the condition that the equation 
S . pfjjp = 1 
may represent a surface of revolution. 

The expression (j)p here stands for something more general than 
that employed in Chap. VIII. above, in fact it may be written 

4>P = "'S'^iP + PS^,p + ySy.p, 
■where a, u.^, /?, /3, , y, y.^ are any six vectors whatever. This will 
be more carefully examined in the next chapter. 

If the surface be one of revolution then, since it is central 
and of the second degree, it is obvious that any sphere whose 
centre is at the origin will cut it in two equal circles in planes 
perpendicular to the axis, and that these will be equidistant from 
the origin. Hence, if r be the radius of one of these circles, « the 
vector to its centre, p the vector to any point in its circumference, 
it is evident that we have the following equation, 
Spi,p-l-C{p' + r^) = (Sepr-e\ 
where C and e are constants. This, being an identity, gives 

l-e' + Cr' = •) 

Spcl>p-Cp^={S.pyj- 

The form of these equations shews that C is an absolute con- 
stant, while r and e are related to one another by the first ; and 
the second gives 

<f)p = Cp + eSep. 
This shews simply that JS . eprfip = 0, 

i. e. e, p, and <f>p are coplanar, i. e. all the normals pass through a 
given straight line ; or that the expression 

Vp<j>p, 
whatever be p, expresses always a vector parallel to a particular 
plane. 

Ex. 16. If three mutually perpendicular vectors be drawn 
from a point to a plane, the sum of the reciprocals of the squares 
of their lengths is independent of their directions. 
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Let Sep = 1 

be the equation of the plane, and let u, (3, y be any set of 
mutually perpendicular unit-vectors. Then, if xa, y^, zy be 
points in the plane, we have 

xSa.e.= l, ySji(.= \, zSyi = \, 



a P y 

,-- + -+-• 

Taking the tensor, we have 



whence - e = aSa^ + jiS/Be + ySye (63. 2) : 

X y z 



X- 2/ « 

Ex. 17. Find the equation of the straight line which meets, 
at right angles, two given straight lines. 

Let cr = a + ajjS, m = a^+ a3,yS, , 

be the two lines ; then the equation of the required line must he 
of the form 

and nothing is undetermined but a^. 

Since the first and third equations denote lines having one 
point in common, we have 

Similarly S.p^ 7/3/3^ (a, - a,) = 0. 

Let a^ = y/3 + y^/3^ 

(it is obviously superfluous to add a term in FyS/JJ, then 

s.ai3ri3/3,=y,rrpp„ 

S..fiJ!3l3, = -yrYI3p,, 
and, finally, 

Ex. 18. IfTp=Ta = T^=^l, and S.a^p^ 0, shew that 

S.U{p-a)U{p-j3)^ ^\{\-SaP). 
Interpret this theorem geometrically. 
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We have, from tlie given equations, the following, whicli are 
equivalent to tliem, 

Hence -x'-i/ +2xi/Sal3 =-1, 

(a;-l)a + 2//3 






J{x-lf-2{xy-y)Sap + '!f' 
xa + (y-l)^ 



^ j^^Y{^- x)Sa.^ + {y-\ y ' 

S.U{p-a)U{p-l3) 

-x{x-l) + [x7 j + { x -l)(y- 1) ] Sa li-y{y-l) 

~ Jx^+ y^-ix + l-2 {xy - y) Safi Jx' + y'-2y + \-'2 {xy- x) SajS 

X + y-{x + y—l) SaP — 1 
~ J-2-2X + 2ySa^ j2-2y+ 2xSaj3 

{x + y^)_{l-SaP) 
2j{l-x-^j){l- Sal3) +xy{l- (ia/3)'} 

_x+y-l I l-Safi 

~ 2 W l-x-y + xy{\+SaP) 

_ x + y-l I 1 - So.^ 

2 sj \-x-y^\(2xy + 'ii? + y''-V) 

_x+y-l I \-&a^ ~ 

72 N \-%{x + y) + x- + y^ + 2xy 

Of course there are far simpler solutions. Thus, for instance, 
the given equations she-w that p, u, ^ are radii of some unit 
circh. Hence the expression is the cosine of the supplement of 
the angle between two chords of a circle drawn from the same 
point in the circumference. This is obviously half the angle 
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subtended at the centre by radii drawn to tbe otber ends of tlie 
chords. The cosine of this angle is 

-Sal3, 
and therefore the cosine of its half is 



Ex. 19. Find the relative position, at any instant, of two 
points, which are moving lini/ormly in straight lines. 

If a', /8' be their vector velocities, t the time elapsed since 
their vectors were a, P, their relative vector is 

p = a + ta'-l3-ip' 
= (a-^) + <(a'-/3'), 

so that relatively to one another the motion is rectUinear, and 
the vector velocity is 

To find the time at which the mutual distance is least. 

Here we may write 

p = y + tB, 
Tp"- = -y--2tSyS-t'h' 

As the last term is positive, this is least when it vanishes, 
Le. when 

This gives P = 7 ^ S/SyS"' 

= yVS-\, 

the vector perpendicular drawn to the relative path ; as is, of 
course, self-evident. 

Ex. 20. Find the locus of a given point in a line of given 
length, when the extremities of the line move in circles in one plane. 
(Watt's Parallel Motion.) 



.mi.y^^B^f^^'M^ 
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Let cr and t be the vectors of the ends of the line, drawn 
from the centres a, /3 of the circles. Then if p be the vector of 
the required point 

p = (a + cr)(l-e)+e(^ + T), 

subject to the conditions 

SycT = 0, Syr = 0, 

From these equations o- and t must be eliminated. We leave 
the -work to the reader. There is obviously an equation of con- 
dition 

S.y(P-a) = 0. 

Ex. 21. Classify the curves represented hy an equation of 
the form 

a + xfi + x'y 
a + bx + caf 

where a, yS, y are given vectors, and a, b, c given scalars. 

In the first place we remark that x^ in the numerator merely 
adds a constant vector to the value of p, unless c = 0. 

Thus, if c do not vanish, the equation may be written, with 
a change of a and ;8 and in general a change of origin, 

a + xR 

P = 1 — — 2 ' 

a + bx + ex 

and this again, by change of x and of a and ji, as 

a + xP 
a + cx'' 

It is obvious that this represents a plane curve. 

. , Sap _a? + xSa/3 

'8fp^ Sa^+Xp'' 
T. Q. 12 



178 QUATERNIONS. L^MAl-. lA. 

Hence both numerator and denominator of x are of the first 
degree in Sap, S/3p ; and therefore 

„ a' + xSa^ 

bap = 5— 

a + ex 

gives an equation of the third degree in p by the elimination of x. 
When we have *S'ay8 = 0, 



uap 


a + C3? 


spp- 


x^ 


a + cx^ 


X. 


y-Blip 



whence — ^^Sap'- 

4 

and a (Sap)- + c -^ (SppY = a^Sap, 

a conic section. 

If c = 0, then with a change of x, a, (3, y, the equation may be 
written 

9 = 1 + 1^ + ^7, 

a hyperbola — so long at least as 6 does not also vanish. 

If 6 and c both vanish, the equation is obviously that of a 
parabola. 

If a and 6 b6th vanish, whilst c has a real value, we have 
again a parabola. 

If a vanish while h and c have real values, we have again 
a hyperbola. 

Ex. 22. Find the locus of a point at which a given finite 
straight line subtends a given angle. 
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Take the middle point of the line as origin, and let ± a be the 
vectors of its ends. At p it subtends an angle whose cosine is • 

-SU{p-a)U{p + a). 

This, equated to a constant, gives the locus required. We 
may write the equation 

a'-p' = cT{p-a)T{p + a). 

This is, obviously, a surface of the fourth order; a ring or 
tore formed by the rotation of a circle about a chord. When 
c = 0, i. e. when the angle is a right angle, the two sheets of this 
surface close iip into the sphere 

2 2 

p = a . 

A plane section (in the plane a, fi (suppose) where Tj3 = Ta 
and Saj3 - 0) gives 

p=xa + yp, 

{a' (1 - x^ - fay = c^ {{x -iy + f}{{x+lY+ y'} a^ 

or {1 - {x' + f)Y = (^ {{oo' + f+ ly - ix'h 

or, finally, 1 - (x^ + f) = ± -0= , 

which, of course, denotes two equal circles intersecting at the 
ends of the fixed line. 

Ex. 23. A ray of light falls on a thin reflecting cylinder, shew 
that it is spread over a right cone. 

Let a be the ray, t a normal to the cylinder, p a reflected ray, 
fi the axis of the cylinder. 

Then t is perpendicular to P, or 

SPt = (1). 

Again p and u, make equal angles with t, on opposite sides of 
it, in one plane ; therefore 

pIlTttT 

or F.TaTp = (2). 

12—2 
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Eliminating t between (1) and (2) we have 

a' KSapJ 
the equation of the right cone of which yS is the axis, and a a side. 



Additional Examples to Chap. IX. 

1. Prove that S . {a + P) {/S + y} {y + a) = 2S . a(3y. 

2. ,5' . Va/S VI3y7ya = - {SoL^yY. 

3. S.riVali FySy) F ( Vjiy Fya) F ( VyaVa/S) = -{S. a/3y)'. 

4. S{V^y Vya) = y'SajS - S/SySyo. 

5. a^liy = {Vafiyy-{Sal3yy 

6. = a^ {S^yf + P' (SyaY + y' (Sa/S)' - {Sa^y)' 
- 2Sal3S^ySya. 

7. S{yr.al3y) = fSaj3. 

8. [afiyY = a'^V + 2aPyS . aySy. 

9. S{ VaPy rPya VyajS) = ASa(3Sf3ySyaS . a^gy. 

10. The expression 

Vaj3 FyS + Fay FS/3 + FaS F;8y 
denotes a vector. What vector 1 

(Tait's Quaternions. Miscellaneous Ex. 1.) 

1 1 . SapS . j8y8 - SjSpS . ySa + SypS . 8a/3 - ShpS . aj8y = 0. 

12. {apyY = 2a=/3V' + a^ {PyY + ^" («r)'+ f i'^Pf- ^o.ySapSj3y. 

(Hamilton, Elements, p. 316.) 
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13. With the notation of the Note, Art. 69. 5, we shall 
have 

DABC = OABC- OBGD + OGDA - ODAB. 

14. When A, B, C, D are in the same plane, 

a.BCD-p.CDA + y.DAB~h.ABG = 0, 
where BOD, &c. are the areas of the triangles. 

15. SF. a/3y + aV. ^SyS + j8F. ySa + yV . Sa^ = 4^5^. OjSyS. 

16. FajS VyS + VPy FSa + FyS Fa/3 + F8a F;3y is a scalar. What 
is its geometrical meaning 1 

17. Find the equation of the sphere circumscribing a given 
tetrahedron. 

18. A straight line intersects a fixed line at right angles, and 
turns uniformly about it while it slides uniformly along it. Find 
the equation of the surface described (1) when,-the fixed line is 
straight, (2) when it is circular. 



CHAPTER X. 

VECTOR EQUATIONS OF THE FIRST DEGREE. 

With the object of giving the student an idea of one of the 
physical applications of Quaternions, we will treat the solution of 
linear and vector equations from an elementary kinematical point 
of view. For this purpose we choose the problem of the de- 
formation of a solid or fluid body, when all its parts are similarly 
and equally deformed. 

Def. Homogeneous Strain is such that portions of a body, 
originally equal, similar, and similarly placed, remain after the 
strain equal, similar, and similarly placed. 

Thus straight lines remain straight lines, parallel lines remain 
parallel, equal parallel lines remain equal, planes remain planes, 
parallel planes remain parallel, and equal areas on parallel planes 
remain equal. Also the volumes of all portions of the body are 
increased or diminished in the same proportion, as is easily seen by 
supposing the body originally divided into small equal cubes by 
series of planes perpendicular to each other. After the strain, 
these cubes are all changed into similar, similarly placed, and 
equal parallelepipeds. 

It is thus obvious that a homogeneous strain is entirely deter- 
mined if we know into what vectors three given (non-coplanar) 
vectors are changed by it. Thus if n, §, y become a, (3', y 
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respectively: any other vector, wMcli may of course be expressed as 

is ctanged to 

No needful generality is lost, wMle much simplification is 
gained, by taking a, /8, y as unit vectors at right angles to one 
another. This is, in fact, the method already spoken of, i. e. the 
imaginary division of the body into small equal cubes, by three 
mutually perpendicular series of equidistant planes. We thus 
have 

p = - (aSap + pSj3p + ySyp), 

p' = - {a'Sap + li'S^p + y'Syp). 

Comparing these expressions we see that Homogeneous Strain 
alters a vector into a definite linear and vector function of its 
original value. 

In abbreviated notation, we may write (as in Art. 63, though 
our symbol, as will soon be seen, is more general than that there 
employed) 

(l>p = - (a'Sap + j3'SI3p + y'Syp), 
where <p itself depends upon nine independent constants involved 
in the three equations 

<^a = a' 1 
cl>l3 = /3'[. 

(jiy=y'] 

For a', (3', y may of course be expressed in terms of a, p, y : 
and, as they are quite independent of one another, the nine co- 
efficients in the following equations may have absolutely any 
values whatever ; 

<l>a = a = Aa+ cj3 + b'y I 

4,p-^P' = c'a+Bp + ay \ (4 

</,y = y' = Sa + a'/3 + (7y) 
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In discussing the particular form of <^ wHch occurs in the 
treatment of central surfaces of the second order we found. Art. 44, 
that it possessed the property 

S . arcfip = S . p<J3(r (b), 

whatever vectors are represented by p and a-. Eemembering that 
a, y8, y form a rectangular unit system, we find from (a) 

S.ai>l3 = -c'j ' 

with other similar pairs ; so that our new value of <j> satisfies (6) 
if, and only if, we have in (a) 

a = a'\ 

b=b'l (c). 

c = c'J 
The physical meaning of this condition, as will be seen im- 
mediately, is that the distortion expressed by 4> takes place without 
rotation. In this case the nine constants are reduced to six. 

But, although (b) is not generally true, we have 

S . <Ti^p = — (Sa'crSap + Sft'crSftp + Sy'crSyp) 
= — S . p (aSa'a + /iSft'a- + ySy'a), 

where the expression in brackets is a linear and vector function 
of cr, depending upon the same nine scalars as those in <^ ; and 
which we may therefore express by <(>', so that 

^'a = ~{aSa'a- + pSP'a- + ySy'<r) (d). 

And with this we have obviously 

S . <J<^p = S . p<^'(T (e), 

which is the general relation, of which (6) is a mere particular 
case. 

By putting a, (3, y in succession for cr in (c?) and referring to 
(a) we have 

^'a = Aa + c /3 + by 1 

S(.'/S= ca + £l3 + a'y\ (/). 

<j)'y = b'a + a^ + Cy' 
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Comparing (/) with (a) we see that 

whatever be p, provided the conditions (c) be fulfilled. This agrees 
with the result already obtained. 

Either of the functions <^ and <f)', thus defined together, is 
called the Conjugate of the other : and when they are equal (i. e. 
when (c) is satisfied) <f> is called a Self-Conjugate function. As we 
employed it in Chap. VI, <^ was self-conjugate ; and, even had it 
not been so, it was involved (as we shall presently see) in such a 
manner that its non-conjugate part was necessarily absent. 

We may now write, as before, 

<j>p = — (a Sap + P'SjSp + y'Syp), 
and, by (d), 

<ft'p = — {aSa'p + PSI3'p + ySy p). 

From these we have by subtraction, 
(i^ — <ji') p = <f>p — 4>'p = aSa'p — a'Sap + ^Sfi'p — fi'Sftp + ySy'p — y'Syp 
= V . Vaa'p + V. VpP'p + 7 . Vyy'p 

= 2r..p (g); 

if we agree to write 

2€=r{aa' + fil3' + yy') (h). 

We may now express that <j> is self-conjugate by writing 

. = 0, 

the physical interpretation of which equation is of the highest 
importance, as will soon appear. 

If we form by means of (a) the value of e as in (h) we get 

2e = (cy - b'l3) + {aa - c'y) + {b/3 - a a) 

= {a-a')a + {b-b')l3 + {c-c')y, 

which obviously cannot vanish unless (as before) the three con- 
ditions (c) are satisfied. 
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By adding the values of <j>p and <^'p above we olDtain 
((^ + cj>')p = ct>p + cf>'p = - (aSa'p + a'Sap +l3Sp'p +/i'SPp +ySy'p+ySyp) 
- - F (apa' + j3pP + ypy') - p {Saa' + 8/3^' + Syy). 

As we have (by 69. 6) 

V . apa =V . a pa, &c. 
this new function of p is self-conjugate. 

This will easily be seen by putting cf) + 4>' ^ov (f> ia (5) and re- 
membering that (by 69. 17) we have 

S . aapa = S . pa era = S . pacra , (fee, &c. 

Hence we may write 

{<^ + ^')p = 2wp (i), 

where the bar over ^ signifies that it is self-conjugate, and the 
factor 2 is introduced for convenience. 

From (f/) and (i) we have 

4,p = '^p + Vip\ ,.y 

(ji'p = ^p — Vep) 

If instead of (jip in any of the above investigations we write 
{4> + 9) Pi it is oljvious that (f>'p becomes (</>' +g) p : and the only 
change in the coefficients in (a) and (/) is the addition of c/ to 
each of the main series A, B, G. 

We now come to Hamilton's grand proposition with regard to 
linear and vector functions. If ip be such that, in general, the 
vectors 

p, ct>p, (ji'p 

(where (j>^p is an abbreviation for cf> {4>p)) are not in one plane, then 
any fourth vector such as (f>'p (a contraction for <^ ((^(<^p))) can be 
expressed in terms of them as in 31. 5. 

Thus <f)'p = nijj/p - in^<pp + mp (k), 

where m, m^ , «ij are scalars whose values will be found immedi- 
ately. That they are independent of p is obvious, for we may put 
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a, /3, y in succession for p and thus obtain three equations of the 
form 

(ji^a = m^<l>'a — m^cl>a + ma {i), 

from which their values can be found. For by repeated applica- 
tions of {a) we can express (l) in the form 

v/ v \ff 

Aa + BI3 + Cy = 0. 

\// V/ \/f 

This gives ^ = 0, ^=0, C = 0. 

These are three equations connecting m, m„ m^, with the nine 
coefficients in (a). The other two groups of three equations, 
furnished by the other two equations of the form (l), are merely 
consistent with these ; and involve no farther limitations. This 
method, however, is very inferior to one which will shortly be 
given. 

Conversely, if quantities m, w, , m^ can be found which satisfy 
(l), we may reproduce (k) by putting 

p = xa + y^ + zy 

and adding together the three expressions (Z) multiplied by x, y, z 
respectively. For it is obvious from the expression for </> that 

x<f>p = <^ {xp), X<f)^p = ^^ (xp), (fee, 

whatever scalar be represented by x. 

If p, 4>p, and <^'p are in the same plane, then applying the 
strain ^ again we find <^p, <jf>^p, <^^p in one plane; and thus equa- 
tion {h) holds for this case also. And it of course holds if (^p is 
parallel to p, for then <^p and <^'p are also parallel to p. 

We will prove that scalars can be found which satisfy the 
three equations (Z) (equivalent to nine scalar equations, of which, 
however, as we have seen, six depend upon the other three) by 
actually determining their values. 

The volume of the parallelepiped whose three conterminous 
edges are A, /x., r is (31. 1) 

— S . X/xv. 
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After the strain its volume is 

— ;S' . <^X <^/i (jiV, 

. S . c/)X^/U.0V 

so that the ratio — j, —, 

is the same whatever vectors A., /x, v may be ; and depends there- 
fore on the constants of (^ alone. We may therefore assume 

^ = P. j 

V = 4>'p, I 

and by inspection of {Tc) we find 

S . 4>\ 4>ii- 4''" ^ ■ 4'P'i''p4' P _ f \ 

iS . X/xv S . p(j>p(f)'p 

which gives the physical meaning of this constant in (k). As we 
may put if we please 

X = a, I 

»' = y> J 

we see by (a) that 

S.4>a4>Pcl,y 

which is the expression for the ratio in which the volume of each 
portion has been increased. This is unchanged by putting <}>' for 
(j>, for it becomes, by (/), 
m- 

Hence conjugate strains i^roduoe equal changes of volume. 
Recurring to (m) we may -svrite it by (e) as 
S . \<f>' F<^ju,</)v = mS.\ Vixv, 
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from which, as X is absolutely any vector, we have 



or <^ F^'/i</>V = m F/tv 

[In passing we may notice that (w) gives us the complete solution 
of a linear and vector equation such as 

where 8 and <^ are given and o- is to be found. We have in fact 
only to take any two vectors /x. and v which are perpendicular to 
S, and such that 

Vfi-v = 8, 

and we have for the unknown vector 

m 
which can be calculated, as <^ is given.] 

If in (n) we put <j) + g for <j) we must do so for the value of m 
in (m). Calling the latter ifj, we have 

^^ S.{<l>+g)X{<l>+9) iJ.{<j>+g)y 

S . Xd)fx,div + S . ix<j>V(f>\ + S . v(j)X(jifJ. 
= m + g a—\ 

+/ ("). 

andby (»i) {4> + 9) y{i>' + 9) l^{i>' + 9)^ = ^,- ^z"" H 

or Mg = m + fi,g + fi.,g'+9' \..{q). 

{<p + g) [m^-' ViJ.v + g{ rcj>'ij.v + ViJi.<j>'v) + g^ F/tv] = M, V/j-v) 

From the latter of these equations it is obvious that 

V^'fX.V+ VfJ-^'v 

must be a linear and vector function of Vp-v, since all the other 
terms of the equation are such functions. 
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As practice in the use of these functions we will solve a 
problem of a little greater generality. The vectors 

7/iv, Ff^'/xi', and T^w^V 
are not generally coplanar. In terms of these (31. 5), let us 
express (j>VfJ.v. 

Let cf>ViJ.v = x Vfxv + y V<f>'iJ.v + % Vi^^'v. 

Operate Ly S . X, S .^,S.v successively, then 

;S' . /xv^b'X = xS . XfJiv + yS . vX'p.'ix + S'S' . \ii.<\>'v, 
S.ii.v<^'l^ = yS- v/i<^'/i, 
S . fJ-vrfi'v = zS . Vfxt^'v. 
The two last equations give (by 69. 4) 

and therefore the first gives 

.S* . ftv(/>'X + S . vX<^> + S . Xfi(l>'v 
S . A/iv 

= /^o, by (?)• 

Hence, finally, 

<^7^v = /x,F//.v-F<^>v-T>(^V (r). 

Substituting this in (q), and putting "- for T>', which is any 
vector whatever, we have 

(<^ + g) [mcl>-' +g{fx.^-4>)+ g'] <r = {m + fi^g + i^jf + g') <t, 
or, multiplying out, 

{m - g<i>^ + iJij34> - g'cl> + gm<jy-' + g"-^ + g'/j., + g^) o- 

= {m + y-i9 + i^s" +/)"■; 

that is (-^'' + /L<,^<^ + m<^"')o- = /i,cr, 

or (</)'- \i-^<^ + /ii<#> - to) o- = 0. 

Comparing this with (Ti) we see that 

*? . X/X<^V + S . vX<|)fi + S . \>.Vl\>\ 

"^^ = '^== TX^. \ (,), 

S . X<^u<iv + S . ij,ri>V(f>\ + S . v<j>\(^fJ, 

'"' = '^' = ^TKiTv 

and thus the determination is complete. 
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We may write (k), if we please, in the form 

m(j>~^p = nijp - m^<f>p + ^'p (!•'), 

which, gives another, and more direct, solution of the equation 
(above mentioned) 

^cr = 8. 

Physically, the result we have arrived at is the solution of 
the problem, " By adding together scalar multiples of any vector 
of a body, of the corresponding vector of the same strained homo- 
geneously, and of that of the same twice over strained, to repre- 
sent the state of the body which would be produced by supposing 
the strain to be reversed or inverted." 

These properties of the function <^ are sufficient for many 
applications, of which we proceed to give a few. 

I. Homogeneous strain converts an originally spherical por- 
tion of a body into an ellipsoid. 

For if p be a radius of the sphere, o- the vector into which 
it is changed by the strain, we have 

(T=4,p, 

and Tp = C, 

from which we obtain 

2>-V = 0, 
or S.<l>-'(7cjr'<T^-C\ 

or, finally, S . ^4>'-'<j>-'a- = - C\ 

This is the equation of a central surface of the second degree ; 
and, therefore, of course, from the nature of the problem, an 
ellipsoid. 

II. To find the vectors whose direction is unchanged by the 
strain. 

Here <^p must be parallel to p or 

<i>p = gp. 

This gives ^"p = g^p, &c., 
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SO that by (k) we have 

This must have one real root, and may have three. Suppose g^ to 
be a root, then 

<t>P - 9iP = 0, 
and therefore, whatever be A, 

or S . p (</)'X - g^X) = 0. 

Thus it appears that the operator ^' — g^ cuts off from any vector 
X the part which is parallel to the required value of p, and there- 
fore that we have 

p\\JIV.{4,'-g;)X{4>'-gJ,. 

II {m<j>-' - g^ {m^ -</>)+ g^'} t., 

where ^ is absolutely any vector whatever. This may be written as 



4> + 4>'\t 



p1|{^-K-£',) 

<t>' - m ^4 >' + m^4, - m 

The same result may more easily be obtained thus : — 
The expression 

(i^'' - m^<ji' + m^<ji - m) (0 = 0, 
being true for all vectors whatever, may be written 

and it is obvious that each of these factors deprives p of the por- 
tion corresponding to it : i.e. (ji-g^ applied to p cuts off the part 
parallel to the root of 

(^ - ^i) o" = 0, &c., &c. 

so that the operator {(ji-g,) {<t>- 9,) when applied to a vector 
leaves only that part of it which is parallel to a where 
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III. Thus it appears that there is always one vector, and 
that there may be three vectors, whose direction is unchanged by 
the strain. 

Def. Pure, or non-rotational, strain consists in altering the 
lengtlis of three lines at right angles to one another, without altering 
their directions. 

Hence if ^p, = g^p^ 

^Ps = ffBp3 
the strain c^ is pure if, and not unless, p^, p^, p^ form a rectangular 
system. [There is a qualification if two or more of gig^g^ be 
equal.] 

Hence, for a pure strain, we have 

Sp^'f>Pi = g,Spj}^ = 0, 
and Sp^4'p2 = g^Sp,p^ = : 

or Sp^^p^= Sp^<j>p^. 

But we have, generally. 

As we have two other pairs of equations like these, we see 
that ^ = ^ 

when the strain is pure. 

Conversely, if 4' = 4'' 

the three unchanging directions p,, p,, p, are perpendicular to one 
another. 

For, in this case, the roots of 

are real. Let them be such that 

(<^-S'i)Pi = 0] 

{<t>~9.)p, = 0] 
T. Q. 13 
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(because, by hypothesis, the strain is pure) 

for <t>P2 = 92P2 and <k'P2 = ff2P2- 

Hence, except in the particular case of 

. 9l = ff2> 

we must have 

'SpiPs = 0, 
whence the proposition. 

When g^ and g^ are equal, p, and p^ are each perpendicular 
to p , but any vector in their plane satisfies 

^or - g^<T = 0. 

When all three roots are equal, evert/ vector satisfies 
<f)a- - g^a- = 0. 

IV. Thus we see that when the strain is unaccompanied by 
rotation the three values of g are real. [But we must take care 
to notice that the converse does not hold. This will be discussed 
later.] If these values be real and different, there are three vectors 
at right angles to one another which are the only lines in the body 
whose directions remain unchanged. When two are equal, every 
vector parallel to a given plane, and all vectors perpendicular to 
it, are unchanged in direction. When all three are equal no 
vector has its direction changed. 

V. There is, however, a peculiarity to be noticed, which dis- 
tinguishes true physical strain from the results of our mathe- 
matical analysis. When one or more of the values of g has a 
negative sign, we cannot interpret physically the result without 
introducing the idea of a pure strain which shall, as it were, pull 
the parts of an originally spherical portion of the body through 
the centre of the sphere, and so form an ellipsoid by turning a 
part of the body outside in. When two, only, are negative we 
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can represent physically the result by introducing the conception 
of a rotation through two right angles about the third axis. But 
we began by assuming that there is no rotation ! Hence, for the 
case considered, all three roots must be positive. See end of next 
section (VI.). 

VI. This will appear more clearly if we take the case of a 
rigid body, for here we must have, whatever vectors be repre- 
sented by p- and o-, 

Spa=S.<l>p<j>a-j W. 

i. e. the lengths of vectors, and their inclinations to one another, 
are unaltered. In this case, therefore, the strain can be nothing 
but a rotation. It is easy to see that the second of these equa- 
tions includes the first; so that if, for variety, we take <f} as 
represented in equations (a), and write 

p = Xa + yP + ay, 

we have, for all values of the six scalars x, y, %, i, tj, ^ the follow- 
ing identity : 

- {xi +y7i + zl) = S. {xa! + yl3' + zy') (|a' -1- 7]^' + ty) 
= o:'xt + ^"'yn + y"zl 

+ {xr] + 2/1) Sa'l3' + {yt + zri) SjS'y' + («| + xl) Sy'a. 



This necessitates 



/a'=0j ^ '' 



Sal3' = SI3'y' = Sy'i 

i.e. the vectors a', jS', y' form, like a, /3, y, a rectangular unit 
system. And it is evident that any and every such system 
satisfies the given conditions. But the system a, yS', y' must be 
similar to a, (3, y, i. e. if a quadrant of positive rotation round a 
changes ^ to y &c. a quadrant of positive rotation about a! must 
change yS' to y &c. 

When this is not the case, the system a, /3', y is the per- 

13—2 
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version of a, j3, y, i. e. its image in a plane mirror j and the strain 
is impossible from a physical point of view. 

This is easily seen from another point of view. The volume 
of the parallelepiped whose edges are rectangular unit vectors 
a, /3, y is —S. ttySy 

if a positive quadrant of rotation round a brings yS to coincide 
with y &c. But, in the perverted system, the volume has changed 
sign and is expressed by 

S.aPy. 

"VII. It may be interesting to form, for this particular case, 
the equation giving the values of g. We have 
S.{4>+g)<i{<t> + g)/3(<f>+g)y 
^^^0 = JT^ ■ 

S.{a'+ga)(IB'4-gP)(y' + gy) 
S . a/Sy 

= l-gS {afS'y + a'/3y' + a'/3'y) 

- f'S {o-Py + a^'y + a'ySy) + g^' 
Recollecting that u, yS, y ; a, /S', y' are systems of rectangular 
unit vectors, we find that this may be written 

M, = l-{g + g^)S {aa' + /3/3' + yy') + g' 

= {9 + l)[f-ff{l+S {aa' + (3/3' + yy')} + 1]. 

Hence the roots of 
are in this case j first and always, 

which refers to the axis about which the rotation takes place : 
secondly, the roots of 

g'-g{l+S{aa' + /3l3' + yy')} + l = 0. 

Now the roots of this equation are imaginary so long as the 
coefficient of the first power of g lies between the limits * 2. 

Also the values of the several quantities Saa, S/S/S', /Syy' can 
never exceed the limits ± 1. When the system n, /3, y coincides 
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•with a', j8', y', the value of eacli of the scalars is -1, and the 
coefficient of the first power of y is + 2. When two of them are 
equal to + 1 and the third to — 1 we have the coefficient of the first 
power of g = —2. These are the only two cases in which the 
three values of g are all real. 

In the first, all three values oi g are equal to -1, i. e. 

<t>P = P 
for all values of p, and there is no rotation whatever. In the 
second case there is a rotation through two right angles about 
the axis of the — 1 value of g. 

YIII. It is an exceedingly remarkable fact that, however a 
body may be homogeneously strained, there is always at least one 
vector whose direction remains unchanged. The proof is simply 
based on the fact that the strain-function depends on a cubic equa- 
tion (with real coefficients) which must have at least one real root. 

IX. As an illustration of what precedes (though one which 
must be approached cautiously), suppose a body to be strained so 
that three vectors, a", (3", y" (not coplanar, and not necessarily 
at right angles to one another), preserve their direction, becoming 
e^a", e^P", e^y". Then we have 

4,pS . a"l3"y" = eyS. P"y"p + e,l3"S . y"a"p + e^y"S . a" ft" p. 
By the formulae (m, s) we have 
S . <ba"(t>P"<f>y" 

_ S {a!'<i>p"4>y" + P"H'<i'°-" + y"4°-"<l^n 

""'" S.a."P"y" 

so that we have by (k) 

(<^-.,)(<^-e,)(<^-«3)p=0. 

Though the values of g are here all real, we must not rashly 
adopt the conclusions of (iv.), for we must remember that a", j8", y" 
do not, like a, (3, y, necessarily form a rectangular system. 
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In this case we have 

<l>'pS . a"fi"y" = eJlS"y"Sa"p + ejf a" 8/3" p + e^Va" 13" Sy" p. 

So that, by (/t), 
2eS . a"/3"y" = F . (e,a" VI3"y" + e^P" Vy"a" + e,y" Vd'fi") 

= (^^^ySP'y" + e^,li"Sy"a" + ^^^^y" So." fi"). 
This vanishes, or the strain is pure, if either 

1. ,S'a"/3" = &'l3"y" = Sy"a" = 0, 

i.e. if a", /3", y" are rectangular, in which case e,, e^, e^ may have 
any values ; or 

2. 6^ = e^ = e^, in which case 

4>'pS. a"/3"y" = e, { F/3"y",S'a"p + ry"a"6'^"p + Va'[3"Sy"p] 

= e^pS.a"l3"y' by (69. 14), 

so that 

(f)'p=e^p = 4>p 

for every vector : a general uniform dilatation unaccompanied by 
change of direction. 

3. e^ = e^, and a" and /3" both perpendicular to y". 

From what precedes it is evident that for the complete study 
of a strain we must endeavour to distinguish in eaoli case between 
the pure strain and the merely rotational part. If a strain be 
capable of being decomposed into 1st a piire strain, 2nd a rotation, 
it is obvious that the vectors which in the altered state of the 
body become the axes of the sti'ain-ellipsoid (l.) must have been 
originally at right angles to one another. 

The equation of the strain-ellipsoid is 

Sp<l>-'p = -c\ 

and in this it is obvious that (^~^ is self-conjugate, or at least is to 
be treated as such : for a non-conjugate term in ^~^p would be {g) 
of the form Fcp, 

and would therefore not appear in the equation. 
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For the proper treatment of rotations, the following simple 
but excessively important proposition, due to Hamilton, forms the 
best starting-point. 

If qhe any quaternion, the operator q { ) g"' turns the vector, 
quaternion, or body operated on round an axis perpendicular to the 
plane of q and through an angle equal to double that of q. 

For the proof we refer the reader to Hamilton's Lectures, 
§ 282, Elements, § 179 (1), or Tait, § 353. It is obvious that the 
tensor of q may be taken to be unity, i. e. q may be considered as a 
mere versor, because the value of its tensor does not affect that of 
the operator. 

[A very simple but important example of this proposition is 
given by supposing q and r to be both vectors, a and ^ let us say. 
Then 

is the result of turning ^ conically through two right angles about 
a, i. e. if a be the normal to a reflecting surface and ^ the incident 
ray, — ay8a~' is the reflected ray.J 

Now let the strain <^ be effected by (1), a pure strain ot (self- 
conjugate of course) followed by the rotation 5 ( )q'^- We have, 
for all values of p, 

4>P = q{'^p)q'' (v). 

whence </>'p = S {q~^pq). 

The interpretation is that, under the above definition, the con- 
jugate to any strain consists of the reversed rotation, followed by the 
pure strain. 

We may of course put, as in Chap, vi, 

5(0 = e^aSap + e^pSPp + e^ySyp, 

where a, ;8, y form a rectangular system. Hence 

tjyp = e^qaq-^Sap + e^q^q-^S^p + e^qyq-'Syp. 
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Here the axes are parallel to 

qacC\ qj3q-\ qyq-\ 
and we have 

S . qaq-'qPq~' = ;S' . ga/J?"' = Safi = 0, &c. 

So far the matter is nearly self-evident, but we now come to 
the important question of the separation of the pure strain from 
tli£ rotation. By the formulse above we see that 

<f>'(j)p = w-q~^4'Pi 

= ^q-'{q^pq-')q 

so that we have in symbols, for the determination of ■ro^, the 
equation 

That is, as we see at once from the statements above, any 
strain, followed hy its conjugate, gives a pure strain, which is the 
square (or the result of two applications) of the pure part of 
either. 

To solve this equation we employ expressions like {h). <j>'(}) 
being a known function, let us call it «, and form its equation as 
0)" - ni^u/ + m^ia-m =0. 

Here the coefficients are perfectly determinate. 
Also suppose that the corresponding equation in ot is 

where g, g^, g^ are unknown scalars. By the help of the given 
relation ct^ = to, 

we may modify this last equation as follows : 
Sci) - g^w + g^ -g = 0, 

whence ct = ~ — -- : 

9i + '^ 



X.J VECTOR EQUATIONS OF THE FIRST DEGREE. 201 

i. e. S is given definitely in terms of the known function a, as 
soon as tlie quantities g are found. But our given equation 



may now be written 

Vs'i + o'/ 

or 0.' - {g," - 2g^) 0.= + {g^^ - Igg,) ^-g' = Q. 

As this is an equation between o) and constants it must be 
equivalent to that already given : so that, comparing coefficients, 
we have 

from which, by elimination oi g and g^, we have 



\ 2,Jm / 



The solution of the problem is therefore reduced to that of this 
biquadratic equation ; for, when g^ is found, g^ is given linearly 
in terms of it. 

It is to be observed that in the operations above we have not 
been particular as to the arrangement of factors. This is due to 
the fact that any functions of the same operator are commutative 
in their application. 

Having thus found the pure part of the strain we have at once 
the rotation, for {v) gives 

^5-' p = qpq-\ 
or, as it may more expressively be written, 



If instead of (y) we write 

fj>p = li(rpr-') (v'). 
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we assume that the rotation takes place first, and is succeeded by 
the pure strain. This form gives 

<j(,'p=r-'(«p)r, 

and ix^'p ~ "'V' 

whence S is found as above. And then (v') gives 

Thus, to recapitulate, a strain (p is equivalent to the pure 
strain J4''<t' followed by the rotational strain (p — . — , or to the 

rotational strain -. — . <^ followed by the pure strain J4'4>'- 

This leads us, as an example, to find the condition that a given 
strain is rotational only, i. e. that a quaternion q can be found 
such that 

</> = ?( )f'- 
Here we have (f,' = q~^ (^ ')q, 

or </>' = ^"' (w). 

But m(^~^ = m^ - ni,4> + 'jy', 

or m4>' = m, — m,^(j) + ^^\ 

whose conjugate is «i</> = m, ~m^(f>'+(j)'J 

and the elimination of tp' between these two equations gives 

lib 'lie 



1. e, 




- (m? — mm' + 2m^m^) (ft 
-{mm^-2m^-m^')^' 

+ <^^ 
by using the expression for ^' from the cubic in <p. 



(m^m^ — mm^m^ + m^) 

— (m" - m??i/ + im^m^ - m) 4> 

+ (2TOj + m^' — nim^ — m J cft^ 
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Now this last expression can be notliing else than tlie cubic 
in (fi itself, else <f> would have two different sets of constants in the 
form (k), which is absurd, as these constants, from the mode in 
which they are determined, can have but single values. Thus we 
have, by comparing coefficients, 

m/ = 2mj + m/ - mm^ - m^ \ 

TOjTOj = 171" — mm^ + 27ri^m^ — ml . 

mm^ = m^m^ — mm^m^ + m^ ) 

The first gives 

m^ = mm^ , 

by the help of which the second and third each become 

m" -m = 0. 
The value 

m=0 

is to be rejected, as otherwise we should have been working with 
non-existent terms ; and m, as the ratio of the volumes of two 
tetrahedra, is positive, so that finally 

m= 1, 

and the cubic for a rotational strain is, therefore, 

^' - m^<j>^ + m^<j) -1=0, 

or {<f,-l){i.'+{l-m;,i> + l} = 0, 

where m^ is left undetermined. 

By comparison with the result of (vii.) we see that in the 
notation there employed 

m^ = -S{aa' + P^' + yy'). 

The student will perhaps here require to be reminded that 
in the section just referred to we employed the positive sign in 
operators such as 4' + g. In the one case the coefficients in the 
cubic are all positive, in the other they are alternately posi- 
tive and negative. The example we have given is a particularly 
valuable one, as it gives a glimpse of the extent to which the 
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separation of symbols can be safely carried in dealing witli these 
questions. 

Def. a simple shear is a homogeneous strain in ■which all 
planes pjarallel to a fixed plane are displaced in the same direction 
pai-allel to that plane, and therefore through spaces proportional 
to their distances from that plane. 

Let a be normal to the plane, (3 the direction of displacement, 
the former being considered as an unit- vector, and the tensor of 
the latter being the displacement of points at unit distance from 
the plane. 

We obviously have, by the definition, 

ASa/3 = 0. 

Now if p be the vector of any point, drawn from an origin in 
the fixed plane, the distance of the point from the jilane is 

— Sap. 
Hence, if or be the vector of the point after the shear, 

(T = (jip = p — /3Sap. 
This gives 

which may be written as 

= p-Tj3.aS. Uj3p, 

so that the conjugate of a simple shear is another simple shear 
equal to the former. But the direction of displacement in each 
shear is perpendicular to the unaltered planes in the other. 

The equation for <^ is easily found (by calculating m, m^, m 
from (m), (s)) to be 

Putting <fi'<f> = xj/, we easily find (with b = T/3) 
Solving by the process lately described, we find 
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If 6 = 2, this gives g^ = 1, and the farther equation 

of which ^j = — 3 is a root, so that 

^,= -2^,-7=^0, 
and g^ = l^2j2. 

We leave to the student the selection (by trial) of the proper 
root, and the formation of the complete expressions for the pure 
and rotational parts of the strain in this simple and yet very 
interesting case. 

As a simple example of the case in which two of the roots of 
the cubic are unreal, take the vector function when the strain is 
equivalent to a rotation d about the unit vector a ; the others of 
the rectangular system being j3, y. 

Here we have, obviously, 

<j>a. = a, 

^y8 = /3 cos + y sin 0, 

<^y = y cos 6-/3 sin 6, 
whence at once 

- 4'P = o^a-p + {^cos6 + y sin 6) S^p + (y cos 6 - fi sin 6) Syp 

= (1 - cos 6) aSap —pcoaO- Vap sin 0. 

Forming the quantities m, m^, m^ as usual, we have 
^=- (1 + 2 cos 6) <^= + (1 + 2 cos 61) <;!> - 1 = 0, 
or (<^-l)(^=-2cos0<^ + l) = O, 

or {(j> -l){<t>- cos e - J^ sin 6) (^ - cos 5 + J^ sin $) = 0. 

Now 

- (^ — 1) p = (1 - cos 6) (aSap + p) - sin 6 Vap, 

- {<!> — cos 6 — J- 1 sin 6) p = (1 - cos 6) aSap + sin 6 (p J- 1 - Vap), 

- (<^ - cos + J- 1 sin 6) p = (1 - cos 6) aSap - sin 6 (p ^-1 + Vap). 



206 QUATEENIONS. L^HAP. 

To detect the components whicli are destroyed by each of these 
factors separately, we have, by (li.), for (</>-!), the vector 

(<^'- 2 cos e <^ + 1) p = - 2aSap (1 - cos 6) ; 
so that (<^ — 1) a = 0, 

which is, of course, true. Again 

(<^-l)(<^-- cos 61-7^ sin e)p = -sin6l(l-e-«V^)(7^a + l)Fap, 
which we leave to the student to verify. The imaginary directions 
which correspond to the unreal roots are thus, in this case, parallel 
to the Bivectors 

Here, however, we reach notions which, though by no means 
diiScult, cannot well be called elementary. 

A very curious case, whose special interest however is rather 
mathematical than physical, is presented by the assumptions 

«■' = /S + y, 

P'=y + a, 

for then ^p = {ji + y) Sap + (y + a) Sjip + (a + y8) Syp 

= {a + jB + y)S{a + j3 + y)p- (aSap + l3>SI3p + ySyp) 

= 3S*S'Sp + p, 

where S is a known unit vector. This function is obviously self- 
conjugate. Its cubic is 

which might easily have been seen from the facts that 
1st, <^S = -2S, 
2nd, ^a = a, if SaS = 0. 

The case is but slightly altered when the signs of a', ft', y are 
changed. Then 

(j>p = — SiSSSp — p, 
and the cubic is 
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These are mere particular cases of extension parallel to the single 
axis 8. The general expression for such extension is obviously 

<l>p = p — eSSSp, 

and we have for its cubic 

"We will conclude our treatment of strains by solving the 
following problem : Fitid the conditions which must be satisfied hi/ 
a simple shear which is capable of reducing a given strain to a pure 
strain. 

Let <^ be the given strain, and let the shear be, as above, 

then the resultant strain is 

= <j> + pS.tj>'a. 
Taking the conjugate and siibtraoting, we must have 
0==ij/4,-^'ij,' = 4,-^' + l3S. 4,' a - <j>'aS . 13 
= 2F.£-7. (F<^'a/3), 
so that the requisite conditions are contained in the sole equation 

2e=V<j>'al3. 
This gives (1) S.pe = 0, 

(2) S(l>'a( = = Sa(j>e. 
But (3) Sa^ = (by the conditions of a shear), 

so that xa= V. ^<f>e. 

Again, (4) 2£= = ,S' . <^'a /?£ = >S' . a(^ (/Jc) 

2xe' =:S.p<j>ecj, {I3e) = - mjiV, 

or -ma=2V.p-^<i>€. 

Hence we may assume any vector perpendicular to c for /?, and 
a is immediately determined. 
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When two of the roots of the cubic in <^ are imaginary let us 
suppose the three roots to be 

Let /3 and y be such that 

Then it is obvious that, by changing throughout the sign of 
the imaginary quantity, we have 

These two equations, when expanded, unite in giving by 
equating the real and imaginary parts the values 

H = «=y + «3 ^i ' 

To find the values of a, p, y we must, as before, operate on 
any vector by two of the factors of the cubic. 

As an example, take the very simple case 

(j>p = e Vip. 
Here it is easily seen by (m), (s), that m = 0, m^ = + e", m^ = 0, 
so that (f)' + e-(f) = 0, 

thatis <j> {<j> + e J^) {4> - e J^) = 0. 

As operand take 

p = ix +jy + hz, 

then a\\V{<i> + eJ^){4>-eJ^)p 

\\e7.{4> + ej~l){ky-jz-pj~\) 

• II {-jy -Ti^ + p) 

Again 

P-yJ^\\\4,{4> + eJ^p 

II «^ (% -i« + 7 - ip) 

II -jy - ^« + J'^ {hy -jz) 
Wjy + hz-J-\{jz- %). 
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With a change of sign in the imaginary part, this will repre- 
sent 

so that ^ =jy + hz, 

y =i« - %. 

Thus, as the student will easily find by trial, /? and y form 
with a a rectangular system. Bub for all that the system of 
principal vectors of ^, viz. 

«. ;8±yJ^ 

does not satisfy the conditions of rectangularity. In fact we see 
by the above values of j8 and y that 

It may be well to call the student's attention at this point to 
the fact that the tensors of these imaginary vectors vanish, for 

This gives a simple example of the new and very curious 
modifications which our results undergo when we pass to Bi- 
vectors ; or, more generally, to Biquaternions. 

As a pendant to the last problem we may investigate the 
relation of two vector-functions whose successive application 
produces rotation merely. 

Here ^ = i/^~' 

is such that by {w) 

i.e. x'-y = X'A~'. 
or x'x = >/''"/' = ^^ 

since each of these functions is evidently self-conjugate. This 
shews that the pure parts of the strains ij/ and x ^.re the same, 
which is the sole condition. 

One solution is, obviously, 
T. Q. 14 
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i. e. eacli of tlie two is itself a rotation ; and a new proof that any 
number of successive rotations can be compounded into a single 
one may easily be given from this. 

But we may also suppose either of ij/, X; suppose the latter, 
to be self-conjugate, so that 

x'=x = x. 

or f'/' = x'> 

which leads to previous results. 



Examples to Chapter X. 

1. If a, y8, y be a rectangular unit system 

S. Va4>aVP<l>(3Vy(t>y = -mS. /S4>'-'aS . (3 {<P- 4>')a, 

and therefore vanishes if <^ be self- conjugate. State in words the 
theorem expressed by its vanishing. 

2. With the same supposition find the values of 

2F. Va^a. V!34>I3 and of %S . Va4>o.7P4>p. 
Also of 5 . aSa<^a. 

3. When are two simple shears commutative ? 

4. Expand ^^ _ in powers of 0, and reduce the result to 
three terms by the cubic in </>. 

5. Shew that 4.T. <j>p4>'p = ^LM!^ jr_ , 

A . pcf>pcf>'p ^ '^ 

= m Vpipp. 

6. Why cannot we expand 4>' in terms of <;!>°, <^, <^'? 

7. Express Vpcj^p in terms of p, <^p, <^=p, and from the result 
find the conditions that ^p shall be parallel to p. 
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8. Given the coefficients of the cubic in <^, find those of the 
cubics in <^^, ^', &;c. (j>". 

9. Prove 

<j>V.acl>'a-mr.a,j>'-'a = 0, 

10. If??i= A, b, c shew that Jij = may be written as 



A 


h, 


c 


a, 


B, 


c' 


a', 


b', 


C 



or e'di ""•■•) ni = 0. 

11. Interpret the invariants m^ and m^ in connexion with 
Homogeneous Strain. 

12. The cubics in <jyf and xj/tj) are the same. 

13. Find the unknown strains (j> and )^ from the equations 

^ + X = 'sr, 

1 4. Shew that the value of V (<^axa + <t>PxP + 4>TXy) ^^ ^^^ 
same, whatever rectangular unit system is denoted by a, /3, y. 

15. Fiad a system of simple shears whose successive applica- 
tion results in a pure strain. , 

16. Shew that, if <^ be self conjugate, and ^, ■jj two vectors, 
the two following equations are consequences one of the other ; — 

V _ r. m 

From either of them we obtain the equation : 

14—2 
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17. Shew that in general any self-conjugate linear and vector 
ftmction may be expressed in terms of two given ones, the 
expression involving terms of the second order. 

Shew also that we may write 

where a, h, c, x, y, z are scalars, and -ax, to the given functions. 
What character of generality is necessary in za and w ? How is 
the solution affected by non-self-conjugation in one or both? 

18. Solve the equations : 

(a) r.apl3=r. ayP, 

(b) ap + p^ = y, 

(c) p + apP = a.p, 

(d) apa-' + Pp^-' = ypy-\ 



APPENDIX. 

We have fhought it would be acceptable to many students 
if we should give as an Appendix a brief, and in some cases 
even a detailed, solution of the most important and most difficult 
of the Additional Examples. In doing so, we would add as 
a word of advice, that our solutions be employed simply for the 
purpose of comparison with those which shall occur to the student 
himself. 

Chap. II. 

Ex.4. If AB = a, BC = p, AF = ma, AP' = m'a, £Q=mp, 
&c. ; then 

AI!=AF + xPQ = AP' + x'P'Q' 

gives ma + a; {(1 - m) a + mj8} = m'a + as' {(1 - m') a + m'/3}, 

whence x = m', and PE = m'PQ. 

Ex. 6. ABOD is a quadrUateralj AB = a, AC = P, AD=y, 
AP = ma, BQ = m (/3 — a), &c. 

The condition PQ + RS=0 

gives {\-m) a + m{P — a) + {\ — m){y- P)- my = 0, 

or {l-2m){a-p + y) = 0; 

an equation which is satisfied either when 1 - 2m = 0, or when 
a-yS + y = 0. 

The former solution is Ex. 5; the latter gives ABGD a 
parallelogram. 
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Ex. 10. Let a, I, c be the points in wMoli tlie bisectors of 
the exterior angles at A, B, C meet the opposite sides. Let unit 
vectors along BO, CA, AB be a, p,y; then with the usual nota- 
tion we have 

aa + h(i + cy = Q (1). 

Now Aa = x{IB + y) = ~i/B + y {b/3 + cy) 

he 



gives 



b-c 



and ^a = ^— ^(;8 + y). 



Similarly Bb = (y + a), 

c — a 

be 
therefore Ab = P, (by 1), 

C — Oj 



Ac= -y. 



be 
Ti^b'' 



Hence (b — c) Aa+ {c-a)Ab + {a — b) Ac = 0, 

and also (b — c) + {c — a) + (a-h) = 0, 

therefore (Art. 13) a, b, c are in a straight line. 

CoE. ba : ca :: b — a : c — a. 

Ex. 1'2. If the figure of Ex. 11, Art. 23, be supposed to re- 
present a parallelepiped; then, with the notation of that example, 

the vector from to the middle point of OG is ^ (a 4- /3 + 8), 

which is the same as the vector to the middle point of AF, viz. 

a + J(/3 + 8-a). 
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Ex. 13. "Witli the figure and notation of Art. 31, the former 
part of the enunciation is proved by the equation 

a + j3 + y _ 1 / g + ;8 + y a + j8 fS + y y + aN 
4 "4V 3 "^~3~'^~3~"^~3~/" 

Also, if the edges AB, BO, CA be bisected in c, a, h, the mean 
point of the tetrahedron Oahc is evidently 

4V 2 2 "^ 2 )' 

which proves the latter part of the enunciation. 

Ex. 14. Here we have to do with nothing but the triangles 
on each side of OD. 

HOQ=a, QA=pa, AP = I3, PD = q^; 

TO = xOD^TQ-OQ = yQP-OQ 
1 



x- 



'pq-l' 

Similarly, if OS = a, SB=p'a', BR^/S', RD==q'^'; 
T'0 = x'OD 
1 



gives 



>Y-i- 



But the data are -=—,,» = mq'; hence 

q P 

pq = p'q', and x = x'; 
therefore T' coincides with T. 

Ex. 15. If ^5 = a, AG--=P, MN=pa, PQ = qP, RS=r{fi-a), 
we shall have, by making AO = AP + PO = AR + RO, 

{l-q)a + {\-p)^ = ra + (\-p){P-a); 
therefore p + q + r = % 

Ex. 17. Let^^ = a, RB=j3, AP = ma, AD=pa + qP; then 
PD =pa + q^ — ma, 
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and RS=BP + PS=RQ + QS gives 

(1 + m) a + cc {pa + qp- ma)= (1 + m) P + y {pa + q^- m/3), 

, 1 + m 

whence x = , 

«t 

and ES= (pa + qB) = AD. 



[Or thus : 






1 



^4=(l-m)a; QR = ^{P + \-ma) 



DR=^{P+ \+ma), 
1 



^R=BR-DS 



=i-] 



Chap. III. 

Ex. 5. Let ABCB be the quadrilateral; DA, DB, DC, a, fi, y 
respectively. 

Now I3{y-a)+(y- a) l3 = y{(3-a) + {P-a)y 

+ a{y-p)+{y-p)a. 
Taking scalars, and applying 22. 3, there results, 
S(i{y-a) = Sy{lB-a)+Sa{y-P), 
which is the proposition. 

Ex. 6. If a, 13, y be the vectors OA, OB, 00 corresponding 
to the edges a, b, c ; we have 

r{CA.CB) = r{a-y){l3-y) 
= F(a/3 + /?7+ya) 
= abk + bci + caj, 
the negative square of which is the proposition given. 
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Ex. 7. If Sa {P-y) = Q and Sfi{a-y) = 0, then, by sub- 
traction, will Sy (a — 13) = 0. 

Ex. 8. If a' = {13- yY, I3' = {y- a)^ y' = (a - ^f; then will 

^(^-i)C^-f)=». *«■*-. 

for these are the same equations in another form; and they prove 
that the corresponding vectors are at right angles to one another. 

Ex. 9. If OA, OB, 00, OB are a, P,y,B; 

triangle BAB : BAG :: tetrahedron OBAB : OB AC 

:: Sa^S : -S'ayS 

:: triangle OAB : OAG, 

because the angles which 8 makes with the planes OAB, OAG are 
equal. 



Chap. IV. 

Ex. 1. Let be the middle point of the common perpendi- 
cular to the two given lines ; a, — a, the vectors from to those 
lines, unit vectors along which are 13, y; p the vector to a point 
P in a line QB which joins the given lines; F being such that 
HP = mPQ ; therefore 

p + a-yy = m{a+xl3 — p). 

Now since a is perpendicular to both /8 and y, the equation 
gives (1 +m) Sap = (m — 1) a^ ; a plane. 

Ex. 2. Retaining what is necessary of the notation of the 
last example, let OS = 8. 

If FE perpendicular on y meet j8 in Q, we have 
— a + yy + RF = p, which gives yy' = Syp ; 
RQ = 2a + x^- yy, which gives yy^ = xS^y ; 
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and 5P' = e=-P(2' gives 



-■(•^'l^^-'')'- 



wMcli being of the second degree in p sliews that the locus is a 
surface of the second order. See Chap. VI. 

Ex. 3. The equation of the plane is 
Syp = a, 
•which, being substituted in the equation of the surface, gives 
what is obviously the equation of a circle. 

Ex. 4. With the notation of Ex. 1, let 8, 8' be the perpen- 
diculars on the lines, 

then p+8 = a + x/3 gives F/3S =-Vfi{p -a), 

and the condition given may be written 

.-. r'l3{p-a) = e'r'y{p + a). 
Now (22. 9) 

r'l3{p-a)=-fi'{p~ay + S^/i{p-a), 
whence p' - 2Sap + a" + S'^p = e' {p' + 2Sap + a' + S'yp), 
a surface of the second order. 

Ex. G. Sp {j3 + y) = c, a plane perpendicular to the line which 
bisects the angle which parallels to the given lines drawn through 
make with one another. 

Ex. 7. a, y8 the vectors to the given points A, B, 
Syp = a, SBp = b 
the equations of the planes, y, 8 being unit vectors. 
xy, 3/8 the vector perpendiculars from A on the planes, then 
X = Say —a, y = Sa8 — b, 
.: x + y = Sa{y + h)-{a+b) (1). 
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Hence by the question 

or S{l3-a){y + S)=0 (2). 

Now equation (1) -will give the sum of the perpendiculars on 
the planes from any other point in the line ^ ^ by simply writing 
a + z{j3 — a) in place of a; and from equation (2) this will pro- 
duce no change. 

Ex. 8. If yS' be the vector to C, equation (2) of the last 
example gives 

S{l3-a)(y + S) = 0, S{li' - a) {y + S) = 0. 

Now the sum of the perpendiculars from any other point in 
the plane will be found from equation (1) by writing 

a + e{P-a.) + z' {P'- a) 

in place of a. Hence the proposition. 

Ex. 10. Tait's QuaternioTis, Art. 213. 

Ex. 11. Let a, j8, y, 8 be the vectors OA, OB, 00, OD ; 
then (34. 5, Cor.) 

Z = S.a.fiy.{VaP + VPy + Fya)"' 

dbc (hci + caj + abk) ,, , 

" {aby + (bcy+{cay' ^ '' 

Now 
triangle ABD : triangle ABO 

: : tetrahedron OABD : tetrahedron OABG 
S. a/3S : S. a/3y 
S . abijS : S . abcijk 
{aby : {aby + {bcy+{cay 
:: (triangle ^05)' : (triangle ^5C) I 

(Chap. III., Additional Ex. 6.) 
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Ex. 12. This is merely the equatiou 
with t eliminated by taking the product of Vap, Vjip. (See 55. 3.) 



Chap. Y. 

Ex. 3. Let a, a be the radii of the circles ; a, p the vectors 
from the centre of one of them to that of the other, and to the 
point whose locus is required ; then 

Tp_ T{p-a) ^ 
a a 

Ex. 7. This is the polar reciprocal of Ex. 3, Art. 40. 

Ex. 8. Let ^ be the origin, ^-S = jS, ^C = 7, the vector to 
the centre a : then 

-V{AB.BG.GA) = V.^{y-IS)y 

= 2/3(S'ay - 2y Sa^ from the circle; 
.-. S.aV{AB.BG.CA) = 0. 

Ex. 9. Tait, Art. 222. 

Ex. 10. Tait, Art. 221. 

Ex. 11. Tait, Art. 223. 

Ex. 12. Tait, Art. 232. 

Chap. VI. 

Ex. 1. Let 8 be the vector to the given point, tt the vector to 
the point of bisection of a chord, ji a vector parallel to the chord, 
all measured from the centre ; then 

S = IT + xji, 

Sw<^Z = Sir^7r (48); 



APPENDIX. 221 

from which by making 

T = P + 2 ^» 

we get 'Sp<^p = 7 'S'Si^S, 

an ellipse whose centre is at the point of bisection of the line 
which joins the given point with the centre of the given ellipse. 

Ex. 2. Let 26 be the shortest distance between the given 
lines ; 6 their angle of inclination ; 2a the line of constant length ; 
then as in Ex. 2, Chap. IV., 

2p = x^ + yy; 

the former gives 

x^ + f-'2xyco&e = ^{a'-¥) (1), 

the latter 

ip = {x + y){l^ + y) + {x-y){P-y), 

which, since /8 + y, ^ — y are vectors bisecting the angles between 
the lines and therefore at right angles to one another, is an equa- 
tion of the form of that in Art. 55. 2 ; whilst equation (1) satisfies 
the condition 

{x + yY + m{x-yY = c, 

which is requisite for an ellipse. 

Ex. 3. Let a be a vector semi-diameter, parallel to a chord 
through ; S the vector to : then 

p = S + a;a 

gives ^S<^8 + 2xS^a + x'Sacjia = 1 , 

which, since /Sa^a=l, 

shews that the product of the two values of x is constant ; hence 
the rectangle by the segments of the chord varies as a', which is 
the proposition. 
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Ex. 4. Witli the usual notation, let CE, CE' be semi- 
diameters parallel to DP, D'P, and let tteir vectors be m (a — yS), 
n(a + 13) ; then since P, JD, E, E' are points in the ellipse, 

'm^S{a.-j3)^{a-(i) = l, 

.'. 1rrv'=\. Similarly 2^1^= 1, 7n = n, 

and DP : D'P :: T{a-P) : ^(a + /3) 

: Tm{a-P) : l'H{a + /3) 

CE : CE'. 

Cor. Since m = ~j^, CE : DP :: 1 : J2. 

Ex. 5. Put na, np' in place of a, p in equation (1), Art. 43. 

Ex. 6, 7. With everything as in Ex. 4, CE, CE" being now 
semi-diameters in the direction of diagonals of the parallelogram, 

SCE4>CE' ^ls{a-l3)^{a + (3) 

= 0; 
hence CE, CE' are conjugate. 

Ex. 8. S {a + fi) (ji (a + ^) = 2 gives an ellipse, whose equation 
is 

Sp<jip = 1, where </>' = ^ ; 

hence the diameters of the locus are to those of the given ellipse 
:: J-2 : 1. 

Ex. 9. If 7 be a unit vector to which the lines are parallel, 
p, p' points in which the lines cut the ellipse, 

p = ai + my, p = hj + ny, 

and (Spt^p = 1 gives 



2aSi'f>y + mSy(^y = 



Similarly 2bSj4>y + nSy<f>y 



:l} (•)■ 
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Now Sp<j>p' = an Sitjiy + hmSj^y + mnSy<jiy 

= 0, by equations (1) ; 

.•. p, p are conjugate. 

Cor. The same demonstration applies wlien tlie diameters 
from wliose extremities parallels are dra^vn, are any conjugate 
diameters whatever, i, j being parallel to those diameters. 

Ex. 10. Let OP, OP' be any two semi-diameters, their vec- 
tors being a, a'; PQ the semi-ordinate to OP'} CQ = na! ; then 
^(P$.<^a') = 

gives S (a — no) <^a' = 0, 

Now the area of the triangle QCP is proportional to 

7{CP.0Q), 
i. e. to nYaa or to 

Sa(f>a' . 7a.a , 

which, being symmetrical in a, a', proves the proposition. 

Ex. 11. If the tangent at P' meet OP produced in T, 
OT=ma; 
then, since P'T is perpendicular to ^a', 

;S'(Cr-a')<^a' = 0. 
1 



Sa<pa' ' 

and area FCT is proportional to V{CP'.CT), i.e. to w^^ > 
which is symmetrical in u., a. 

Ex. 12. Let a, yS be the vector semi-diameters of the larger 
ellipse ; the centre ; the centre of the smaller ellipse, whose 
equation is 

Sp^p = c, 



224 QUATERNIONS, 

-y a vector along PQR ; then 



^("-i^-y)<^f-^-y) = c 



a + li a + p 

... «;=_'^jL^)lr. 

Sy4>y 
and since C§ = a + yS + xy, 

SiC'Q<j>y)=0; 
hence PJR is conjugate to GQ, and therefore bisected at Q. 

Ex. 13. This is simply a combination of 49. 2 and 49. 1. 

Chap. VII. 

Ex. 3. The equation of the circle is 
/ ay 9 , 

which by 52. 1 gives 

5 
{a^ — SapY — a^Sap = -ir-- o-*, 

2 

which (52. 11) is the proposition. 

Ex. 5. If be the centre of the circle, Q a point at which it 
meets the tangent at ji ; then, with the notation of 55. 1, 

QO' = {aa+^{p- aa) - zpf = j (p - aa)^ 



i. e. z^-zy + ^-- = 0, 
which gives two equal values of z ; hence the proposition. 
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Ex. 6. With any point as origin, let j3, y be the vectors to 
the two given points, tt the vector to the focus of one of the 
parabolas. Write aa in place of a in equation (1), Art. 52, a 
being a unit vector ; 

then - (P - ■irY = {a + Sa (fi - 7r)Y (1) 

-{y-^y = {a + Sa{y-^)Y, 

whence, by subtraction, 

l3'-Y-2S-n-{l3-y) = -Sa{P-y){2a + Sa{l3-y)-2Sa'r}, 

which gives a by a simple equation in tt ; and then equation (1) 
becomes a quadratic in tt. 

Ex. 8. If two' tangents meet at T, it is easy, as in Ex. 5, 
Art. 55, with the notation available for the focus, to find 

4a 2 ^ 

4o 2 

and S{ST. ST'} = will follow at once, from the fact that 

y'y" + ia'=0. 

Ex. 9. Let F be the point of contact, PQ the chord, TUF the 
line parallel to the axis cutting the curve in .^' ; F the origin ; 

EP=EF + FP = ya + zi^-^^a + {t-t')p\; 
whence 



z 


t 
~ t-t' 


, 2/ = - 


2' 






PF : 


FQ :: 


t : 


t' 






'■'■ 


2 ■ 
TE 


tt' 
'2 

: EF. 



Ex. 10. This is evident from equation (1), Art. 52. 
T. Q. 15 
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Ex. 11. Witli the notation of Art. 52, let 

SQ = xPS = -xp, Ay = - x'AP = X (-- p\, 

. •. x' (a — 2p) = a + 8, 

X {a' - 2Sap) = a'. 

But p, —xp being vectors to the parabola, equation (1), Art. 
52, gives 

x'{a'-Sapy = {a' + xSapy, 

. ■. x (a^ — Sap) =a^ + xSap, 

X (0? - 2(S'ap) = a, 

.'. x = x', 

and the proposition is true (Euc. VI. 2). 

Ex. 14. Tait, Art. 43, Cor. 2. 

Ex. 15. 

CP= at + - gives CT= 2at, 

CQ = 2at + xl3=at'+^, = 2at + ^, 

t Jit 

so that the equation of RQPR is 

whence for B and R' the values of x are 2 and - 1 ; therefore 

CR=Zo.t, CR = l^, 

2 t ' 

QR=at-^^ = PQ='^RR\ 
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Ex. 16. If CE = aa.; a + m/3, a-m/3 vectors parallel to the 
given conjugate diameters, 

CP = aa + x{a + m/3) = at + ~, 

CD =aa + x' {a- mj3)=at'- !^ , 

give t = t'; therefore CP, CD are conjugate. 

Ex. 18. Adopting the figure and notation of Ex. 2 of the 
hyperbola, Art. 55, we have 

CR = 2Xta, Cr = 2X^; 
therefore QR = {X- Y) (to. - ^\ , 

and rQ.QR= (X= - 7') (ta - ^V 

= P0^ since X^-r^=l. 

As an example of combining not merely the forms but the 
results of the Cartesian Geometry with Quaternions, we will add 
one more example. 

If CP, CD; CP, CD he two pairs of conjugate semi-diameters 
of an ellipse, PD' will he parallel to P'D. 

Let CP, CP be denoted, as in Art. 55. 2, by xa + y^, x'a+y'jB 
respectively; then CD, CD' will be represented by 

a 6 - a , h I - 

-^ya + ~^xP, --ya + -xl3, 

with the conditions 

ay + 6V = a'V, aV + 6 V = a'V '. (1 ). 

6 A 



Now vector i)'i' = (a; + -7 2/) "+ (y — ^j^^ 



15—2 
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b 



DP' = (x' + ^ 2/) a + {y' - - x^ /?. 



But equations (1) give, by subtraction, 

a , h , , a , b 

X + -: y : y — x :: x + -rv : y — x 
b^ ^ a b" -^ a 

therefore D'P is a multiple of DP' and consequently parallel to it. 
Cor. PD' -. P'D : : ay' +bx : ay + bx . 

Chap. VIII. 

Ex. 1. With the notation of Additional Ex. 1, Chap. IV., 
the perpendiculars are 

p -a-x(i, p + a- yy, 

so that Sj3p = xji^, Syp = yy^ ; 

and by the question, 

(p - a - r '-^/Spr = e^ (p + a - y-5ypr, 
a surface of the second order in p. 

Ex. 3. The equations Sp^p= 1, S-K<^p = \, with the condition 
■K = x<^p, give 

-^STTfj) V=l, — = 1 respectively, 

therefore Sir(j>~^iT = Tr'', 

whence the Cartesian equation. 

Ex. 4. If a, P, y are the vector radii, 

Sa^^ {.SlUaY (SjUaY (SkUaf 
{Tay-~ a' ^ b' "" ~~c' ' 

&C. = etc. 

Adding and observing that Sa<f)a= 1, &c., there residts 
1 1 1111 



{Tay {TpY [Tyf a^'^ b'^ c'- 
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Ex. 5. As in Ex. 8, Art. 64, 

and if vector OQ^ = ajc^a, the ellipsoid gives 

_ (Siay ^ (SjaY ^ {SkaY 



and, since 

{SiaY + (SipY + {SiyY = a' 
(Ex. 7, Art. 64), the result required is obtained by simply 
adding. 

Ex. 6. Let pk be the vector distance from the origin, of the 
plane parallel to xi/, tt a point in it; then iSk{Tr — pk) = gives 
STrk = const. 

Now Sp4>ir = 1 is the equation of the plane of contact, and if 
zk be the point in which this plane cuts the axis of ^, zSk<j>Tr = 1, 
i.e. zSir<j>k = 1, gives z. 

Now <l>k is a multiple of k, and since aS'tt^ is constant, z is 
constant. 

Ex. 7. The equations of the ellipsoids 

Sp(f>p =1, S{p-a)<}>{p-a) = l, 
give >Sp<^a = const, as the plane of contact. 

Ex. 8. If pa be the vector to the point in the line OA ; the 
equation of its polar plane is Spact>p = 1 ; and the square of the 
reciprocal of the perpendicular from the centre on this plane is 
-p'{<l>aY. Hence the conclusion by Ex. 8, Art. 64. 

Ex. 9. Let p be the vector to P ; a, /8, y vector radii parallel 
to the chords ; then 

p + xa, p + yP, p + zy,r 
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will be the vectors to A, B, G ; and since P, A, B, G are 
points in the ellipsoid 

Sp<f>p = l, 2Sp4>a + x = 0, 2Sp<l>li + y = 0, 
2Spcf>y + z = 0. 
The equation of the plane ABG is (34. 5) 

S.{7r-p) {xyaP + yzPy + zxya) = xyzS . a^y, 
and since a, ft, y are at right angles to one another, 

therefore the equation of the plane ABO becomes 

( 1 y 1 a 1 ^ ")_r, 

which is satisfied by 

7r — p = niifip, 

where 

1 .i.,U.2; 



and therefore Ex. 4 above gives 



o 



111 

— -4- — -4 

2 3,2 „2 

a c 



Chap. IX. 

Ex. 2 and 3. Employ formula 11. 

Ex. 5. Since 

o?!iY = a(iy.yfta, 

formulfe 4 and 6 give the required result. 

Ex. 6. Apply formula 10 to Ex. 5. 

Ex. 8. {aftyY = a/3y . afty = afty {S.afty + V. a/3y) 

= afty{S.al3y + r.yl3a) 
= al3y{y(3a+2S.afty) 
= a'l3Y+2al3yS.a(3y. 
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Ex. 9. Formula 10 gives the vector of the product of three 
vectors a, /?, y, under the form a' - 18' + y where a' = aS^y, &c. 

Hence the required scalar may be written 

S.{a'-p' + y'){a' + P'-y'){-a' + ^ + y'); 

and as the scalar part of this product is that which involves all of 
the three vectors a', jS', y we have exactly as in the demonstra- 
tion of formula 5, 

S(ral3yrPyaryali) 

=s. a', -13', y 

<^> P, -y 

-«; /?', y 

= 4:S.a'^'y'. 

10. The scalar part, by formula 16, is reduced to 
SaSS/Sy - SaySpS - SahS^y + Sa^SyS + SaySPy - SajBSyS, 
which is identically 0. 

The vector part, by formula 12, is 

aS.yBP-pS.y^a + aS.8Py-yS.SI3a + aS.fiyS-SS.I3ya, 
which, by formula 13, reduces to 

2aS. l3yS. 

12. If, for brevity, we denote S . a^Sy, V. a/iy respectively by 
S and V, we have, by formula 7, 

2a.^l3y + a^ (J3yy + j8^ (ay)^ + / (a^)^ - (a^yY 
= 2a/3y . yiSa + /3ya . a/3y + ayjS . /Say + aySy . yafi - {a^yf 

= 2{s+v){-s+v) + {s-r+2aSi3y){s+r) 

+ (_ ^ _ F+ 2aS^y) {-S-r+ 2ySal3) 

+{s+r)(s-r+2ySap)-{s+rY 

= iaySajSSISy. 
The student is recommended to verify a few examples such as 
the above, by putting 

a = i, fi = ai + bj + ck, y = ai + h'j + c'k, 
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with the conditions 

a' + b' + c' = l, a" + b" + c"=l. 

The quaternion equality will then reduce itself to four alge- 
braic equalities, one of which is obvious, and the others are 
p' + r'- a'^ - a^ + 2aa'in = 0, 
pq - m/r + aid + ac- 2ac'm = 0, 
qr + mp + a'b' + ah — lab'm = 0, 
where ■m = aa' + bb' + cc', p = ab' ~ a'b', 

q = be — b'c, r = ca', — c'a. 

Ex. 13. 

S . {a-h) {fi-h){y-h) = S . a^y - S . I3y^ + S . yU- S . SajS. 

Ex. 14. By 31. 8, we have 

a _ S.hPy _ ^ BOB 
'd'T^y"^ ABO' 

therefore the same Article gives 

^a.BGD^p.GI)A^y.nA£^8.A£C = 0; 
and since the scalar of the product of this vector by the vector 
perpendicular to the plane in which A, B, C, D lie gives the right- 
hand side of Ex. 13, we obtain 

a.BCD-^.CDA + y.DAB-h.ABG = 0. 
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LIVT.— BOOK I. By H. M. Stephenson, M.A. 
BOOK V. By Marian Alfokd. [In tU Press. 

SBLBCTIONS FROM BOOKS V. and VI. By W. Cecil Lamino. [In the Press. 
BOOK XXI. Adapted from Mr. Capes's Edition. By J. B. Melhuish, M.A. 
BOOK XXII. By the same. 
THE HANNIBALIAN WAE. Being part of the 2X1. and XXII. BOOKS OP 

LIVY, adapted for Beginners. By GT. C. Macaulay, M.A. 
THE SIBSE OF 8TRA0USB. Being part of the XXIV. and XXV. BOOKS OF 
LIVY, adapted for Beginners. With Exercises. By G. Richards, M. A., and 
Rev. A. S. Walpole, M.A. 
LEGENDS OF ANCIENT ROME. Adapted for Beginners. With Exercises. 
By H. Wilkinson, M.A. 
LU0L4N.— EXTRACTS FROM LUCIAN. With Exercises. By Rev. J. Bond, M. A.. 

and Rev. A. S. Walpole, M.A. 
NEPOS.— SELECTIONS ILLUSTRATIVE OF GREEK AND ROMAN HISTORY. 

With Exercises. By Q. S. Farnell, M.A. 
OVID.— SELECTIONS. By B. S. Shuckbdrgh, M.A. 
EAST SELECTIONS FROM OVID IN ELEGIAC VERSE. With Exercises. By 

H. Wilkinson, M.A. 
STORIES PROM THE METAMORPHOSES. With Exercises. By Rev. J. Bond, 
M.A., and Rev. A. S. Walpole, M.A. 
PH.ffiDRUS.— SELECT FABLES. Adapted for Beginners. Witli Exercises. 

By Rev. A. S. Walpole, M.A. 
TH0OYDIDES.-THE RISE OF THE ATHENIAN EMPIRE. BOOK I. Cjis. 

S9-117 and 228-238. With Exercises. By P. H. Colson, M.A. 
VIRGIL.— SELECTIONS. By E. S. Shuokbcroh, M.A. 
BUCOLICS. By T. E. Page, M.A. 
GEORGICS. BOOK L By the same. 
BOOK II. By Rev. J. H. Skrine, M.A. 
iBNBID. BOOK L By Rev. A. S. Walpole, M.A, 
BOOK II. By T. E. Page, M.A. 
tBOOK IIL By the same. 
BOOK IV. By Rev. H. M. Stephenson, M.A. 
BOOK V. By Rev. A. Calvert, M.A. 
tBOOK VI. By T. E. Page, M.A. 
BOOK VII. By Rev. A. Calvert, M.A. 
BOOK vm. By the same. 
BOOK IX. By Rev. H. M. Stephenson, M. A. 
BOOK X. By S. G. Owen, M.A. 
XENOPHON.— ANABASIS. Selections, adapted for Beginners. With Exercises. 
By W. Welch, M.A., and C. G. Ddffield, M.A. 
BOOK I. With Exercises. By E. A. Wells, M.A. 
BOOK I. By Rev. A. 8. Walpole, M.A. 
BOOK II. By the same. 
BOOK lU. By Rev. G. H. Nall, M.A. 
BOOK IV. By Rev. E. D. Stone, M.A. 

SELECTIONS FROM BOOK IV. With Exercises. By the same. 
SELECTIONS FROM THE CYROP.a!DIA. With Exercises. By A. H. Cooke 
M.A., Fellow and Lecturer of King's College, Cambridge. 
The following contain Introductions and Notes, but no Vocabu- 
lary : — 

CICERO —SELECT LETTERS. By Rev. G. E. Jeans, M.A. 
HERODOTUS.— SELECTIONS FROM BOOKS VII. akd VIIL THE EXPEDI- 
TION OF XERXES. By A. H. Cooke, M.A. 
HORACE.— SELECTIONS FROM THE SATIRES AND EPISTLES. By Rev. W. 
J. V. Baker, M.A. „ . 

SELECT EPODES AND ARS POETICA. By H. A. Dalton, M.A., Assistant 
Master at Winchester. „ „ „ „ . 

PLATO.— BUTHYPHRO AND MENEXBNUS. By C. E. Graves, M.A. 
TERENCE.- SCENES FROM THE ANDRIA. By F. W. Cornish, M.A., Assistant 
Master at Eton. 
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THE GREEK ELEGIAC POETS.— FROM 0A1LINU8 TO CALLIMACHU8. 

Selected by Rev, Herbert Ktnaston, D.D. 
THUOYDroES.— BOOK IV. Chs. 1-41. THE CAPTURE OF SPHACTERIA. By 

C. B. Graves, M.A. 

CLASSICAL SERIES 
FOB COLLEGES AND SCHOOLS. 

Fcap. 8vo. 

.ffiSCHINES.— IN OTESIPHONTA. By Rev. T. Gwatkin, M.A., and E. S. 

Shtjckbuboh, M.A. 58. 
iESCHYLUS.— PBESiE. By A. O. Priokabd, M.A., Fellow and Tutor of New 
College, Oxford. With Map. 2s. 6d. 
SEVEN AGAINST THEBES. SCHOOL EDITION. By A. W. Verball, Litt.D., 
and M. A. Bayfield, M.A. 2s, 6d. 
AiroOCIDES,— DE MTSTBEIIS, By W, J, Hickie, M.A. 2s. 6cl. 
ATTIC ORATORS.— Selections from ANTIPHON, ANDOCIDES, LYSIAS, ISO- 
CRATES, and ISAEUS. By R, 0, Jebb, Litt,D,, Regius Professor of Greek 
in the University of Cambridge, 5s, 
•CfflSAR,— THE GALLIC WAR, By Rev, John Bond, M,A,, and Eev, A. S. 

Waipole, M.A, With Maps. 4s. 6d, 
CATULLUS,— SELECT POEMS, By F, P, Simpson, B, A 3s. 6d. The Text of this 

Edition is carefully expurgated for School use. 
•CICERO.— THE CATILINE ORATIONS. By A. S. WlLKlNS, Litt.D., Professorof 
Latin, Owens College, Manchester. 2s, 6d, 
PRO LEGE MANILIA, By Prof, A, S. WiLKms, Litt.D. 2s. 6d. 
THE SECOND PHILIPPIC ORATION, By John E, B, Mayor, M.A, Professor 

of Latin in the University of Cambridge, 3s. 6d, 
PRO ROSCIO AMERINO. ByB, H, Donkin, M,A 2s, 6d. 
PRO P. SBSTIO. By Rev. H. A. Holden, Litt,D, 3s, 6d. 
SELECT LETTERS, By B, T. Tyrrell, M,A, 4s, 6d, 
DEMOSTHENES.— DE CORONA By B. Drake, M.A. 7th Edition, revised hj 
E. S. SHUCKBtnaGH, M.A. 3s. 6d. 
ADVERSUS LBPTINEM. By Eev. J. R. Kraa, M.A, Fellow and Tutor of Oriel 

College, Oxford. 2s. 6d. 
THE FIRST PHILIPPIC. By Rev. T. Gwatkin, M.A. 2s. 6d. 
IN MIDIAM. By Prof. A. S. Wilkins, Litt.D., and Herman Eager, Ph.D., the 
Owens College, Victoria University, Manchester. [In preparaiwn. 

EURIPIDES.— HIPPOLTTUS. By Rev. J. P. Mahaffy, D.D,, Fellow of Trinity 
College, and Professor of Ancient History in the University of Dublin, and J, 
B, Bury, M,A, Fellow of Trinity College, Dublin, 2s, 6d, 
MEDEA By A, W, Verrall, Litt,D,, Fellow of Trinity College, Cambridge 

2s. 6d. 
IPHIGENIA IN TAURIS. By E. B. England, M.A 8s. 
ION, ByM, A Bayfield, M.A,, Headmaster of Christ's College, Brecon. 2s. 6d. 
BACOHAE, By R, Y. Tyrrell, M,A., Regius Professor of Greek in the University 
of Dublin, [In preparation. 

HERODOTUS,— BOOK III. By G, C, Maoadlay, M.A, 2s. 6(1. 
BOOK V. By J. Steachan, M.A., Professor of Greek, Owens College, Man- 
cheater. [In preparation. 
BOOK VI. By the same. 3s. 6d. 
BOOK VIL By Mi-s. Montagu Butler. 8s. 6d. 
HOMER. — ILIAD, BOOKS I,, IX,, XI,, XVI, -XXIV, THE STORY OF 
ACHILLES, By the late J, H. Pratt, M.A, and Walter Leaf, Litt.D., 
Fellows of Trinity College, Cambridge. 5s. 
ODYSSEY. BOOK IX. By Prof. John E. B, Mayor, 2s, 6d, 
ODYSSEY. BOOKS XXI.-XXIV. THE TRIUMPH OF ODYSSEUS, By S. 
G. Hamilton, M.A., Fellow of Hertford College, Oxford, 2s. 6d. 
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HOBAOE.— "THE ODES. By T. B. Page, M.A., Assistaut Master at the Charter- 
house. 6s. (BOOKS I., II., and IV. separately, 23. each.) 
THE SATIRES. By Arthuk Paimek, M.A., Professor of Latin In the University 

of Dublin. 6s. 
THE EPISTLES AND ARS POETIOA. By Prof. A. S. Wilkins, Litt.D. 6s. 
ISAEOS.— THE ORATIONS. By William Ridgeway, M.A., Professor of Greek, 
Queen's College, Cork. [in preparation. 

JUVENAL.— •THIRTEEN SATIRES. By E. G. Hardy, M.A. 6s. The Text is 
carefully expurgated for School use. 
SELECT SATIRES. By Prof. Jomr E. B. Mayor. X. and XL 3s. 6d. 
XIL-XVL *s. 6d. 
LIVT.— •BOOKS XL and IIL By Eev. H. M. Stephenson, M.A. 3s. 6d. 
•BOOKS XXI. and XXIL By Rev. W. W. Capes, M.A. With Maps. 4s. 6d. 
•BOOKS XXIIL and XXIV. By G. C. Maoaulay, M.A. With Maps. Ss. 6d. 
•THE LAST TWO KINGS OF MACEDON. EXTRACTS FROM THE FOURTH 
AND FIFTH DECADES OF LIVT. By P. H. Rawlius, M.A., Assistant 
Master at Eton. With Maps. 2s. 6d. 
THE SUBJUGATION OFITALY. SELECTIONS FROM THE FIRST DECADE. 
By 6. E. MABlNDllf, M.A. [In preparatim. 

LUCRETIUS.— BOOKS L-IH. By J. H. Waebdrton Lee, M.A., late Assistaut 

Master at Rossall. 3s. 6d. 
LYSIAS.— SELECT ORATIONS. By E. S. Shuokbdbgh, M.A. 6s. 
MARTIAL.— SELECT EPIGRAMS. By Rev. H. M. Stepbehson, M.A. 63. 
•OVID.— FASTL By G. H. Hallam, M.A., Assistant Master at Harrow. 3s. 6d. 
•HBEOIDUM EPISTUL.a! XIIL By E. S. SHnoKBUBOH, M.A. 3s. 6d. 
METAMORPHOSES. BOOKS I.-IIL By C. Simmons, M.A. [In preparation. 
BOOKS XHL and XIV. By the same. 3s. 6d. 
PLATO.— LACHES. By M. T. Tatham, M.A. 2s. 6d. 
THE REPUBLIC. BOOKS I.-V. By T. H. Warren, M.A., President of 
Maedalen College, Oxford. 6s. 
PLAUTIJS.- MILES GLORIOSUS. By R. T. Tyrrell, M.A., Regius Professor of 
Greek in the University of Dublin. 2d Ed., revised. 3s. 6d. 
AMPHITRUO. By Prof. Arthur Palmer, M.A. 3s. 6d. 
CAFTIVI. By A. H. S. Hallidie, M.A. 3s. 6d. 
PUNT.— LETTERS. BOOKS I. and IL By J. Cowan, M.A., Assistant Master 
at the Manchester Grammar School. 33. 
LETTERS. BOOK IIL By Prof. John E. B. Mayor. With Life of Pliny by 
G. H. Rendall, M.A. 8s. 6d. 
PLUTARCH.— LIFE OF THBMISTOKLES. ByBev. H. A. HoLDEN, Litt.D. 3s.6d. 

LIVES OP GALEA AND OTHO. By B. G. Hardy, M.A. 63. 
POLTBIUS.— THE HISTORY OF THE ACH^AN LEAGUE AS CONTAINED IN 

THE REMAINS OP POLTBIUS. By Rev. W. W. Capes, M.A. 6s. 
PEOPERTIUS.— SELECT POEMS. By Prof. J. P. Postgate, Litt.D., Fellow of 

Trinity College, Cambridge. 2d Ed., revised. 6s. 
SAIiLUST.— •CATILINA and JCGURTHA. By C. Merivale, D.D., Dean of Ely. 

3s. 6d. Or separately, 2s. each. 
•BELLUM CATULIN^. By A. M. CooK, M.A., Assistant Master at St. Paul's 

School. 2s. 6d. 
JUGURTHA. By the same. Un preparation. 

TACITUS.— THE ANNALS. BOOKS L and II. By J. S. Reid, Litt.D. [In prep. 
BOOK VL By A. J. Chdroh, M.A., and W. J. Brodribb, M.A. 2s. 
THE HISTORIES. BOOKS L and IL By A. D. Godley, M.A., Fellow of 

Magdalen College, Oxford. 3s. 6d. 
BOOKS III.-V. By the same. 8s. 6d. 

AQRICOLA and GBRMANIA. By A. J. Church, M.A., and W. J. Brodribb, 
M.A 3s. 6d. Or separately, 23. each. 
TERENCE.— HAUTON TIMORUMENOS. By E. S. Shuckburqh, M.A. 2s. 6d. 
With Translation. Ss. 6d. 
PHORMIO. By Rev. John Bond, M. A., and Rev. A. S. Walpole, M.A. 2s. 6d. 
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THUCYDIDES.— BOOK I. By Clkment Brtans, M.A. [In preparatwn. 

BOOK II. By E. 0. Marchant, M.A., Fellow of St. Peter's Coll., Cam. 3s. 6(1. 

BOOK III. By the same. [In preparation. 

BOOK IV. By C. B. Graves, M.A., Classical Lecturer at St. John's College, 
Cambridge. 33- 6d. 

BOOK V. By the same. 3s. 6d. 

BOOKS Vr. AND VII. By Rev. Percivai, Frost, M.A. With Map. 3s. 6d. 

BOOKS VI. AND VII. (separately). By E. C. Marchant, M.A. [In preparation. 

BOOK VIII. By Prof. T. G. Tuoeeb, Litt.D. [In. tM Press. 

TrBULLDS.— SELECT POEMS. By Prof. J. P. Postqate, Litt.D. [In preparaiion. 
VIRGIL.— ^NEID. BOOKS IL and IIL THE NARRATIVE OP .SINEAS. 

By E. W. HowsoN, M.A., Assistant Master at Harrow. 2s. 
XENOPHON.— *THE ANABASIS. BOOKS I.-TV. By Profs. W. W. Goodwm 
and J. W. White. Adapted to Goodwin's Greek Grammar. With Map. 3s. 6d. 

HBLLENIOA. BOOKS L ASD IL By H. Hailstone, B. A. With Map. 2s. 6d. 

CYEOP^DIA. BOOKS VII. AND VIIL By A. Goodwin, M.A., Professor of 
Classics in University College, London. 2s. 6d. 

MEMORABILIA SOCRATIS. By A. R. Clueb, B. A., BalUol College, Oxford. 63. 

HIERO. By Rev. H. A. Holden, Litt.D. 2s. 6d. 

OECONOMICUS. By the same. With Lexicon. 6s. 

CLASSICAL LIBRARY. 
Texts, Edited witli Introductions and Notes, for the use of 
Advanced Students ; Commentaries and Trajislations. 

.ffiSCHYLUS.— THE SUPPLICES. A Revised Text, with Translation. By T. 

G Tucker, Litt.D., Professor of Classical Philology in the University of Mel- 
bourne. 8vo. 10s. 6d. 
THE SEVEN AGAINST THEBES. With Translation. By A. W. Verrall, 

Litt.D., Fellow of Trinity College, Cambridge. 8vo. 7s. 6d. 
AGAMEMNON. With Translation. By A. W. Verrall, Litt.D. 8vo. 123. 
AGAMEMNON, CHOEPHORCB, AND BUMENIDES. By A. 0. Priokard, 

M..A-, Fellow and Tutor of New College, Oxford. 8vo. [In preparation. 

THE BUMENIDES. With Verse Translation. By Bernard Drake, M.A 

Svo. 53. 
ANTONINUS, MARCUS AURELIUS.— BOOK IV. OF THE MEDITATIONS. 

With Translation By Hastings Crosslet, M-A. 8vo. 6s. 
ARISTOPHANES.— THE BIRDS. Translated into English Verse. By B. H. 

Kennedy, D.D. Cr. Svo. 6s. Help Notes to the Same, for the Use of 

Students. Is. 6d. 
SCHOLIA ARI8T0PHANICA ; being such Comments adscript to the text of 

Aristophanes as are preserved in the Codex Ravennas, arranged, emended, and 

translated. By Rev. W. G. Rutherford, M. A., LL.D. Svo. [In the Press. 
ARISTOTLE.— THE METAPHYSICS. BOOK I. Translated by a Cambridge 

Graduate. Svo. 5s. 
THE POLITICS. By R. D. Hicks, M.A., FeUow of Trinity College, Cambridge. 

Svo. [In the Press. 

THE POLITICS- Translated by Rev. J. E. C. Welldon, M.A., Headmaster of 

Harrow. Cr. Svo. 10s. 6d. 
THE RHETORIC. Translated by the same. Cr. Svo. 7s. 6d. 
AN ESTTRODDOTION TO AEISTOTLE'S RHETORIC. With Analysis, Notes, 

and Appendices. By E. M. Cope, FeUow and late Tutor of Trinity College, 

Cambridge. Svo. 14s. 
THE ETHICS- Translated by Rev. J. B. C. Welldon, M.A. Cr. Svo. [In prep. 
THE SOPHISTIOI BLBNCHI. With Translation. By E. Poste, M.A., Fellow 

of Oriel College, Oxford. Svo. 8s. 6d. 
ON THE CONSTITUTION OF ATHENS. By J. E. Sandys, Litt.D. [Ire prep. 
ON THE CONSTITUTION OF ATHENS. Translated by B. Poste, M.A. Cr. 

Svo. 3s. 6d. 
ON THE ART OF POETRY- A Lecture- By A- O- Priokard, M.A-, 

Fellow and Tutor of New College, Oxford. Cr. Svo. 8s. 6d. 
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ATTIC ORATORS.— FROM ANTIPHON TO ISAEOS. By R. 0. Jebb, Lilt.D., 

Begins Professor of Greek in the University of Cambridge. 2 vols. 8vo. 253. 

BABRroS.— With Lexicon. By Rev. W. G. Rutherford, M.A., Hj.D., Head. 

master of Westminster. 8vo. 12s. 6d. 
CICERO.— THE AOADBMICA. By J. S. Reid, Litt.D., Fellow of Gains CoUego, 
Cambridge. 8vo. l&s. 
THE ACADEMICS. Translated by the same. 8vo. 6s. 6J. 
SELECT LETTERS. After the Edition of Albert Watson, M.A. Translated 
by G. B. Jeans, M.A., Fellow of Hertford College, Oxford. Or. 8vo. 10s. 6d. 
EURIPIDES.- MBDEA. By A. W. Verrau., Litt.D. 8vo. 7s. 6d. 
IPHIGENEIA AT AULI8. By E. B. Bholand, M.A. 8vo. Ts. 6d. 
•INTRODUCTION TO THB STUDY OP EURIPIDES. By Professor J. P. 

Mahaftt. Fcap. 8vo. Is. 6d. (Classical Writers.) 
HERODOTUS.— BOOKS L-III. THB ANCIENT EMPIRES OP THB BAST. 
By A. H. Sayce, Deputy-Professor of Comparativw Philology in the University 
of Oxford. 8vo. 16s. 
BOOKS IV.-IX. By R. W. Macak, M.A., Reader in Ancient History in the 
University of Oxford. 8vo. [In preparation. 

THB HISTORY. Translated by G. 0. Macaulay, M.A. 2 vols. Cr. 8vo. 18s. 
HOMER.— THB ILIAD. By Walter Lkaf, Litt.D. Svo. Books I.-XII. Us. 
Books XIIL-XXIV. Ms. 
THB ILIAD. Translated into English Prose by Ani>rew Lang, M.A., Walter 

Leat, Litt.D., and Ernest Myers, M.A. Cr. Svo. 12s. 6d. 
THB ODYSSEY. Done into English by S. H. Butcher, M.A., Professor of 
Greek in the University of Edinburgh, and Andrew Lang, M.A. Cr. Svo. 6s. 
•INTRODUCTION TO THE STUDY OP HOMER. By the Right Hon. W. B. 

Gladstone. ISmo. Is. (Lit&ratwre Primers.) 
HOMERIC DICTIONARY. Translated from the German of Dr. G. Autenrieth 
by R. P. Keep, Ph.D. Illustrated. Cr. Svo. 63. 
HORACE.— Translated by J. Lonsdale, M.A., and S. Lee, M.A. Gl. Svo. Ss. 6d. 
STUDIES, LITERARY AND HISTORICAL, IN THB ODES OP HORACE. 
ByA, W. Yereall, Litt.D. Svo. 8s. 6d. 
JUVENAL.— THIRTEEN SATIRES OP JUVENAL. By John B. B. Mayor, 
M.A., Professor of Latin in the University of Cambridge. Cr. Svo. 2 vols. 
10s. 6d. each. 
THIRTEEN SATIRES. Translated by Alex. Leeper, M.A., LL.D., Warden of 
Trinity College, Melbom-ne. Revised Ed. Cr. Svo. 3s. 6d. 
KTESliS.— THB FRAGMENTS OF THB PBRSIKA OF KTESIAS. By John 

Gilmore, M.A. Svo. 83. 6d. 
LIVY.— BOOKS I.-IV. Translated by Rev. H. M. Stephenson, M.A. [In prep. 
BOOKS XXI.-XXV. Translated by A. J. Choech, M.A., and W. J. Brodribb, 

M.A. Cr. Svo. 7s. 6d. 
•INTRODUCTION TO THB STUDY OP LIVY. By Rev. W. W. Capes, M.A. 
Fcap. Svo. Is. 6d. (.Classical Writers.) 
LONGINUS.— ON THE SUBLIME. Translated by H. L. Havell, B.A. With 

Introduction by Andrew Lang. Cr. Svo. 4s. 6d. 
MARTIAL.- BOOKS I. and IL OP THB EPIGRAMS. By Prof. John B. B. 
Mayor, M.A. Svo. U^ the Press. 

MELEAGER.— FIFTY POEMS OF MBLBAGER. Translated by Walter Head- 
lam, Fcap. 4to. 7s. 6d. 
PADSANIAS.— DESCRIPTION OP GREECE. Translated with Commentary 
by J. G. Frazer, M.A., Fellow of Trinity College, Cambridge. [In prep. 

PHRYNICHUS.— THB NEW PHRYNICHUS ; being a Revised Text of the Bcloga 
of the Grammarian Phrynichug. With Introduction and Commentary by Rev. 
W. G. RtJTHERioRD, M.A., LL.D., Headmaster of Westminster. Svo. ISs. 
PINDAB.— THB EXTANT ODES OF PINDAR. Translated by Ernest Myers, 
M.A. Cr. Svo. 6s. , ^ 

THE OLYMPIAN AND PYTHIAN ODES. Edited, with an Introductory 
Essay, by Basil Gildeesleeve, Professor of Greek in the Johns Hopkins 
University, U.S.A. Cr. Svo. 7s. 6d. 
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THE NEMEAN ODES. By J. B. Bury, M.A., Fellow of Trinity College, 

Dublin. 8vo. 12s. 
THE ISTHMIAN ODES. By the same Editor. 12s. 
PLATO.— PHJ:dO. By E. D. Aboher-Hind, M.A., Fellow of Trinity College, 
Cambridge. 8vo. 8s. 6d. 
PH/EDO. li.v W. D. GEDDE9, IJj.D., Principal of the University of Aberdeen. 

Svo. 8s. ('■''\- 
TIMABU.s Witli Translation. By R. D. Archer-Hind, M. A. 8vo. 16s. 
THE REPUBLIC OF PLATO. Translated by J. Ll. Davies, M.A., and D. J. 
Vaoohan, M.A. 18rnn. 4s. 6d. „„„,,, j ,_„ , 

EUTHYPHBO, APOLOGY, CRITO, AND PH^DO. Translated by F. J. 

Church. 18mo. -s. *'"\. net. 
PHA;DRUS, lysis, and PEOTAGORAS. Translated by J. Wrioht, M.A. 
ISTiiri. 4s. O'i. 
PLADTUS.— THE IMOSTELLARIA. By William Ramsay, M.A. Ed. by Q. G. 

Ra.ms.vy, W. A., Professor of Humanity, Universitj of Glasgow. 8vo. 14s. 
PLDfY.— CORRESPONDENCE WITH TRAJAN. C. Plinii Caecilii Secundl 
Bpistula; ad Traianum Imperatorem cum Biusdem Responsis. By B. G. 
Hardy, M.A. 8vo. 10s. 6d. 
POLYBias.— THE HISTORIES OF POLYBIUS. Translated by E. S. Shuck- 

Bunr.H, M.A 2 vols. Cr. 8vo. 24s. 
SALLDST.— CATILINE AND JUGURTHA. Translated by A. W. Pollard, B.A. 

Cr. 8vo. 6s. THE CATILINE (separately). 3s. 
SOPHOCLES.— CEDIPDS THE KING. Translated into English Verse by B. D. A. 

MORSHEAD, ^I.A., Assistant Mast-^r at Winchester. Fcap. 8vo. 33. 6d. 
TACITUS.— THE ANNALS. By G. O- Holbrooke, M.A., Professor of Latin in 
Trinity Ci.lb'HL-, Hartford, U.S.A. Witli Maps. 8vo. 16s. 
THE ANNALS. Tiauslated by A. J. Church, M.A., and W. J. Brodribb, M.A. 

With Maps. Cr. tvo. 7s. Od. 
THE HISTORIES. By Eev. W. A. Spooner, M.A., FeUow and Tutor of New 

College, Oxford. 8vo. 16s. 
THE HISTORY. Translated Ijv A. J. Church, M.A., and W. J. Brodribb, 

M.A. With Map. Cr. Svo. i'.^. 
THE AGRICOL.\. AND GERMANY, WITH THE DIALOGUE ON ORATORY. 

Translated liy tlie same. With -Maps. Cr. Svo. 4s. Od. 
•INTRODUCTIO.V TO THE STUDY OF TACITU.S. By A. J. Church, M.A., 

and W. J. Brodribb, M.A. Fcap. 8vo. Is. 6d. (Classical Writers.) 
THEOCRITUS, BION, AND MOSCHUS. Translated by A. Lanu, M.A. ISmo. 

4s. Od. Also an Edition on Large Paper. Cr. Svo. 9s. 
THUCYDXDES.— BOOK IV. A Revision of the Text, Illustrating the Principal 
Causes ot Currnption in the Manuscripts of this Author. By Eev. W. G. 
Rutherford, -M.A., LL.D., Head master of Westminster. Svo. 7s. Od. 
r.ijijK VIII. By H. C. UooDHART, M.A., Profes.sor of Latin in ttie University 
of Edinburgh. [-/ft the Fress. 

VIRGIL.— Translated by J. Lonsdale, M.A., and S. Lee, >r.A. Gl. Svo. Ss. 6d. 
THE yENEIH. Translated by J. W. Ma. kail, M.A., Fellow of Balliol College, 
1 'xford. Ci . Svo. Ts. Cd. 
XENOPHON.— Translated l.\' H. G. Dakvns, M.A. In four vols. Cr. Svo. Vol. I. 
" The An.abasis " and "The Hullruua I. and II." 10s. Od. Vol. IL "Hellenica" 
II I. -VII., and the two Polities — " .\llioiiian"and " Laconian," the " Agesilaus," 
and the ll .Id on " Revenues." With Maps and Plans. [Jti the Press. 

GRAMMAR, COMPOSITION, & PHILOLOGY. 
Latin. 
•BELCHER. -SHORT EXERCISES IN LATIN PROSE COMPOSITION AND 
EXAMINA'llON PAPERS IN LATIN GRA51MAR. Part L By Eev. H. 
Belcher, LL.D., Rector of the High School, Dunedin, N.2. ISnio. Is. 6d. 
KEY, for Teachers only. ISnio. 3s. Od. 

*l'art II., On the Svntax of Sentences, with an Appendix, including EXERCISES 
IN LATIN IDIOMS, etc. ISmo. 2s. KEY, for Teachers only. ISmo. 3s. 
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»BRYANS.— LATIN PROSE EXERCISES BASED UPON I'.KSAR'S GALLIC 
WAB. With a Olassiflcation of Cicsar's Chief Plirases aud Grammatical Notes 
on CKssr's Usages. By Clement Bryans, M.A., Assistant Master at Dulwich 
College. Ex. fcap. 8vo. 2s. 6d. KEY, for Teachers only. 4s fid 

COOKSON.— A LATIN SYNTAX. By CniusTOPUEB CooiioN, M.A., Assistant 
Master at St. Paul's School. Svo. [/„ preparation 

CORNELL UNTTERSITY STUDIES IN CLASSIOAl PHILOLO&Y. Edited by 

1. PLAaa, W. G. Haib, aud B. 1. Wheeler. I. The rMf-Ccnstruotions : their 
History and Functions. By W. G. Hale. Part 1. Ciitical. Is. 8d. net. Part 

2. Constructive. Ss. 4d. net. II. Analogy and the Scope of its Application 
in Language. By B. I. Wheeler. Is. 3d. net. 

•EIOKE.— FIRST LESSONS IN LATIN. By K. M. Eioke, B.A., Assistant Master 
at Oundle School. Gl. Svo. 2s. 6d. 

•ENGLAND.— EXERCISES ON LATIN SYNTAX AND IDIOM. ARRANGED 
WITH REFERENCE TO ROBYS SCHOOL LATIN GRAMMAR By K. 
B. England, Assistant Lecturer at the Owens College, Manchester. Cr. Svo. 
2s. 6d. KEY, for Teachers only. 2s. 6d. 

GILES.— A SHORT MA^'UAL OF PHILOLOGY FOR CLASSICAL STUDENTS. 
By P. Giles, M. A., Reader in Comparative Philology in the University of Cam- 
bridge. Cr. Svo. [/„ Oie Press. 

HADLEY.— ESSAYS, PHILOLOGICAL AND CRITICAL. By James Hadlev, 
late Professor in Y"ale College. Svo. 16s. 

HODGSON.— MYTHOLOGY FOR LATIN VERSIFICATION. Fables for render- 
ing into Latin Verse. By F. HoDOSOx, B.D., late Provost of Eton. New Ed., 
revised by F. C. Hodgson, M.A. 18mo. 3s. 

LDPTON.— *AN INTRODUCTION TO LATIN ELEGIAC VERSE COMPOSI- 
TION. By J. H. LuPTON, Sur-Master of St. Paul's School. Gl. Svo. 2s. 6d. 
KEY TO PART II. (XXV.-C.) Gl. Svo. 3s. 6d. 
•AN INTRODUCTION TO LATIN LYRIC VERSE COMPOSITION. By the 
same. 61. Svo. 8s. KEY', for Teachers only. Gl. Svo. 4s. 6d. 

•MACIULLAN.— FIRST LATIN GRAMMAR. By 51. C. Maomillan, M.A. 
Fcap. Svo. Is. 6d. 

MACMTTiT.AN'S LATIN COURSE.— By A. M. Cook, M.A., Assistant Master at 

St. Paul's School. 
•FIRST PART. Gl. Svo. Ss. 6d. 
•SECOND PART. 2s. 6d. [Tlnrd Part in preparation. 

•MAOIDLLAN'S SHORTER LATIN COURSE.— By A. M. Cook, M.A. Abridg- 
ment of " Macmillan's Latin Course," First Part. Gl. Svo. Is. 6d. 
KEY, for Teachers only. 4s. 6d. 

•MACMILLAN'S LATIN READER.— A LATIN READER FOR THE LOWER 
FORMS IN SCHOOLS. By H. J. Hakdt, M.A., Assistant Master at Win- 
chester. Gl. Svo. 2s. 6d. 

NIXON.— PARALLEL EXTRACTS, Arranged for Translation into English and 
lAtin, with Notes on Idioms. By J. E. Nixon, M.A., Fellow and Classical 
Lecturer, King's College, Cambridge. Part I.— Historical and Epistolary. 
Cr. Svo. 3s. 6d. 
PROSE EXTRACTS, Arranged for Translation into English and Latin, with 
General and Special Prefaces on Style and Idiom. By the same. I. Oratorical. 
U. Historical. IIL Philosophical. IV. Anecdotes and Letters. 2d Ed., 
enlarged to 280 pp. Cr. Svo. 4s. 6d. SELECTIONS FROM THE SAME. Ss. 
Translations of about 70 Extracts can be supplied to Schoolmasters (2s. 6d.), 
on application to the Author : and about 40 similarly of "Parallel Extracts." 
Is. Od. post free. 

•PANTIN.— A FIRST LATIN VERSE BOOK. By W. B. P. Pantin, M.A., 
Assistant Master at St. Paul's School. Gl. Svo. Is. 6d. [KEl', in Prep. 

•PEILE.— A PRIMER OF PHILOLOGY. By J. Peile, Litt.D., Master of Christ's 
College, Cambridge. ISmo. Is. 

•POSTGATE.— SERMO LATINUS. A short Guide to Latin Prose Composition. 
By Prof. J. P. Postgate, Litt.D., Fellow of Trinity College, Cambridge. Gl. 
Svo. 2s. 6d. KEY to " Selected Passages." GL 8vo. 3s. 6d. 
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FOTTS.— "HINTS TOWAEDS LATIN PEOSE COMPOSITION. By A. W. PoTlB, 

M.A., LL.D., late Fellow ot St. John's College, Camtridge. Ex. fcap. 8vo. 3s. 

•PASSAGES FOE TRANSLATION INTO LATIN PEOSB. Edited with Notes and 

References to the above. Ex. fcap. 8vo. 2s. 6d. KEY, for Teachers only. 2.S. 6d. 

■PRESTON.— EXEE0ISE8 IN LATIN VBESE OF VAEIOHS KINDS. By Eev. 

G. Preston. G1. 8vo. 2s. 6d. K.BT, for Teachers only. Gl. 8vo. 63. 
REID.— A GRAMMAR OF TACITUS. By J. 8. Eeid, Litt.D., Fellow of Cains 
College, Cambridge. {_In the Press. 

A GRAMMAR OF VIRGIL. By the same. [In preparation. 

ROBY.— Works by H. J. Roby, M.A., late Fellow of St. John's College, Cambridge. 
A GEAMMAE OF THE LATIN LANGUAGE, from Plautus to Suetonius. Part 
I. Sounds, Inflexions, Word-formation, Appendices. Cr. 8vo. 9s. Part IL 
Syntax, Prepositions, etc. 10s. 6d. 
•SCHOOL LATIN GRAMMAR. Cr. 8vo. 5s. 
ROBY and WILKINS. AN ELEMENTARY LATIN GRAMMAR. By H. J. ROBT, 
M.A. and Prof. A. S. Wilkins. [In the Press. 

•RUSH.— SYNTHETIC LATIN DELECTUS. With Notes and Vocabulary. ByB. 

Rush, B.A. Ex. fcap. 8vo. 2s. 6d. 
•RUST.- FIRST STEPS TO LATIN PEOSB COMPOSITION. By Rev. G. Bust, 
M.A. 18mo. Is. 6d. KEY, for Teachers only. ByW. M.Yates. 18mo. 3s. 6d. 
SHUCKBORGH.- PASSAGES FEOM LATIN AUTHORS FOR TEANSLATION 
INTO ENGLISH. Selected with a view to the needs of Candidates for the 
Cambridge Local, and Public Schools' Examinations. By E. S. Shuckburgh, 
M.A. Cr. 8vo. 2s. 
•SIMPSON.- LATIN PEOSE AFTER THE BEST AUTHORS ; Cajsarian Prose. 
By F. P. Simpson, B.A. Ex. fcap. 8vo. 2s. 6d. KEY, for Teachers only. 5s. 
STRACHAN and WILKINS.— ANALECTA. Selected Passages for Translation. 
By J. S. STR4CHAH, M.A., Professor of Greek, and A. S. Wilkins, Litt.D., 
Professor of Latin, Owens CoUege, Manchester. Cr. 8vo. 5s. KEY to Latin 
Passages. Or. 8vo. Sewed, 6d. KEY to Greek Passages. Sewed, (id. 
THEING.— A LATIN GRADUAL. By the Eev. B. Thrino, M.A., late Headiii.iitcr 
of Uppingham. A First Latin Construing Book. Fcap. 8vo. 2s. 6d. 
A MANUAL OP MOOD CONSTRUCTIONS. Fcap. 8vo. Is. 6d. 
•WELCH and DUFFIELD. — LATIN ACCIDENCE AND EXBECISES AR- 
RANGED FOE BEGINNERS. By W. Welch and C. G. Duffield. 18mo. 
Is. 6d. 
WRIGHT. —Works by J. Wright, M. A. , late Headmaster of Sutton Coldfield School. 
A HELP TO LATIN GEAMMAE; or, the Form and Use ot Words in Latin, 

with Progressive Exercises. Cr. 8vo. 4s. 6d. 
THE SEVEN KINGS OF BOMB. An Easy Narrative, abridged from the First 
Book of Livy by the omission of Difficult Passages ; being a First Latin Bead- 
ing Book, with Grammatical Notes and Vocabulary. Fcap. 8vo. Ss. 6d. 
FIRST LATIN STEPS; OK, AN INTRODUCTION BY A SERIES OP 
E.XAMPLBS TO THE STUDY OF THE LATIN LANGUAGE. Cr. 8vo. 3s. 
A COJIPLBTB LATIN COUESB, comprising Rules with Examples, Exercises, 
botli Latin and English, on each Rule, and Vocabularies. Cr. 8vo. 2s. 6d. 

Greek. 

BLAOKIE.— GREEK AND ENGLISH DIALOG LIES FOR USE IN SCHOOLS 

AND COLLEGES. By John Stuart Blackie, Emeritus Professor of Greek 

in the University of Edinburgh. New Edition. Fcap. 8vo. 23. 6d. 

A GEEEK PEIMBE, COLLOQUIAL AND CONSTEUCTIVE. Cr. 8vo. 2s. 6d. 

BRYANS.— GEBBK PEOSE EXBECISES based upon Thuoydides. By C. 

Bryans, M.A. [In preparation. 

GILES.— See under Latin. 

GOODWIN.— Works by W. W. Goodwin, LL.D., D.O.L., Professor of Greek in 
Harvard University. 
SYNTAX OP THE MOODS AND TENSES OF THE GEEEK VEEB. New 

Ed., revised and enlarged. 8vo. 14s. 
*A GREEK GRAMMAR. Cr. 8vo. 6s. 
•A GREEK GEAMMAE FOE SCHOOLS. Cr. 8vo. 3s. 6d. 
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HADLET.— See under Latin. 

HADLEY-AIiEN.-A GREEK GKAMMAR FOR SCHOOLS AND COLLEGES 

By James Hadley, late Professor in Yale Callege. Revised by F. de P Allen 

Professor in Harvard College. Cr. 8vo. 6s. ' 

•JACKSON.-FIRST STEPS TO GREEK PROSE COMPOSITION. By Blomfield 

Jackson, M.A. ISmo. Is. id. KEY, for Teachers only. 18mo. 8s. 6d. 

•SECOND STEPS TO GREEK PROSE COMPOSITION, with Examination 

Papers. By the same. ISmo. 2a. 6d. KEY, for Teachers only. 18mo. 8s. 6d. 

KYNASTON.-EXERCISES IN THE COMPOSITION OP GREEK LiMBIO 

VERSE. By Rev. H. Kynasxon, D.D., Professor of Classics in the University 

of Durham. With Vocabulary. Ex. fcap. 8vo. 5a. KEY, for Teachers only 

Ei. fcap. 8vo. 4s. 6d. 

MAOKEB.— PARALLEL PASSAGES FOR TRANSLATION INTO GREEK 

AND ENGLISH. With Indexes. By Rev. B. C. Maokie, M.A., Classical 

Master at Heversham Grammar School. Gl. Svo. 4s. 6d. 

MAC MTT . T iA K 'S GREEK COURSE.— Edited hy Rev. W. G. Rctuehfobd, M.A., 

LL.D., Headmaster of Westminster. Gl. Svo. 
•FIRST GREEK GRAMMAR— ACCIDENCE. By the Editor, "s 
•FIRST GREEK GRAMMAR— SYNTAX. By the same. Ss 
ACCIDBNCE AND SYNTAX. In one volume. 3s. 6d. 
•EASY EXERCISES IN GREEK ACCIDBNCE. By H. G. Underbill, M.A., 

Assistant Master at St. Paul's Preparatory School. 2s. 
'A SECOND GREEK EXERCISE BOOK. By Rev. W. A. Heard, M.A., 

Headmaster of Fettes College, Edinburgh. 2s. 6d. 
EASY EXERCISES IN GREEK SYNTAX. By Rev. G. H. Nall, M.A., 

Assistant Master at Westminster School. 2s. 6d. 
MANUAL OF GREEK ACCIDENCE. By the Editor. [In preparation. 

MANUAL OF GREEK SYNTAX. By the Editor. [In preparation. 

ELEMENTARY GREEK COMPOSITION. By the Editor. [In preparation. 
•MACMn.T.AN'S GREEK BEADEK.— STORIES AND LEGENDS. A First Greek 
Reader, with Notes, Vocabulary, and Exercises. By F. H. CoiaoN, M.A., 
Headmaster of Plymouth College. Gl. Svo. 33. 
•MARSHALL.- A TABLE OF IRREGULAR GREEK VERBS, classifled according 
to the arrangement of Curtiua's Greek Grammar. By J. M. Marshall, M.A., 
Headmaster of the Grammar School, Durham. Svo. Is. 
MAYOR.— FIRST GREEK READER. By Prof. John B. B. Mayor, M.A., Fellow 

of St. John's College, Cambridge. Fcap. Svo. 4s. 6d. 
MAYOR.— GREEK FOR BEGINNERS. By Rev. J. B. Mayor, M.A., late 
Professor of Classical Literature in King's College, London. Part I., with 
Vocabulary, Is. 6d. Parts II. and III., with Vocabulary and Index. Fcap. 
Svo. 3s. 6d. Complete in one Vol. 43. 6d. 
PEILE.— See under Latin. 

RUTHERFORD.- THE NEW PHRYNICHUS; being a Revised Text of the Eologa 
of the Grammarian Phrynichua. With Introduction and Commentary. By the 
Rev. W. 6. RnTHEEFORD,M.A., LL.D., Headmasterof Westminster. Svo. 183. 

STRACHAN— WILEaOIS.— See under Latin. 

WHITE.— FIRST LESSONS IN GREEK. Adapted to Goodwin's Greek Gram- 
mar, and designed as an introduction to the Anabasis of Xenophon. By 
John Willlams White, Assistant Professor of Greek in Harvard University, 
U.S.A. Cr. Svo. 33. 6d. 

■WRIGHT.- ATTIC PRIMER. Arranged for the Use of Beginners. By J. Wright 
M.A. • Ex. fcap. Svo. 2s. 6d. 

ANTIQUITIES, ANCIENT HISTORY, AND 
PHILOSOPHY. 

ARNOLD.— A HISTORY OF THE EARLY ROMAN EMPIRE. By W. T. Arnold, 
M.A. [In preparation. 
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ARNOLD.— THE SECOND PUNIC WAR. Being Chapters from THE HISTORY 
OF ROME by the late TnoMAa Arnold, D.D., Headmaster ot Eugby. 
Edited, with Notes, by W. T. Abnold, M.A. With 8 Maps. Cr. 8vo. 68. 
•BEESLY.— STORIES FROM THE HISTORY OF BOMB. By Mrs. Beesly. 

Fcap. 8vo. 28. 6d. 
BLACKIE.— HORjE HELLBNIOiE. By John Stoaet Blackie, Emeritus Pro- 
fessor of Greek in the University of Edinburgh. 8vo. 12s. 
BURN.— ROMAN LITERATURE IN RELATION TO ROMAN ART. By Rev. 
Robert Bdrh, M.A., late Fellow of Trinity College, Cambridge. Illustrated. 
Ex. or. 8vo. 14s. 
BDRY.— A HISTORY OP THE LATER ROMAN EMPIRE FROM ARCADIUS 
TO IRENE, A.D. 895-800. By J. B. Bury, M.A., Fellow of Trinity College, 
Dublin. 2 vols, 8vo. 323. 
BDTOHER.— SOME ASPECTS OP THE GREEK GENIUS. By S. H. Butcher, 

M.A., Professor of Greelt, Edinburgh. Cr. 8vo. 7s. Cd. net. 
•CLASSICAL WRITERS.— Edited by John Bichahd Green, M.A., LL.D. Fcap. 
8vo. Is. Gd. each. 
SOPHOCLES. By Prof. L. Campbell, M.A. 
EURIPIDES. By Prof. MAHArrY, D.D. 
DEMOSTHENES. By Prof. 8. H. Butcher, M.A. 
VIRGIL. By Prof Nettleship, M.A. 
LIVY. By Rev. W. W. Capes, M.A. 

TACITUS. By A. J. Church, M.A., and W. J. Bkodhibb, M.A 
MILTON. liv Rev. Stopfoed A. Brooke, M..\. 
DYER— STUDIES OF THE GODS IN GREECE AT CERTAIN SANCTUARIES 
RECENTLY EXCAVATED. By Louis Dyer, B. A. Ex. Cr. 8vo. 8s.6d.net. 
FREEMAN.— HISTORICAL ESSAYS. By Edward A. Freeman, D.C.L., LL.D., 
late Regius Professor of Modem History in the University of Oxford. Second 
Series. [Greek and Roman History.] 8vo. 10s. Cd. 
GARDNER.— SAM03 AND 8AMIAN COINS. An Essay. By Percy Gardner, 

Litt.D., Professor of Archaeology in the University of Oxford. Svo. 7s. 6d. 
GEDDES.— THE PROBLEM OF THE HOMERIC POEMS. By W. D. Geddes, 

Principal of the University of Aberdeen. Svo. 14s. 
GLADSTONE.— Works by the Rt. H.m. W. E. Gladstone, M.P. 
THE TIME AND PLACE OP HOMER. Cr. 8vo. 6s. 6d. 
LANDMARKS OP HOMERIC STUDY. Cr. 8vo. 2s. 6d. 
"A PRIMER OP HOMER. ISmo. Is. 
GOW.— A COMPANION TO SCHOOL CLASSICS. By James Gow, Litt.D., 

Head ]\lLi.ster of the High Si;hool, Nottingham. Illustrated. Cr. Svo. 6s. 
HARRISON and VEERALL.— MYTHOLOGY AND MONUMENTS OF ANCIENT 
ATHENS. Translation of a portion of the "Attica" of Pausanias. By 
Margaret de G. Vehrall. With Introductory Essay and Ai'chaeological 
Commentary by Jane E. Harrisu.v. With Hlustratlous and Plans. Cr. 
Svo. IGs. 
JEBB.— Works by R. C. Jebb, Litt.D., Professor of Greek in the University of 
Cambridge. 
THE ATTIC ORATORS PROM ANTIPHON TO ISAEOS. 2 vols. Svo. 26s. 
•A PRIMER UF GREEK LITERATURE. ISmo. Is. 
KIEPERT. — MANUAL OP ANCIENT GEOGRAPHY. By Dr. H. Kiepert. 

Cr. Svo. 6s. 
LANCIANI. —ANCIENT ROME IN THE LIGHT OF RECENT DISCOVERIES. 
By BoDOLFO Lanclani, Professor of Archaeology in the University of Borne. 
Illustrated. 4to. 24s. 
LEAP.— INTRODUCTION TO THE ILIAD FOB ENGLISH BEADERS. By 
Walter Leaf, Litt.D. [In tht Press. 

MAHAFFY.— Works by J. P. Mahafey, D.D., Fellow of Trinity College, Dublin, 
and Professor of Ancient History in the University of Dublin. 
SOCIAL LIFE IN GREECE ; from Homer to Menander. Cr. Svo. 9s. 
GREEK LIFE AND THOUGHT ; from the Age of Alexander to the Roman 
Conquest. Cr. Svo. 12s. 6d. 



ANCIENT HISTORY AND PHILOSOPHY 13 

THE GREEK WORLD UNDER ROMAN SWAY. From Plutarch to Polybius 

Or. Svo. 10s. 6d. 
PROBLEMS IN GREEK HISTORY. Cr. Svn. Ts. ChI 

RAMBLES AND STUDIES IN GREECE, Ilhistiatoil. Or Svo. 10s 6d 
A HISTORY OP CLASSICAL GREEK LITERATURE. Cr. Svo Vo)' I 
The Poets. Part I. Epic and Lyric. Part II. Dramatic. Vol. 11 Prose 
Writers. Part I. Herodotus to Plato. Part II. Isocratcs to Aristotle. 4s. Od. 
each. 
•A PRIMER OP GREEK ANTIQUITIES. With Illustrations. ISmn. Is 
'EURIPIDES. 18mo. Is. Oil. (Classiccd \rriters.) 

MAYOR.— BIBLIOGRAPHICAL CLUE TO L.\TIN LITERATURE. Edited 
after HDbner. By Prof. John E. B. Mavoe. Cr. Svo. IDs. dl. 

NEWTON.— ESSAYS OX ART AND AECII-EOLOGY. By Sir Charles Newton 
K.C.B., D.C.L. Svo. 12s. 6d. 

PHILOLOGY.-THE JOUKXAL OF PHILOLOGY. Edited by W. A. Wrioht, 
M.A., I. Btwateb, M.A., and H. Jackson, Litt.D. 4s. 6d. each (half- 
yearlyX 

SATCE.— THE ANCIENT EMPIEES OF THE BAST. By A. H. Sayce, M.A, 
Deputy-Prcf essor of Comparative Philology, Oxford. Cr. Svo, 6s. 

SCHMmT and WHITE. AN INTRODUCTION TO THE RHYTHMIC ANU 
METRIC OF THE CLASSICAL LANGUAGES. By Dr. J. H. H. Schmidt. 
Translated by John Williams White, Ph.D. Svo, 10s. 6d. 

SHUOHHARDT.— DR. SCHLIEMANN'S EXCAVATIONS AT TROY, TIRYNS, 
MYCESiE, ORCHOMENOS, ITHACA, presented in the light of recent know- 
ledge. By Dr. Carl Shuchhardt. Translated by Eugenie Sellers. Intro- 
duction by Walter Leap, Litt.D. Hlustrated. Svo. ISs. net. 

SHUOKBUBGH.— A SCHOOL HISTORY OF ROME. By B. S. Shuokbdrgh, 
M.A. Cr. Svo. lln preparation. 

•STEWART.- THE TALE OP TROY. Done into English by Aubbev Stewart. 
61. Svo. 3s. 6d. 

•TOZEE.- A PRIMER OF CLASSICAL GEOGRAPHY. By H. F. TozEK, M.A, 
ISmo. Is. 

WALDSTEIN.— CATALOGUE OF CASTS IN THE MUSEUM OF CLASSICAL 
ARCH2E0L0GY, CAMBRIDGE. By Charles Waldstein, University Reader 
in Classical Archaeology. Cr. Svo. Is. 6d, Large Paper Edition, small 
4to. 5s. 

WELKINS.- Works by Prof. Wilkins, Litt.D., LL.D. 
*A PRIMER OF ROMAN ANTIQUITIE.S. Illustrated. ISino. Is. 
*A PRIMER OF ROMAN LITERATURE. ISmo. Is. 

WILKINS and ARNOLD. —A MANUAL OF ROMAN ANTIQUITIES. By 
Prof. A. S. WiLKlNS, LittD., and W. T. Arnold, M.A. Cr. Svo. [In prep. 

MODERN LANGUAGES AND 
lilTERATURE. 

English ; French ; German ; Modem Greek ; Italian ; Spanish. 

ENGLISH. 
•ABBOTT.— A SHAKESPEARIAN GRAMMAR. An Attempt to Illustrate some 
of the Differences between Elizabethan and Modern English. By the Rev. E. 
A. Abbott, D.D., formerly Headmaster of the City of London School. Ex. 
fcap. Svo. 6s. 
ADDISON.— SELECTIONS. With Introduction and Notes, by K. Deiohton. 

[In the Press. 
•BACON.— ESSAYS. With Introduction and Notes, by P. G. Selby, M.A., Princi- 
pal and Professor of Logic and Moral Philosophy, Deccan College, Poona. 
Gl. Svo. 3s. ; sewed, 2s. 6d. ,r ,i „ 

THE ADVANCEMENT OP LEARNING. By the same. [In the Press. 
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BROOKE.— EARLY ENGLISH LITBRATUBB. By Rev. Stopford A. Brooke, 

M A. 2 vols. 8vo. [f'°'- I- I"- *« -P''™- 

BROWNING.— A PRIMER ON BROWNING. By F. jr. Wilson. G1. 8vo. 2s. 63. 

•BURKE.- REFLECTIONS ON THE FRENCH REVOLUTION. By F. G. Selet, 

M.A. Gl. 8vo. 6s. 
BUTLER.— HUDIBRAS. With Introduction and Notes, by Alfred Milnes, 

M.A. Ex. fcap. 8vo. Parti. 8s. 6d. Parts IL and IIL 43. 6d. 
CAMPBELL.— SELECTIONS. With Introduction and Notes, by Cecil II. Bareow, 
,M. A., Principal of Victoria College, Palghat. Gl. 8vo. [In preparation. 

COLLINS.— THE STUDY OP ENGLISH LITERATURE: A Plea for its Recognition 

at the Universities. By J. Churton Collins, M.A. Cr. 8vo. 43. 6d. 
COWPER.— 'THE TASK : an Epistle to Joseph Hill, Esq. ; Tirocinium, or a Re- 
view of the Scliools : and The Histobt of John Gilpin. Edited, with Notes, 
by W. Benham, B.D. Gl. 8vo. Is. 
THE TASK. With Introduction and Notes, by F. J. Rowe, 51. A., and W. T. 
Webb, M.A., Professors of English Literature, Presidency College, Calcutta. 

[In prepaTotion. 
DRYDEN.— SELECT PROSE WORKS. Edited, with Introduction and Notes, by 

Prof. C. D. Yonoe. Fcap. 8vo. 2s. 6d. 
•GLOBE READERS. For Standards L-VI. Edited by A. F. Mtjrison. Illustrated. 
Gl. S\o. 

Book III. (232 pp.) 
Book IV. (828 pp.) 
Book V. (408 pp.) 
Book VI, (436 pp.) 
•THE SHORTER GLOBE READERS.— Illustrated. Gl. 8vo. 



Primer I. (48 pp.) 


3d. 


Primer II. (48 pp.) 


3d. 


Book I. (132 pp.) 
Book II. (136 pp.) 


6d. 


9d. 



Primer I. (48 pp.) 3d. 

Primer II. (48 pp.) 8d. 

Standard I. (90 pp.) 6d. 
Standard II. (124 pp.) 



Standard III. (178 pp. 
Standard IV. (182 pp. 
Standard V. (216 pp. 
Standard VI. (228 pp.) 




•GOLDSMITH.— THE TRAVELLER, or a Prospect of Society ; and The Deserted 
Village. With Notes, Philological and Explanatory, by J. W. Hales, M.A 
Cr. 8vo. 6d. 
•THE TRAVELLER AND THE DESERTED VILLAGE. With Introduction and 
Notes, by A, Barrett, B.A., Pmfessor of English Literature, Elphinstone 
College, Bombay. Gl. 8vo. Is. 9d. ; sewed. Is. 6d. The Traveller (separately). 
Is., sewed. 
•THE VICAR OF WAKEFIELD. With a Memoir of Goldsmith, by Prof. 
Masson. Gl. Svo. Is. 
SELECT ESSAYS. With Introduction and Notes, by Prof. C. D. YosoE. 
Fcap. 8vo. 23. 6d. 

•GRAY.- POEMS. With Introduction and Notes, by John Bradshaw, LL.D. 
Gl. 8vo. Is. 9d. ; sewed, Is. 6d. 

•HALES.— LON(!ER ENGLISH POEMS. With Notes. Philological and Exjilana- 
tory, and an Introduction on the Teaching: of English, by J. W. Hales, M.A., 
Professor of English Literature at King's College, London. Ex. fcap. Svo. 4s. 6d. 

•HELPS.— ESSAYS WRITTEN IN THE INTERVALS OF BUSINESS. With 
Introduction and Notes, by F. J. RowE. M.A., and W. T. Webb, M.A. 
Gl. Svo. Is. 9d. ; sewed, Is. 6d. 

•JOHNSON.— LIVES OP THE POETS. The Six Cliicf Lives (Milton, Dryden, 
Swift, Addison, Pope, Gray), with JIaiiaulay's "Life of Johnson." With Pre- 
face and Notes bv Matthew Arnold. Cr. Svo. 4s. 6d. 
LIFE OF MILTON. With Introduction and Notes, by K. Deighton. 

f 111 tJlB PT€'SS 

KELLNER. — HISTORICAL OUTLINES OF ENGLISH SYNTAX. By L. 
Kellner, Ph.li. Globe 8vo. [In the Fre.^s. 

•LITERATURE PRIMERS.— Edited hx J. R. Green, LL.D. 18mo Is each 
ENGLISH GEAM.MAR. Bv Rev. IJ. Morris, LL.D. 

ENGLISH GliAM.MAR E.\:ERC1SES. By R. JI. bris, LL.D., and H. C. 
BOWEN, M.A. 
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EXERCISES ON MORRIS'S PRIMER OP ENGLISH GRAMMAH. By J. 
WfthkrelTj Itf A. 

ENGLISH COMPOSITION. By Professor Nichol. 

QUESTIONS AND EXERCISES ON ENGLISH COIIPOSITION. By Prof 
Nichol and W. S. M'Cormick. 

ENGLISH LITERATURE. By Stopford Brooke, M.A. 

SHAKSPERB. By Professor Dowpek. 

THE CHILDREN'S TREASURY OF LYRICAL POETRY. Siileoted and 
arranged with Notes by Francis Turner Palgravk. In Two Parts. Is. eaeli 

PHILOLOGY. By J. Peilk, LittD. 

ROMAN LITERATURE. By Prof. A. 8. Wilkins, Litl.D. 

GREEK LITERATURE. By Prof. Jebb, Litt.D. 

HOMER. By the Rt. Hon. W. E. Gladstone, M.F. 
A mSTORT OF ENGLISH UTERATURE IN FOUR VOLUMES. Cr 8vo 

EARLY ENGLISH LITERATURE. By Siopford Brooke, M.A. [Inpreparatlon 

ELIZABETHAN LITERATURE. (1560-1665.) By George Saintsbury. Ts. 6d 

EIGHTEENTH CENTURY LITERATURE. (1660-1780.) By Edmond Gossk 
M.A. Ts. 6d. / J , 

THE MODERN PERIOD. By Prof. Dowden. [In ijrepamtioiL 

MAOMHiLAN'S HISTORY READERS. (Sii History, p. 48.) 
•MACMHiLAN'S BEADniG BOOKS. 



BOOK IV. (1T6 pp.) 8d. 

BOOK V. (380 pp.) Is. 

BOOK Vr. Cr. 8vo. (430 pp.) 



PRIMER. 18mo. (48 pp.) 2d. 
BOOKL (96 pp.) 4d. 
BOOKU. (1**PP-) 5d. 
BOOK III. (160 pp.) 6d. 

Book VI. is Utted for Higher Classes, and as an Introduction to English Literature. 
•MACMILLAN'S COPT BOOKS.— 1. Large Post 4to. Price 4d. eacli. 2. Post 
Oblong. Price 'li. each. 

1. Initiatory Exercises and Short Letters. 

2. Words of Short Letters. 

3. Long Letters. With Words containing Long Letters — Figures. 

4. Words containing Long Letters. 

4a. Pbactislno and Revising Copy-Book. For Nos. 1 to 4. 

5. Capitals and Short Half-Text. Words beginning with a Capital. 

6. Half-Text Words beginning with Capitals — Figures. 

7. Smali^Hand and Half-Text. With Capitals and Figures. 

8. Small-Hand and Half-Text. With Capitals and Figures. 
8a. PBACXiaiNO and Revising Copy-Book. For Nos. 5 to 8. 

9. Small-Hand Single Headlines — Figures. 

10. Small-Hand Single HEADLlNES^Figures. 

11. Shall-Hand Double Headlines — Figures. 

12. Commercial and Arithmeiical Examples, &c. 

12a. Practislno and Revising Copy-Book. For Nos. 8 to 12. 
Nos. 3, 4, 5, 6, 7, 8, 9 may be had with Goodman's Patent Sliding Copies. Large 
Post 4to. Price 6d. each. 
MARTIN.— "THE POETS HOUR : Poetry selected for Children. By Frances 

Martin. ISino. 2s. 6d. 
•SPRING-TIME WITH THE POETS. By the same. ISnio. 3s. Cd. 
•MILTON.— PARADISE LOST. Books' I. and II. With Inti-oduetion and Notes, 
by Michael Macmillan, B.A., Professor of Logic and Moral Philosophy, 
Elphinatone College, Bombay. Gl. 8vo. Is. 9d. ; sewed. Is. 6d. Or separately. 
Is 3fi * SGWfid Is €Acli 
*L' ALLEGRO, IL PENSEROSO, LTCIDAS, ARCADES, SONNETS, &c. With 
Introduction and Notes, by W. Bell, M.A., Professor of Philosophy and 
Logic, Government College, Lahore. Gl. 8vo. Is. 9d. ; sewed. Is. 6d. 
•COMUS. By the same. Gl. 8vo. Is. 3d. ; sewed, Is. 

*SAMSON AGONISTES. By H. M. Percival, M.A., Professor of English Liter- 
ature, Presidency College, Calcutta. Gl. Svo. 2s. ; sewed. Is. !)d. 
•INTRODUCTION TO THE STUDY OF MILTON. By Stopford Brooke, 
M.A. Fcap. Svo. Is. 6d. (Vlassiaii Writers.) 
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MORRIS.— Works by the Eev. R. Morris, LL.D. 
♦A PRIMER OP ENGLISH GRAMlfAE. ISino. Is. 
•ELEMENTARY LESSONS IN HISTORICAL ENGLISH GRAMMAR, con- 

t.iining Accidence and Word-Forrnation. 18mo. 2s. 6d. 
•HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, with Chapters on the 

Development of the Language, and on Word-Formation. Ex. fcap. 8vo. ns. 
NIOHOL and M'OORMICK.— A SHORT HISTORY OF ENGLISH LITERA- 
TURE. By Prof, John Nichol and Prof. W. S. M'Cormick. [In jprepaTatum. 
OLIPHANT.— THE LITERARY HISTORY OF ENGLAND, 1790-1826. By 

Mrs. Oliphant. 3 vols. Svo. 21s. 
OLIPHANT.— THE OLD AND MIDDLE ENGLISH. By T. L. Kington 

Oliphant. 2d Ed. Gl. Svo. 93. 
THE NEW ENGLISH. By the same. 2 vols. Cr. Svo. 21s. 
PALGRAVE.— THE GOLDEN TREASURY OF SONGS AND LYRICS. Selected 

by F. T. PAi.nmvE. ISmo. 2s. Od. net. 
•THE CHILDEE.WS TREASURY OF LYRICAL POETRY. Selected by the 

same. 18mo. '2s. fid. Also in Twn Parts. Is. each. 
PATMORE. — THE CHILDREN'S GARLAND FROM THE BEST POETS. 

Selected by Coventry Patmore. GI. Svo. 2s. ISmo. 2s. 6d. net. 
PLUTARCH. — Being a Selection from the Lives which illustrate Shakespeare. 

North's Translation. Edited by Prof. W. W. Skeat, Litt.D. Cr. Svo. 6s. 
•RANSOJCE. — SHORT STUDIES OF SHAKESPEARE'S PLOTS. By Cyril 

Ransome, M.A., Professor of Modern History and Literature, Yorkshire College, 

Leeds. Cr. Svo. 3s. 6d. 
•RYLAUD.— CHRONOLOGICAL OUTLINES OF ENGLISH LITERATURE 

By F. Rvi AND, ^1 A. Cr. Svo. 6s. 
SCOTT.— *LAY I IF THE LAST MINSTREL, and THE LADY OF THE LAKE. 

Edited by Francis Turner Palorave. Gl. Svo. Is. 
•THE LAY OF THE LAST MINSTREL. With Introduction and Notes, by 

G. H. Stuart, M.A, Princijial of Kumbakonam College, and E. H. Elliot 

B.A. Gl. Svo. 2s. ; sewed. Is. '.id. Canto I. 9d. Cantos I. t.j III. and iv' 

to ^T. Is. 3d. each ; sewed. Is. each. 
•MARMION, and THE LORD OP THE ISLES. By F. T. Palorave. Gl. Svo. Is. 
•MARMION. With Introduction and Notes, by Michael Macmillan, B.A. 

Gl. Svo. 3s. ; sewed, 2.s. 6d. 
•THE LADY OF THE LAKE. By G. H. Stuart, M.A. Gl. Svo. 2s. 6d. ; 

sewed, 2s. 
•ROKEBY. With Introduction and Notes, by Michael Miomillan BA 

Gl. Svo. 3s. ; sewed, 2s. 6d. 
SHAKESPEARE.— 'A SHAKESPEARIAN GRAMMAR. By Rev E \ Abbott 

D.li. Gl. Svo. r,s. 
•A PRIMER OF SHAKESPERB. By Prof. Dowden ISmo Is 
•SHORT STUDIES OF SHAKESPEARE'S PLOTS. Bv Cyril R.^vsoME ^M \ 

Cr. Sv... .'is. 6d. ' ...,.-.. 

•THE TEMPEST. With Introduction and Notes, by K. Deighton Gl Svo 

Is. 9d. ; sewi'd, Is. fid. 
•MUCH ADO AlKILIT NOTHING. By the same. 2s. ; sewed, 1^ 9d 
•A MIDSUM mm; NIGHT'S DHK.Ur. By the same. Is. 9d. ; sewed 'is Gd 
•THE MERCHANT OF VENICE. Bvthes.imc. is. 9d. ; sewed is 6d 
♦AS Y'OU LIKE \T. By the same. 1^. 9d. ; sewod is 6d 
•TWELI'l'II NIGHT. By the s.-inie. Is. 9d. ; sewe.l Is 6d 
•THE WIN'I'ERS TALE. By the same. '2s. ; sewed. Is. 9d. 
•KING JOHN. By the same. Is. 9d. ; sewed. Is. 6d. 
♦RICHARD II. By the same. Is. ;iil. ; sewed. Is. 6d 
■HENRY V. By the same. Is. Od. ; sewed, Is. 6d. 
•RICHARD IH. By C. H. Tawney, M.A., Principal and Professor of English 

Liti'rature, Presidency College, Calcutta. 2s. 6d ■ ^ewed '^s 
•CORinr.AXU.S. Bv K. Deighton. 2,s. 6d. ; sewed '^s ' 
•JULIUS C2ES.\R. Bv the same. Is. 9d. ; sewed Is 6d 
'MACBETH. By the same. Is. 9d. ; sewed. Is. 6d. 
•HAMLET. By the same. 2s. 6d. ; sewed, 2s. 
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•KING LKAR. By the same. Is. 9d. ; sowod, Is. CJ. 
•OTHELLO. By the same. 23. ; sewed, Is. 9d. 
•ANTONY AND CLEOPATRA. By the same. 2s. 6d. ; sewed, is. 
•CYMBELINE. By the same. 2s. M. ; sewed, 2s. 

"SONNENSCHEIN and MEIKLE JOHN. — THE ENGLISH METHOD OP 
TEACHING TO READ. By A. Sonnenschein and J. M. U. Meiklejoun 
M.A. Fcap. Svo. ' 

THE NURSERY BOOK, containing all the Two -Letter Words in the Lan- 
guage. Id. (Also in Large Type on Sheets for School Walls. 6s.) 
THE FIRST COURSE, consisting of Short Vowels with Single Consonants, "d. 
THE SECOND COURSE, with Combinations and Bridges, consisting of Short 

Vowels with Double Consonants. 7d. 
THE THIRD AND FOURTH COURSES, consisting of Long Vowels, and all 
the Double Vowels in the Language. 7d. 
•SOUTHEY.— LIFE OF NELSON. With Introduction and Notes, by Michael 

Macuillan, B.A. G1. Svo. Sa. ; sewed, 2s. 6d. 
SPENSEB.-THE FAIRY QUEEN. Book I. With Introduction and Notes, by 
H. M. Pebcival, M.A. [in the Press. 

TAYLOB.— WORDS AND PLACES ; or, Etymological Illustrations of History, 

Ethnology, and Geography. By Rev. Isaac Tatlok, LittD. Gl. Svo. 6s. 
TENNYSON.— THE COLLECTED WORKS OP LORD TENNYSON. An Edition 
for Schools. In Four Parts. Cr. Svo. 2s. 6d. each. 
TENNYSON FOR THE YOUNG. Edited, with Notes for the Use of Schools, 

by the Rev. Alfred Aikgeb, LL.D., Canon of Bristol. ISmo. Is. net. 

•SELECTIONS FROM TENNYSON. With Introduction and Notes, by P. J. 

BowE, M.A., and W. T.Webb, M.A. New Ed., enlarged. Gl. Svo. 3s. 6d. 

This selection contains : — Recollections of the Arabian Nights, The Lady of 
Shalott, Oilnone, The Lotos Eaters, Ulysses, Tlthonus, Morte d' Arthur, Sir 
Galahad, Dora, Ode on the Death of the Duke of Wellington, The Revenge, 
The Palace of Art, The Voyage, The Brook, Demeter and Persephone. 
•ENOCH ABDEN. By W. T. Webb, M.A. GL Svo. 2s. 
♦ATLMBR'S FIELD. By W. T. Webb, M.A. 2s. 
•THE PRINCESS ; A MEDLEY. By P. M. Wallace, B.A. 3s. 6d. 
•THE COMING OF ARTHUR, and THE PASSING OP ARTHUR. By F. J. 

BowB, M.A. Gl. Svo. 2s. 
THBING.— THE ELEMENTS OP GRAMMAR TAUGHT IN ENGLISH. By 

Edward Thrino, M.A. With Questions. 4th Ed. ISmo. 2s. 
•VAUGKAN.— WORDS FROM THE POETS. By C. M. Vauohan. ISmo. Is. 
WARD.— THE ENGLISH POETS. Selections, with Critical Introductions by 
various Writers and a General Introduction by Matthew Arnold. Edited 
by T. H. Ward, M.A. 4 Vols. Vol. I. Chaucer to Donne.— Vol. II. Ben 
JoNsoN TO Dryden. — Vol. III. Addison to Blake. — Vol. IV. Wordsworth 
TO Rossetti. 2d Ed. Cr. Svo. 7a. 6d. each. 
WARD.- A HISTORY OF ENGLISH DRAMATIC LITERATURE, TO THE 
DEATH OF QUEEN ANNE. By A. W. Ward, Litt.D., Principal of Owens 
College, Manchester. 2 Vols. Svo. [New Ed. m preparation. 

WOODS.— •A FIRST POETRY BOOK. By M. A- Woods. Fcap. Svo. 2s. 6d. 
•A SECOND POETRY BOOK. By the same. 4s. 6d . ; or. Two Parts. 23. 6d. each. 
•A THIRD POETRY BOOK. By the same. 4s. 6d. 
HYMNS FOB SCHOOL WORSHIP. By the same. ISmo. Is. 6d. 
WOEDSWOBTH.— SELECTIONS. With Introduction and Notes, by F. J. BowE, 
M.A., and W. T. Webb, M.A. Gl. Svo. [In preparatwn. 

YONGE.— •A BOOK OF GOLDEN DEEDS. By CHARLOTrE M. Yonoe. G1.8vo. 2s. 
•THE ABRIDGED BOOK OF GOLDEN DEEDS. ISmo. Is. 

FRENCH. 

BEAUMARCHAIS.— LE BARBIEB DE SEVILLE. With Introduction and 
Notes, by L. P. Blooet. Fcap. Svo. Ss. 6d. 

B 
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•BOWEN. -FIRST LESSON'S IN FRENCH. By H. Oocrthope Bo\v£n, M.A. 

Ex. fcip. 8vo. Is. 

BREYMANN.— FIRST FRENCH EXERCISE BOOK. By Hermann Bbeymann, 

Ph.D., Profesaoi- of Philology in the University of Munich. Ex. fcap. 8vo. 48, M. 

SECOXU FRENCH EXERCISE BOOK. By the same. Ex. fcap. 8vo. 25. 6d. 

FASNAOHT -Works by G. E. Fasnacht, late Assistant Master at Westminster, 

THE ORGANIC METHOD OF STUDYING LANGUAGES. Ex. fcap. Svo. 1. 

French. 3s. i;d. 
A FRENCH GRA^IMAR FOR SCHOOLS. Cr. Svo. 33. Gd. 
GRAMMAR AND GLO.SS.J.RY OP THE FRENCH IvANGUAGE OP THE 
■SEVENTEENTH CENTURY. Cr. Svo. [In preparatUm. 

MACMILLAN'S PRIMARY SERIES OF FRENCH READING BOOKS.— Edited by 
G. E. Fasnacht. Illustrations, Notes, Vocabularies, and Exercises. GL Svo. 
♦FRENCH READINGS J'OR CHILDREN. Bv G. E. Fasnaoht. Is. 6d. 
'CORNAZ— NOS ENFAN'TS ET LEURS A51IS. By Edith Haevet. Is. 6d. , 
•DB MAISTRE— LA JBUNB SIBERIENNE ET LE LBPRBUX DE LA CITE 

D'AOSTE. By Stephane Barlet, B.Sc. Is. OJ. 
*FLORIAN— FAIJLES. By Rev. Charles Y'eld, M.A., Headmaster of University 

School, Nottingham. Is. Od. 
•LA FONTAINE -A SELECTION OF FABLES. By L. M. MoRIABTY, B.A., 

Assistrint Mastrr at Harrow. 2s. 6d. 
*M(1LES\V0RTII— FRENCH LIFE IN LETTERS. By Mrs. MoLESWOHTH. 

U. Od. 
•PERRAULT— CONTES DE FEES. By G. E. F.vsNAOHT. Is. 6d. 
MACMILLAN'S PROGRESSIVE FRENCH COURSE.— By G. E. Fasnacht. Ex. 
fcap. Svo. 
'First Y'ear, Easy L''^^ons on the Regular Accidence. Is. 

* Second Year, an Elementary Grammar with Exercises, Notes, and Vocabu- 
laries. 2s. 
*TniRD Year, a Systematic S\ iitax, and Lessons in Composition. 2s. 6d. 
THE TE.'^CHER'S COMPANION TO THE ABOVE. With Copious Notes, 
Hmts for DiUerent RcmlLTings, Synonyms, Philological Remarks, etc. By G. 
E. Fasnacht. Ex. fcap. Svo. Each Y'ear 4s. 6d. 
•MACMILLAN'S FRENCH COMPOSITION.— By G. E. Fasnacht. E.x. fcap. 
Svo. Pai-t I. Elementary. 2s. 6d. [Part H. Advanced, in the Press. 

THE TEACHERS CO.MPANION TO MACMILLAN'S COURSE OF FRENCH 
COMPOSITION. By G. E. Fas-nacht. Part L E.x. fcap. Svo. 4s. 6d. 
MACMILLAN'S PROGRESSIVE FRENCH READERS. By G. E. Fasnaoht. Ex. 
fcap. Svo. 
•First Year, containing T.ile^, Historical Extracts, Letters, Dialogues, Ballads, 
Nursery Songs, etc., witli Two Vocabularies : (1) in the order of subjects ; 
(■2) ill alphabetical order. With Imitative Exercises. 2s. Gd. 
*Se)Ond Y'ear, containing Fiction in Prose and Verse, Hist(irii::\l and Descriptive 
Extracts, Essays, Letters, Dialogues, etc. With Imitative Exercises. 2s. iJd. 
MACMILLAN'S FOREIGN SCHOOL CLASSICS. Ed. by Q. E. Fasnaoht. ISmo. 
♦COHNEILLE-LE CID. By G. E. Fasnacht. Is. 

•DU.\1.\S-LES DEMOISELLES DB ST. CYR. By Victor Ogeb, Lecturer at 
Uiii\'er.sity Cnliege, Luprpool. Is. Gd. 
LA FONTAINES FABLES. By L. M. Moriarty, B.A. [In preparation. 

•JlOLlERE— LAVARE. Bv the ^amr. 1^ 

-.MOLIERE-LB BOURGEOIS GBNIILHOMME. By the same. Is6d. 
•MOLlilRB—LES PEMMES SAY ANTES. Bv G E Fasnacht Is 
•MOLlilRB— Li: MISANTHROFE. B\ the sanie Is 
•MOLlilRE-LE MBDECIN MALGRICLUI. Bv the same Is 
•MOLIBRE-LKS PBBCIEUSES RIDICULES. " Bv the same. Is 
•RAC1NE-BRIT.\NN1CUS. By B. Pellissier, M' A "s 
•FRENCH READINGS FE05I ROMAN HISFORY. Selected from various 

Authors, by C. Colbeck, Jl.A,, Assistant .Muster at Harrow. 4s. Od. 
•SAND, GEORGE-LA MARE AU DIABLE. By W. E. Russell, M.A. 
Assistant Master at Ilailevburv. Is. 
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•SANDBAU, JULES— MADEMOISELLE DE LA SEIGLIBEB. By H C 

Steel, Assistant Master at Winchester. Is. M 
•VOLTAIRE— OHAELES XIL By G. E. Fasnaout. 8s. 6d. 
•MASSON.- A COMPENDIOUS DICTIONARY OP THE FRENCH LANGUAGE. 

Adapted from the Dictionai-ies ot Professor A. Elwall. By Gdstaye Masson 

Cr. Svo. 3s. 6d. 
MOLIEEE.— LE MALADE I MAG IN AIRE. With Intiodiietion and Notes, by P. 

Taeveb, M.A., Assistant Master at Eton. Fcap. Svo. 23. 6d. 
•PELLISSIER.— FBEXCH ROOTS AND THEIR FAMILIES. A Synthetic 

Vocabulary, based upon Derivations. By E. Pellissier, M.A., Assistant 

Master at Clifton College. Gl. Svo. Os. 

GERMAN. 

•BEHAGHEL.— A SHORT HISTORICAL GRAMMAR OF THE GERMAN 
LANGUAGE. By Dr. Otto BEHAonEL. Translated by Emil Tbechmann, 
M.A. , Ph.D., University of Sydney. Gl. Svo. 3s. 6d. 
BPOHHETM.— DEUTSCHE LYRIK. The Golden Treasury of the best German 
Lyrical Poems. Selected by Dr. Buchheim. ISmo. 4s. 6d. 
BALLADEN UND ROMAXZEN. Selection of the best German Ballads and 
Romances. By the same. ISmo. 4s. 6d. 
HUSS.— A SYSTEM OP ORAL INSTRUCTION IN GERMAN, by means of 
Progressive Illustrations and Applications of the leading Rules of Grammar. 
By H. C. O. Hoss, Ph.D. Cr. Svo. 6s. 
MAOMTT.T.AN'S PRIMARY SERIES OF GERMAN READING BOOKS. Edited 

by G. E. Fasnacht. With Notes, Vocabularies, and Exercises. Gl. Svo. 
"GRIMM— KINDER UND HAUSMARCHBN. By G. E. Pasnaoht. 2s. 6d. 
*HAUPP— DIE KARA VANE. By Herman Haoer, Ph.D. 83. 
•SCHMID, CHR. VON— H. VON BICHBNPBLS. By G. E. Fasnacht. 23. 6d. 
MAOMILLAN'S PROGRESSIVE GERMAN COURSE. By G. B. Fabhaout. Ex. 

fcap. Svo. 
*FiRST Y'EAB. Easy Lessons and Rules on the Regular Accidence. Is. 6d. 
^Second Year. Conversational Lessons in Systematic Accidence and Elementary 
Syntax. With Philological Illastrations and Vocabulary. Ss. 6d. 

[Third Year In the Press. 
THE TEACHER'S COMPANION TO THE ABOVE. With copious Notes, 
Hints tor Different Renderings, Synonyms, Philological Remarks, etc. By G. 
E. Fasnacht. Ex. fcap. Svo. Each Y'ear. 4s. 6d. 
MAOMILLAN'S GERMAN COMPOSITION. By G. E. Fasnacht. Ex. fcap. Svo. 
-I. FIRST COURSE. Parallel German-English Extracts and Parallel English- 
German Syntax. 28. 6d. 
THE TEACHER'S COMPANION TO THE ABOVE. By G. E. Fasnacht. 
First Coubse. Gl. Svo. 4s. 6d. 
MAOMILLAN'S PBOGRESSIVB GERMAN READERS. By G. E. Fasnacht. Ex. 

fcap. Svo. 
♦First Year, containing an Introduction to the German order of Words, with 
Copious Examples, extracts from German Authors in Prose and Poetry ; Notes, 
and Vocabularies. 2s. 6d. 
MAOMILLAN'S FOREIGN SCHOOL CLASSICS.— Edited by G. E. Fasnacht. ISmo. 
•GOETHE— GOTZ VON BEBLICHINGBN. By H. A. Boll, M.A. 2s. 
•GOETHE- FAUST. Paet I., followed by an Appendix on Part II. By Jane 
Lee, Lecturer in German Literature at Newnham College, Cambridge. 4s. 6d. 
•HEINB-SELECTIONS FROM THE REISBBILDBB AND OTHER PROSE 

WORKS. By C. Colreck, M.A., Assistant Master at Harrow. 2s. 6d. 
•SCHILLBR-SELECTIONS FROM SCHILLER'S LYRICAL POEMS. With a 
Memoir. By E. J. Tubneb, B.A., and B. D. A. Mobshead, M.A., Assistant 
Masters at Winchester. 2s. 6d. „ , ^ n ca 

•SCHILLER— DIB JUNGFBAU VON ORLEANS. By Joseph Gostwiok 2s.6d. 
•SCHILLER -MARIA ST DART. By C. Sheldon, D.Litt., of the Royal Academ- 
ical Institution, Belfast. 2s. 6d. 
•SCHILLER— WILHELM TELL. By G. E. Fasnacht. 23. 6d. 
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•SCHILLER— WALLBNSTEIN, DAS LAGBE. By H. B. Cotterill, M.A. 2s. 
*UHLAND— SELECT BALLADS. Adapted for Begianers. With Vocabulary. 

By G. E. Fasnacht. Is. 
•PYLODET.— NEW GUIDE TO GERMAN CONVERSATION ; containing an Alpha- 
betical List of nearly 800 Familiar Words ; followed by Exercises, Vocabulary, 
Familiar Phrases and Dialogues. By L. Pylodet. ISmo. 2s. 6d. 
SMITH.— COMMERCIAL GERMAN. By F. C. Smith, M.A. 2s. 63. 
WHITNEY.— A COMPENDIOUS GERMAN GRAMMAR. By W. D. Whitney, 
Professor of Sanskrit and Instructor in Modei-n Languages in Vale CoUege. 
Cr. 8vo. 4s. 6d. 
A GERMAN READER IN PROSE AND VERSE. By the same. With Notes 
and Vocabulary. Cr. 8vo. 5s. 
•WHITNEY and EDGREN.— A COMPENDIOUS GEKJIAN AND ENGLISH 
DICTIONARY. By Prof W. D. Whitney and A. H. Edoren. Cr. 8vo. Ss. 
THE GERMAN-ENGLISH PART, separately, 3s. 6d. 

MODERN GREEK. 

VINCENT and DICKSON.- HANDBOOK TO MODERN GREEK. By Sir Bdgae 
VixcEXT, K.C.M.G., and T. G. Dickson, M.A. With Appendix on the relation 
of Mudcru and Classical Greek by Prof. Jebb. Cr. 8vo. 6s. 

ITALIAN. 

DANTE.— With Translation and Notes, by A. J. Bdtler, M.A. 

THE HELL. Cr. 8vu. l_'s. 6d. 

THE PURGATORY. Cr. 8vo. 12s. 6d. 

THE PARADISE. 2d Ed. Cr. 8vo. 12.^. 6d. 

READINGS ON THE PUR6AT0KI0 OF DANTE, Chiefly based on the Com- 
mentary of Benvenuto Da Imola. By Hon. W. Warren Verxox, M.A. With 
Introduction by Dean Church. 2 vols. Cr. Svo. 24s 

THE DIVINE COMEDY. Transl. by C. E. Norton. Cr. 8vo. 6s. each. I HELL 
n. PURGATUHY. 

SPANISH. 

CALDEBON.-FOUR PLAYS OP CALDERON. El PnnoijK ConstanU La Vida. 
es .SiieTW, El Alcalde de Zalamea, and i'i Esamdido y La Tavada. With Intro- 
duction and Notes. By Norman MacColl, M.A. Cr. Svo. 14s. 

MATHEMATICS. 

Arithmetic, Book-keeping, Algebra, EuoUd and Pure Geometry, Geometrical 
Drawing, MensTiration, Trigonometry, Analytical Geometry (Plane and 
Solid), Problems and Questions in Mathematics, Higher Pure Mathe- 
matics, Mechanics (Statics, Dynamics, Hydrostatics, Hydrodynamics • see 
also Physios), Physios (Sound, Light, Haat, Electricity, Elasticity, Attrac- 
tions, &c.). Astronomy, Historical. 

ARITHMETIC. 

'ALOIS -THE GREAT GIANT ARITIIMOS. A most Elementary Arithmetic 
fur Children. By JI vby Steadman Ai.nis. Illustrated. 61 Svo 23 fid 

'^^^V^xyi^i- p°^t"^\°^ EASY arithmetical EXAMPLES FOR 
BEG1^^ LRS. By J G. Bradshaw, B.A., Assistant Master at Clifton CoUese 
Gl. Svo. 2s. With Answers, 2s. 6d. ^ 

•BROOKSMITH. -ARITHMETIC IN THEORY AND PRACTICE. By J Brook- 
smith, M.A. Cr. Svo. 4s. 6d. KEY. Crown Svo. 10s 6d J-"-"""™ 

•BROOKSMITH.-ARITHMETIC FOR BEGINNERS. Bv J. and E J Brook- 
SMITH. Gl. Svo. l3. 6d. KEY. ' i^book- 
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CANDLER.— HELP TO ARITHMETIC. For the use of Schools. By H. Candler 

Mathematical Master of Uppingham School. 2d Ed. Ex. fcap. 8vo 2s CJ ' 

COLLAB.— NOTES ON THE METRIC STt^TEM. By Gko. Collar, B.A , B Sc 

Gl. Syo. 8d. . I ■ 

•DALTON.— RULES AND EXA^iPLES IN ARITHMETIC. By Rev. T. Dai,ton 

M.A., Senior Mathematical Master at Eton. With Answers. 18mo. 2s. 6d. ' 

•GOTEN.— HIGHER ARITHMETIC AND ELEMENTARY MENSURATION 

By P. GOYEN, Inspector of Schools, Dunedin, New Zealand. Or. Svo. 6s. 

IKEY in the Press. 

•HALL and KNIGHT.— ARITHMETICAL EXERCISES AND EXAMINATION 

PAPERS. With an Appendix containing Questions in Loqakithms and 

Mensuration. By H. S. Hall, M.A., Master of the Military Side, Clifton 

College, and S. R. Knioht, B.A,, M.B., Ch.B. Gl. 870. 2s. 6d. 

LOCK.— Works by Rev. J. B. Look, M.A., Senior Fellow and Bursar of Gonville 

and Caius College, Cambridge. 
•ARITHMETIC FOR SCHOOLS. With Answers and 1000 additional Examples 
for Exercise. 4th Ed., revised. GL Svo. 4s. 6d. Or, Part I. 2b. Part IL Ss. 
KEY. Cr. Svo. IDs. 6d. 
•ARITHMETIC FOR BEGINNERS. A School Class-Book of Commercial Arith 

metio. Gl. Svo. 23. 6d. KEY. Cr. Svo. 8s. 6d. 
•A SHILLING BOOK OF ARITHMETIC, FOR ELEMENTARY SCHOOLS. 

ISmo. Is. With Answers. Is. 6d. 
LOCK and COLLAR.- ARITHMETIC FOR THE STANDARDS. By Rev. J. B. 
Lock, M.A., and Geo. Collar, B.A,, B.Sc. Standards I. II. and III., 2d. 
each ; Standards IV. V. and VI., 3d. each. Answers, 2d. each. 
•PBDLEY.— EXERCISES IN ARITHMETIC for the Use of Schools. Containing 
more than 7000 original Examples. By Samuel Pedley. Cr. Svo. 5s. 
Also in Two Parts, 2s. 6d. each. 
SMITH.— Works by Rev. Barnard SMrrH, M.A. 
ARITHMETIC AND ALGEBRA, in their Principles and Application; with 
Examples taken from the Cambridge Examination Papers for the Ordinary 
B.A. Degree. Cr. Svo. 10s. 6d. 
•ARITHMETIC FOR SCHOOLS. Cr. Svo. 4s. 6d. KEY. Cr. Svo. Ss. 6d. 
A New Edition, revised by W. H. Hudson, Professor of Mathematics, King's 
College, London. [In the Press. 

EXERCISES IN ARITHMETIC. Cr. Svo. 2s. With Answers, 2s. 6d. An- 
swers separately, 6d. 
SCHOOL CLASS-BOOK OF ARITHMETIC. 18mo. 3s. Or sop.irately, in 

Three Parts, Is. each. KEYS. Parts L, IL, and IIL, 2s. 6d. each. 
SHILLING BOOK OF ARITHMETIC. ISmo. Or separately, Part I., 2d. ; 

PartU., 3d.; Partlll., 7d. Answers, 6d. KEY. ISmo. 4s. 6d. 
•THE SAME, with Answers. ISmo, cloth. Is. 6d. 
EXAMINATION PAPERS IN ARITHMETIC. ISmo. Is. 6d. Tlie Same, 

with Answers. ISmo. 2s. Answers, 6d. KEY. ISmo. 4s. 6d. 
THE METRIC SYSTEM OF ARITHMETIC, ITS PRINCIPLES AND APPLI- 
CATIONS, with Numerous Examples. ISmo. 3d. 
A CHART OP THE METRIC SYSTEM, on a Sheet, size 42 in. by 34 m. on 

Roller. New Ed. Revised by Geo. Collar, B.A., B.Sc. 4s. 6d. 
EASY LESSONS IN ARITHMETIC, combining Exercises in Reading, Writmg, 

Spelling, and Dictation. Part I. Or. Svo. 9d. 
EXAMINATION CARDS IN ARITHMETIC. With Answers and Hmts. 
Standards L and II., in box, la. Standards III., IV., and V., in boxes. Is. each. 
Standard VI. in Two Parts, in boxes. Is. each. 

BOOK-KEEPING. 

•THORNTON.— FIRST LESSONS IN BOOK-KEEPING. By J. Thornton. Cr. 

Svo. 23. 6d. KEY. Oblong 4to. 108. 6d. 
•PRIMER OF BOOK-KEEPING. ISmo. Is. KEY. Demy Svo. 2s. 6d. 
EASY EXERCISES IN BOOK-KEEPING. ISmo. Is. 
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ALGEBRA. 

•DALTON —RULES AND EXAMPLES IN ALGEBRA. By Rev. T. Dalton, 
Senior Mathematical JFastcr at Eton. Part I. 18mo. 2s. KEY. dr. 8vo. 
73. Gd. Part IL 18mo. 2s. 6d. 
HALL and KNIGHT.— Works hy H. S. Hall, JI.A., Master of the MiUtary Side, 

Clifton College, and S. R. Knioht, B.A., M.B., Ch.B. . , , 

'ELEMENTARY ALGEBRA FOR SCHOOLS. «th Ed., revised and corrected. 
Gl 8vo 33. 6d. With Answers, 43. 6d. KEY'. 8s. 6d. 
ALGEBRAICAL EXERCISES AND EXAMINATION PAPERS. To accom- 
pany BLE'MEN'TARY ALGEBRA. 2d Ed., revised. Gl. 8vo. 2s. Cd. 
♦HIGHER ALGEBRA. 4th Ed. Cr. 8vo. 7b. 6d. KEY. Cr. Svo. 10s. 6d. 
JAEMAN.— ALGEBRAICAL FACTORS. By J. Abbot Jarman. Gl. 8vo. 

[In the Press. 
•JONES and OHEYNE.— ALGEBRAICAL EXERCISES. Progressively Ar- 
raiigcd. By Rev. C. A. Jones and C. H. Cheyne, JI.A., late Mathematical 
Ma.ster3 at Westminster School. 18mo. 2.s. Od. 
KEY. By Rev. W. Failes, M.A, Cr. Svo. 73.6d. 
SMITH (Rev. Barnard). See Arithmetic, p. 21. 

SMITH.— Works by Charles Smith, M.A., .Master of Sidney Sussex College, 
Cambridge. 
■ELEMENTARY ALGEBRA. 2d Ed., revised. Gl. Svo. 4s. 6d. KEY. By A. 

li Crapkncll, B.A. Cr. Svo. 10s. 6d. 
-A TREATISE ON ALGEBRA. 2d Ed. Cr. Svo. 7s. 6d. KEY. Cr. Svo. lOs. 6d. 
TODHUNTER.— Works by Isaac Todhttntek, F.R.S. 
♦ALGEBRA FOR BEGINNERS. ISmo. 2s. 6d. KEY. Cr. Svo. Cs. 6d. 
•ALGEBRA FOR COLLEGES AND SCHOOLS. By Isaac Todhuntek, F.R.S. 
Cr. Svo. 7s. 6d. KEY. Cr. Svo. lOs. 6d. 

EUCLID AND PURE GEOMETRY. 

COOKSHOTT and WALTERS.- A TREATISE ON GEOMETRICAL CONICS. 
By A. CocKsHOTT, M.A., Assistant Master at Eton, and Rev. F. B. Walters, 
JI.A., Principal of KiDg William's College, Isle of Man. Cr. Svo. 5s. 

CONSTABLE.— GEOMETRICAL EXERCISES FOR BEGINNERS. By Samttel 
Constable. Cr Svo. 3s. 6d. 

CUTHBERTSON.— EUCLIDIAN GEOMETRY. By Francis Cothbertson, M.A,, 
LL.D. Ex. fcap. Svo. 43. 6d. 

DAY.— PROPERTIES OF CONIC SECTIONS PROVED GEOMETRICALLY. 
By Rev. H. G. Day, M.A. Part I. The Ellipse, with an ample collection of 
Problems. Cr. Svo. 8s. 6d. 

"DEAKm.-KIDER PAPERS ON EUCLID. BOOKS I. and IL By Rtjpert 
Deakin, M.A. ISmo. Is. 

DODGSON. — Works 1 ly Charles L. Dodgson, M.A., Student and late Mathematical 
Lecturer, Christ (.'liurch, O.xford. 
EUCLID, BOOKS I. and II. 6th Ed., with words substituted for the Alge- 
braical Symbols used in the 1st Ed. Cr. Svo. 2s. 
EUCLID AND HIS MODERN RIVALS, id Ed. Cr. Svo. 6s. 
CURIOSA MATHEMATICA. Part I. A New Theory of Parallels. Sd Ed. 
Cr. Svo. 2s. 

DREW.— GEOMETRICAL TREATISE ON CONIC SECTIONS. By W. H. 
Drew, M.A. New Ed., enlar^^ed. Cr. Svo. 5s. 

DUPDIS.— ELEMENTARY SYNTHETIC GEOJIETRY OF THE POINT, LINE 
AND CIRCLE IN THE PLANE. By N. F. Ddpdis, M. A., Professor of Mathe- 
matics, University of Queen's College, Kingston, Canada. Gl. Svo. 4s. 6d. 

■HALL and STEVENS.— A TEXT-BOOK OF EUCLID'S ELEMENTS. In- 
cluding Alternative Proofs, with additional Theorems and Exercises, classified 
and arranged. By H. S. Hall, M.A., and P. H. Stevens, M.A., Masters of the 
Military Side, Clifton College. Gl. Svo. Book I , Is.; Books I. and II., Is. 
ed.; Books I.-IV , 3s.; Books III.-IV., 2s. ; Books III. -VI., 3s.; Books V.-Vl. 
and XL, 23. 6d.; Books L-Vl. and XL, 4s. 6d.: Book XL, Is. KEY to Books 
I..IV., 6s. 6d. 
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HALSTED.— THE ELEMENTS OF GEOJIETRY. By ll. 13. Halstep, Piiifesscr 

of Pure and Applied Mathematics iu the University of Texas. Svo. ' l'2s. (3d 
HAYWABD.— THE ELEJ[BNTS OF SOLID GEOMETRY. By B. B. Havward 

M.A., F.E.S. 01. Svo. 3s. 
LOCK.— THE FIRST BOOK OF EUCLID'S ELEMENTS ARRANGED FOR 

BEGINNERS. By Rev. J. B. Lock, M.A. GL Svo. ■_'«. 6d. 
MILNE and DAVIS.— GEOMETBICAI. CONICS. Part I. The Parabola. By 

Rev. J. J. Milne, M.A., and IL F. Davis, M.A. Cr. Svo. 2s. 
•RICHARDSON.— THE PROGRESSIVE EUCLID. Books I. and 11. With Notes, 

Exercises, and Deductimis. Edited by A. T. Ricdakdson, M.A., Senior Mathc- 

maticalMasteratthelsIet'fWightCoUege. Gl. Svo. 2s. tid. 
SYLLABUS OF PLANE GEOMETRY (corresponding to Euclid, Books I.-VI.)— 

Prepared by the Association for the Improvement of Geometrical Te.i(;hing. 

Cr. Svo. Sewed, la. 
SYLLABUS OF MODERN PLANE GEOMETRY.— Prepared by the Association 

for the Improvement of Geometrical Teaching. Cr. Svo. Sewed. Is. 
•TODHUNTER.- THE ELEMENTS OP EUCLID. By I. Todhunter, F.R.S. 

ISmo. 3s. (id. *Books I. and II. Is. KEY. Cr. Svo. 6s. Gd. 
WILSON.— Works by Archdeacon Wilson, M. A., late HeadmastCTOf Clifton College. 
ELEMENTARY GEOMETRY. BOOKS I.-V. (Corresponding to Euclid. 

Books I.-VI.) Following the Syllabus of the Geometrical Association. Ex. 

fcp. Svo. 4s. 6d. 
SOLID GEOMETRY AND CONIC SECTIONS. With Appendices on Trans- 
versals and Harmonic Division. Ex. fcap. Svo. 3s. 6d. 

GEOMETRICAL DBA-WING. 

EAGLES.— CONSTRUCTIVE GEOMETRY OP PLANE CURVES. By T. H. 

Eaqles, M.A., Instructor, Roy. Indian Engineering Coll. Cr. Svo. 12s. 
EDGAR and PRITCHARD. — NOTE ■ BOOK ON PRACTICAL SOLID OR 

DESCRIPTIVE GEOMETRY'. Containing Problems with help for Solutions. 

By J. H. ED0.4R and G. S. Pbiichakd. 4tb Ed. Gl. Svo. 4s. 6d. 
•KITCHENER.— A GEOMETRICAL NOTE-BOOK. Containing Easy Problems 

in Geometrical Drawing. By P. B. Kitchener, M.A., Headmaster of the 

High School, Newcastle-under-Lyrae. 4to. 2s. 
MILLAR.— ELEMENTS OP DESCRIPTIVE GEOMETRY. By J. B. JIillar, 

Lecturer on Engineering in the Owens College, Manchester. Cr. Svo. Os. 
PLANT.— PRACTICAL PLANE AND DESCRIPTIVE GEOMETRY. By E. C. 

Plant. Globe Svo. [ft» preparation. 

MENSURATION. 

STEVENS.— ELEMENTARY MENSURATION. With Exercises on the Slensura- 
tion of Plane and Solid Figures. By P. H. Stevens, M.A. Gl. Svo. [In prep. 

TEBAY.— ELEMENTARY MENSURATION FOR SCHOOLS. By S. Tebay. 
Ex. fcap, Svo. 3s. 6d. 

•TOD H U N T ER .— MENSURATION FOE BEGINNERS. By Isaac Todhunter, 
F.R.S. ISmo. 23. Cd. KEY. By Rev. Fr. L. McCarthy. Cr. Svo. 73. 0.1 

TRIGONOMETRY. 

BEASLEY.-AN ELEMENTARY TREATISE ON PLANE TRIGONOMETRY. 
With Examples. By R. D. Beaslev, M.A. 9th Ed. Cr. Svo. 3s. ixl. 

BOTTOMLEY -FOUR-FIGURE MATHEMATICAL TABLES. Compnsiiig Log- 
arithmic and Trigonometrical Tables, and Tables of Squares, Square Roots, 
and Reciprocals. By J. T. Bottomlev, M.A., Lecturer m Natural Philosophy 
in the University of Glasgow. Svo. 2s. 6d. .„„ ,nT,T,-,^v« 

HAYWARD.-THE ALGEBRA OF CO-PLANAR VECTORS AND TRIGONO- 
METRY By R. B. Hayward, M.A., F.R.S. [/n preparation. 

JOHNSON.-A TREATISE ON TRIGONOMETRY. By W. B Johnson MA., 
late Mathematical Lecturer at King's College, Cambridge. Cr. Svo. 8s. «1. 
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•LEVETT and DAVISON.— THE ELEMENTS OF PLANE TRIGONOMETRY. 

By Rawdon Levett, M.A., and C. Davison, M.A, Assistant Masters at King 

Edward's School, Birmingham. GI. 8vo. 6a. 6d. ; or, in 2 parts, 33. 6d. each. 

LOOK.— Works by Rev. J. B. Lock, M.A., Senior Fellow and Bursar of Gonville 

and Caius College, Cambridge. 

•THE TRIGONOMETRY OF ONE ANGLE. Gl. 8vo. 2s. 6d. 

•TRIGONOMETRY FOR BEGIN.N'ERS, as far as the Solution of Triangles. 8d 

Ed. Gl. 8vo 2s. 6d. KEY. Cr. 8vo. 63. 6d. 
•ELEMENTARY TRIGONOMETRY. 6th Ed. GI. 8vo. 4s. 6d. KEY. Cr. 8vo. 
8s. 6d. 
HIGHER TRIGONOMETRY. 6th Ed. 4g. 6d. Both Parts complete in One 
Volume. 7s. Cd. KEY. [In preparation. 

M'CLELLAND and PRESTON. —A TREATISE ON SPHERICAL TRIGONO- 
METRY. By W. J. M'CLELLAND, M. A., Principal of the Incorporated Society's 
School, Santry, Dublin, and T. Pkeston, M.A. Cr. 8vo. 8s. 6d., or ; Part I. 
To the End of Solution of Triangles, 4s. 6d. Part II., 6s. 
MATTHEWS.— MANUAL OF LOGARITHMS. By G. F. Matthews, B.A 8vo. 

PALMER.— PRACTICAL LOGARITHMS AND TRIGONOMETRY. By J. H. 
Palmer, Headmaster, R.N., H.M.S. Cambridge, Devonport. Gl. 8vo. 43. Gd. 
SNOWBALL.— THE ELEMENTS OF PLANE AND SPHERICAL TRIGONO- 
METRY. By J. C. Snowball. 14th Ed. Or. 8vo. 7s. 6d. 
TODHUNTER.— Works by Isaac Toehunteb, F.R.S. 
•TRIGONOMETRY FOR BEGINNERS. 18rao. 23. 6d. KEY. Cr. 8vo. 83. 6d. 
PLANE TRIGONOMETRY. Cr. 8vo. 6s. KEY. Cr. 8vo. 10s. '6d. 
A TREATISE ON SPHERICAL TRIGONOMETRY. Cr. 8vo. 4s. 6d. 
TODHUNTER and HOGG.— Being a new edition of Dr. Todhunter's Plane Trigono- 
metry, revised by B. W. HoGO, M.A. Cr. 8vo. 5s. 
WOLSTENHOLME.— EXAMPLES FOR PRACTICE IN THE USE OF SEVEN- 
FIGURE LOGARITHMS. By Joseph Wolstenholme, D.Sc, late Professor 
of Mathematics, Royal Indian Engineering Coll., Cooper's Hill. 8vo. 5s. 

ANALYTICAL GEOMETRY (Plane and Solid). 

DYEB.-EXEBCISBS IN ANALYTICAL GEOMETRY. By J. M. Dyek, M.A, 

Assistant Master at Eton. Illustrated. Cr. 8vo. 4s. 6d. 
FERRERS.— AN ELEMENTARY TREATISE ON TBILINEAR CO-ORDIN- 
ATES, the Method of Reciprocal Polars, and the Theory of Projectors. By 
the Rev. N. M. Ferrers, D.D., F.R.S., Master of Gonville and Caius College, 
Cambridge. 4th Ed., revised. Cr. 8vo. 6s. 6d. 
FROST.- Works by Peroival Frost, D.Sc, F.R.S., Fellow and Mathematical 
Lecturer at King's College, Cambridge. 
AN ELEMENTARY TREATISE ON CURVE TRACING. Svo. 12s. 
SOLID GEOMETRY. 3d Ed. Demy 8vo. 16s. 

HINTS FOB THE SOLUTION OF PROBLEMS in the above. Svo. 8s. 6d. 
JOHNSON.— CURVE TRACING IN CARTESIAN CO-ORDINATES. By W. 
WooLSEY JoHNBON, Profcssor of Mathematics at the U.S. Naval Academy! 
Annapolis, Maryland, Cr. Svo. 4s. 6d. 
M'CLELLAND.— A TREATISE ON THE GEOMETRY OF THE CIRCLE, and 
some extensions to Conic Sections by the Method of Reciprocation. By W. J. 
M'CLELLAND, M.A. Cr. Svo. 6s. 
PUCKLE.— AN ELEMENTARY TREATISE ON CONIC SECTION."^ AND AL- 
GEBRAIC GEOMETRY. By G. H. Puckle, M.A. 6th Ed. Cr. Svo. 7s. 6d. 
SMITH.— Works by Chatiles Sjiiith, M.A., Master of Sidney Susses College. 
Camltridge. 
CONIC SECTIONS. 7th Ed. Cr. Svo. 7s. 6d. 
SOLUTIONS TO CONIC SECTIONS. Cr. Svo. 10s. 6d. 
AN ELEMENTARY TREATISE ON SOLID GEo.METRY. Or. Svo 9s 6d 
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TODHUNTER.— Works by Isaac ToDHnNTER, P R S 

PLANE CO-pEDINATK GEOMETET. as applied to tlio Straight Line and tho 
Conio Sections. Cr. 8to. 7s. Bd. KEY. B\- 0. W. Bourne U A Cr 8vo 
10s. 6d. ... 

EXAMPLES OP ANALYTICAL GEOJIETRY OP THREE DIMENSIONS 
New Ed., revised. Cr. 6vo. Is. 

PROBLEMS AND QUESTIONS IN 

MATHEMATICS. 

AEMY PRELIMINARY EXAMINATION, PAPERS 1882 -Sept. 1891 With 

Answers to the Mathematical Qoestions. Ci-. 8vo. 3s. 6d 
CAMBRIDGE SENATE -HOUSE PROBLEMS AND kJdERS, WITH SOLU- 

1876— PROBLEMS AND RIDERS. By A. 6. Greenhill, F.R.S. Or 8vo 83 6d 
1878-SOLnTIONS OP SENATE-HOUSE PROBLEMS. Edited by J w' L 
Glaisher, P.R.S., PeUow of Trinity College, Cambridge. Cr 8vo 12s 
CHRISTIE.— A COLLECTION OP ELEMENTARY TEST-QUESTIONS IN PURE 
AND MIXED MATHEMATICS. By J. R. Christie, F.R.S. Cr. 8vo. 8s 6d. 
CLIFFORD.— MATHEMATICAL PAPERS. By W. K. Clifford. 8vo. SOs. 
MILNE.— WEEKLY PROBLEM PAPERS. By Rev. John J. Milne, M.A Pott 
Svo. 4s. M. 
SOLUTIONS TO THE ABOVE. By the same. Cr. Svo. 10s. 6d. 
COMPANION TO WEEKLY PROBLEM PAPERS. Cr. Svo. lOs. 6d. 
♦RICHARDSON.— PROGRESSIVE MATHEMATICAL EXERCISES POR HOME 
WORK. By A. T. Richardson, M.A. First Series. Gl. Svo. 2s. With 
Answers, 23. 6d. Second Series. 3s. With Answers, 83. Gd. 
SANDHURST MATHEMATICAL PAPERS, for Admission into the Royal Military 

College, 1881- 1889. Edited by E. J. Brookbmith, B.A. Cr. Svo. 33. Cd. 
WOOLWICH MATHEMATICAL PAPERS, for Admission into the Royal Military 

Academy, Woolwich, 1880-1S90 inclusive. By the same. Cr. Svo. Gs. 
WOLSTENHOLME.— ILATHEMATICAL PROBLEMS, on Subjects included in 
the First and Second Divisions of Cambridge Mathematical Tripos. By Joseph 
WoLSTENHOLME, D.Sc. 3d Ed., greatly enlarged. Svo. ISs. 
EXAMPLES FOR PRACTICE IN THE USE OP SEVEN -FIGURE LOG- 
ARITHMS. By the same. Svo. 5s. 

HIGHER PURE MATHEMATICS. 

AIRY.— Works by Sir G. B. Airy, K.O.B., formerly Astronomer-Royal. 
ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL EQUATIONS. 

With Diagrams. 2d Ed. Cr. Svo. 6s. Gd. 
ON THE ALGEBRAICAL AND NUMERICAL THEORY OF ERRORS OP 

OBSERVATIONS AND THE COMBINATION OF OBSERVATIONS. 

2d Ed., revised. Cr. Svo. 6s. 6d. 
BOOLE.— THE CALCULUS OP FINITE DIFFERENCES. By G. Boole. 3d Ed., 

revised by J. P. Moulton, Q.C. Cr. Svo. 10s. Gd. 
EDWARDS.— THE DIFFERENTIAL CALCULUS. By Joseph Edwards, M.A. 

With Applications and numerous Examples. New Ed. Svo. 14s. 
FERRERS.— AN ELEMENTARY TREATISE ON SPHERICAL HARMONICS, 

and Subjects connected with them. By Rev. N. M. Ferrers. Cr. Svo. 7s. Gd. 
FORSYTH.— A TREATISE ON DIFFERENTIAL EQUATIONS. By Andrew 

Bdssell Forsyth, P.R.S., Fellow and Assistant Tutor of Trinity College, 

Cambridge. 2d Ed. Svo. 143. 
FROST.— AN ELEMENTARY TREATISE ON CURVE TRACING. By Percival 

Frost, M.A, D.Sc. Svo. 12s. 
GRAHAM.— GEOMETRY OP POSITION. By R. H. Graham. Cr. Svo. 7s. Gd. 
GREENHILL.— DIFFERENTIAL AND INTEGRAL CALCULUS. By A. G. 

Greenhill, Professor of Mathematics to the Senior Class of Artillery Officers, 

Woolwich. New Ed. Cr. Svo. 10s. 6d. 
APPLICATIONS OF ELLIPTIC FUNCTIONS. By the same. [In tie Press. 
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HEMMING.— AN EI-E^rEXTARY TREATISE ON' THE DIFFERENTIAL AND 

INTEGRAL CALCL'LUS. By G. W. Hemming, M. A. 2.1 Ed. Svo. 9b. 
JOHNSON.— Wnrks by W. W. Johnson, Professor of Malheinatica at the U.S. 
Na\'iii Acuilerri\'. 
INTEGRAL CALCULU.S, an Elementary Treatise. Founded on the Method 

of Rates or Fluxions. Sv. Ds. 
CURVE TRAi'INc; IN (JARTESIAN CO-OEDINATE.S. Cr. Svo. 4s. 6d. 
A TREATISE ON (ORDINARY AND DIFFERENTIAL EC^UATIONS. Ex. cr. 
Svo. L'js. 
KELLAND and TAIT.— INTRODUCTION TO QUATERNIONS, with numerous 
examples. By P. Kklun-d and P. G. Tait, Professors in the Department of 
ILithematir-s in the University of Edinburgh. 2d Ed. Cr. Svo. 7s. 6d. 
KEMPE.— HO W TO DRAW A STRAIGHT LINE ; a Lecture on Linkages. By A. 

B. Kemii . Illustrated. Cr. Svo. Is. Cd. 
KNOX.— DII-IERENTIAL CALCULUS FOR BEGINNERS. By ALEXiNDEii 

Knox, M.A. Fcap. Sv... 3». M. 
MUIR.— IIIETHEOKV OF DETERMINANTS IN THE HISTORICAL ORDER 
OF ITS DEVELOPMENT. Part I. IhttTUiinantsin Ofueral. Leibnitz(1693) 
to Cay ley (1841). By Tnas. Mum, F.R.S.E., Superint<iident General of Educa- 
tion, Oajn' Col(>ny. Svo. 10s. Od. 
RICE and JOHNSON.— AN EI.E.MIsNTARY TREATISE ON THE DIFFEREN- 
TIAL CALlLI.Ls. p'ounded on the Method of Rates or Fluxions. By J. 31. 
UiCEOiid W. W. J.iHNSON. 8d Kd. Svo. ISs. AbDd^'ed Ed. 9s. 
TODHUNTER.— Works by Isaac TnoHUNTLR, F.R.S. 

AN ELEMENTARY TREATISE ON IHE THEORY OF EQUATIONS. 

Cr. Svo. V<. 6d. 
A TRKATISE ON THE DIFFERENTIAL CALCULUS. Cr. Svo. lOs. 6d. 

KEY. Cr. fvn. 10s. Oil. 
A TREATISE ON TIIR INTEGRAL CALCULUS AND ITS APPLICATIuXS. 

Cr. Svo. 10s. lid. KEY. Cr. Svo. 10s. tid. 
A HISTORY UF THE MATHEMATICAL THEORY OF PROBABILITY, from 

llie tiiiiL- .if r.iM'il t.. that i.f Laplai'i'. svo. Iss. 
AN EI.EMENTAItY TREATISE ON LAPLACE'S, LAJIE'S, AND BESSEL'S 
FUNCTIONS. Cr. Svo. 10s. 6d. 

MECHANICS : Statics, Dynamics, Hydrostatics, 
Hydrodynamics. (See also Physics.) 

ALEXANDER and THOMSON.— ELEMENTARY APPLIED MECHANICS. By 

Prof. T. Alexander and A. W. Thomson. Part II. Transverse Stiess. 

Cr. Svo. 10s. ti.I. 
BALL.— E.\ri:RIMENTAL AIECHANICS. A Com-i.- of Lectures delivered at the 

Roy.il College .if S. lence, Dublin. By Sir R. S. Ball, F.R.S. 2d Eil. 

UUlstrat.-.i. Cr. Svo. 6s. 
CLIFFORD.— THE ELEMENTS OF DYNAMIC. An Introduction to the Study of 

Mijtion an.l Rist in S.ili.l and Fluid Bodies. By W. K. Clifford. Part I.— 

Kinematic. Cr. Svo. Books I.-III. 7s. 6d. ; Book IV. and Apjiendix, 6s. 
COTTERILL.— APPLIED MECHANICS: An Elementary General Introduction ti 

the Theory ..f Structures aud MaiLines. By J. H. Cotterill, F.R.S., Profe-siii 

of Applii.il Mechanics in the Royat Naval C.dlege, Greenwich. S\o. ISs. 
COTTERILL and SLADE.— LE.SSONS LN APPLIED MECHANICS. By Prof. 

J. H. toiiERiLLaiiil J. H. Sl.u.e. Fcap. Svo. 6s. 6d. 
GANGDILLET and KDTTER.— A GENERAL FORMULA FOR THE UNIFORM 

FLOW OF WATKR IN RIVERS AND OTHER CHANNELS. By E. Gas- 

ODiLLET and W. E. Kutter. Translated by R. Hekino and J. C. Trautivixf. 

Svo. 17s. 
GRAHAM.-GEOMETRY OF POSITION. By R. H. Graham. Cr. Svo. 7s. 6d. 
•GREAVES.- STATICS FOR BEGINNERS. By John Greavi.s, 3I.A., Fellow 

Hiiil Mallii-niatii-al Lecturer at Christ's College, Cambridge. Gl. Svo. Ss. 6d. 
A TREATISE ON ELEMENTARY STATICS. By the same. Cr. Svo. Os. 6d. 
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GREENHILL.-HTDROSTATICS. By A. G. Greenhill, rrofessor <.f jrathematics 

to the Senior Class of Artillery Offleers, Woolwich. Cr. 8vo. [In. premratioii 
•HIOKS.-BLEMENTART DYNAMICS OF PARTICLES AND SOLIDS By 

W. M. HicKa, D.Sc, Principal and Professor of Mathematics and Physics Firth 

College, Sheffield. Cr. 8vo. 6s. 6d. 
JELLBTT.— A TREATISE ON THE THEORY OF FRICTION. By Jom H 

Jellott, B.D., late Provost of Trinity College, Dublin. 8vo. 8s (id 
KENNEDT.— THE MECHANICS OP MACHINERY. By A. B. W Kennelv 

F.R.S. Illustrated. Cr. Svo. 12s. Cd. ' ' 

LOCK.— Works bv Rev. J. B. Lock, 5I.A. 
•MECHANICS FOR BEGINNERS. 61. Svo. Part I. Mechanics of Solids. 

Ss. 6d. [Part II. Mechanics of Fluids, in preparation 

•BLEMENTAET STATICS. 2d Ed. 01. Svo. 43. 6d • ^ i' 

•ELEMENTARY DYNAMICS. Sd Ed. Gl. 8vo. Is. ad. 
ELEMENTARY HYDROSTATICS. Gl. Svo. [In prepamtion 

MACGREGOB.— KINEMATICS AND DYNAMICS. An Elementary IVeatise. 

By J. G. MacGregob, D.Sc, Munro Professor of Physics in Dalhousie College, 

Halifax, Nova Scotia. IlUi.-itiated. Cr. Svo. 10s. 6d. 
PARKINSON.— AN ELEMENTARY TREATISE ON MECHANICS. By S. 

Parkinson, D.D., P.R.S., late Tutor and Prselector of St. John's College, 

Cambridge. 6th Ed., revised. Cr. Svo. 9s. Gd. 
PIRIE.— LESSONS ON RIGID DYNAMICS. By Rev. G. PiniE, M.A., Professor 

of Mathematics in the University of Aberdeen. Cr. Svo. Os. 
RODTH.— Works by Edward John Eouth, D.Sc, LL.D., F.R.S., Hon. Fellow 

of St Peter's College, Cambridge. 
A TREATISE ON THE DYNAMICS OP THE SYSTEM OP RIGID BODIES. 

With numerous Examples. Two Vols. Svo. Vol. I. — Elementary Parts. 

6th Ed. 143. Vol. IL— The Advanced Parts. 4th Ed. 14s. 
STABILITY OF A GIVEN STATE OF MOTION, PARTICULARLY STEADY 

MOTION. Adams Prize Essay for 1877. Svo. 8s. Gd. 
•SANDERSON.— HYDROSTATICS FOR BEGINNERS. By F. W. Sanderson, 

M.A., Assistant Master at Dulwich College. Gl. Svo. 4s. Gd. 
SYLLABUS OF ELEMENTARY DYNAMICS. Part I. Linear Dynamics. With 

an Appendix on the Meanings of the Symbols in Physical Equations. Prepared 

by the Association for the Improvement of Geometrical Teaching. 4to. Is. 
TAIT and STEELE.— A TREATISE ON DYMAMICS OP A PARTICLE. By 

Professor Taft, M.A., and W. J. Steele, B.A. Gth Ed., revised. Cr. Svo. 12s. 
TODHDNTEB.— Works by Isaac Todhonter, P.R.S. 

•MECHANICS FOR BEGINNERS. ISmo. 4s. 6d. KEY. Or. Svo. Gs. Gd. 
A TREATISE ON ANALYTICAL STATICS. 5th Ed. Edited by Prof. J. D. 

Everett, F.R.S. Cr. Svo. 10s. 6d. 

PHYSICS : Sound, Light, Heat, Electricity, Elasticity, 
Attractions, etc. (See also Mechanics.) 

AIRY.— ON SOUND AND ATMOSPHERIC VIBRATIONS. By Sir G. B. Arav, 
K.C.B., formerly Astronomer-Royal. With the Mathematical Elements of 
Music. Cr. Svo. 9s. 

GUMMING.— AN INTRODUCTION TO THE THEORY OP ELECTRICITY. 
By LINN.EDS CuMjtlNO, M.A., Assistant Master at Rugby. Illustrated. Cr. Svo. 
8s. 6d. 

DANIELL.— A TEXT-BOOK OP THE PRINCIPLES OP PHYSICS. By Alfred 
Daniell, D.Sc. Illustrated. 2d Ed., revised and enlarged. Svo. 21s. 

DAY.— ELECTRIC LIGHT ARITHMETIC. By R. E. Dav. Pott Svo. 2s. 

EVERETT.— ILLUSTRATIONS OF THE 0. G. S. SYSTEM OP UNITS WITH 
TABLES OF PHYSICAL CONSTANTS. By J. D. Evekeit, P.R.S., Professor 
of Natural Philosophy, Queen's College, Belfast. New Ed. Ex. fcap. Svo. .'is. 

FERRERS.— AN ELEMENTARY TREATISE ON SPHERICAL HARMONICS, 
and Subjects connected with them. By Rev. N. M. Pereees, D.D., P.R.S., 
Master of Gonville and Caiua College, Cambridge. Cr. Svo. 7s. 6d. 



28 MATHEMATICS 

FESSEOTIEN. — PHYSICS FOB PUBLIC SCHOOLS. By C. Fessenden. 

Illustrated. Feap. 8vo. [In the Press. 

GRAY.— THE THEORY AND PEACTICE OF ABSOLUTE MEASUREMENTS 

IN ELECTRICITY AND 1L4.GNETISM. By A. Gray, F.R.S.E., Professor 

of Physics, University College, Bangor. Two Vols. Cr. 8vo. Vol. I. 12s. 6d. 

(Vol. II. In the Press. 
ABSOLUTE MEASUREMENTS IN ELECTRICITY AND MAGNETISM. 2d 

Ed., revised and greatly enlarged. Fcap. 8vo. 5s. 6d. 
IBBETSON.— THE MATHEMATICAL THEORY OF PERFECTLY ELASTIC 

SOLIDS, with a Short Account of Viscous Fluids. By W. J. Ibbetson, late 

Senior Scholar of Clare College, Cambridge. 8vo. 21s. 
JOHNSON.— NATURE'S STORY BOOKS. I. Sunshine. By Amy Johnson, 

LL.A. Illustrated. [In the Press. 

•JONES.— EXAMPLES IN PHYSICS. With Answers and Solutions. By 

D. B. Jones, B.Sc, late Professor of Physics, University College of Wales, 

Aberystwith. Fcap. 8vo. 3s. 6d. 
•ELEMENTARY LESSONS IN HEAT, LIGHT, AND SOUND. By the same. 

Gl. 8vo. 23. 6d. 
HEAT AND LIGHT. By the same. 
KELVIN.— Works by Lord Kelvin, P.R.S., Professor of Natural Philosophy in the 

University of Glasgow. 
ELECTROSTATICS AND MAGNETISM, REPRINTS OF PAPERS riN. 

2d Ed. 8vo. 18s. 
POPULAR LECTURES AND ADDRESSES. 3 Vols. Illa.strated. Cr. 8vo. 

Vol, I. Constitution of Matter. 7s. 6d. Vo l. III. Navigation. 7s. 6d. 
LOCKYER.— CONTRIBUTIONS TO SOLAR PHYSICS. By J. Norman Lockyek, 

P.R.S. With Illustrations. Royal 8to. 31s. 6d. 
LODGE.— MODERN VIEWS OF ELECTRICITY. By Olfvek J. Lodge, F.R.S., 

Professor of Physics, University College, Liverpool. lUus. Cr. 8vo. 6s. 6d. 
LOEWY.— 'QUESTIONS AND EXAMPLES ON EXPERIMENTAL PHYSICS : 

Sound, Light, Heat, Electricity, and Magnetism. By B. Loewy, Examiner in 

Experimental Physics to the College of Preceptors. Fcap, 8vo. 2s. 
*A GRADUATED COURSE OP NATURAL SCIENCE FOR ELEMENTARY 

AND TECHNICAL SCHOOLS AND COLLEGES. By the same. P;irt I, 

First Year's Course. Gl. 8vo. 2s. Part II. 2s. 6d. 
LUPTON.— NUMERICAL TABLES AND CONSTANTS IN ELEMENTARY 

SCIENCB. By S. Ltjf-ton, M.A, Ex. fcap. Svo. 2s. 6d. 
MACFAELANE.— PHYSICAL ARITHMETIC. By A. Mactarlane, D,Se., late 

Examiner in Mathematics at the University of Edinburgh. Cr. Svo. 7s. 6d. 
^MAYER.— SOUND : A Series of Simple Experiments. By A. M. Mayer, Prof, of 

Physics in the Stevens Institute of Technology. Illustrated. Cr. Svo. 3s. 6d. 
♦MAYER and BARNARD.- LIGHT : A Series of Sunple Experiments. By A. 

M. Mayer and C. Barnard. Illustrated. Cr. Svo. 2s. 6d. 
MOLLOY.— GLEANINGS IN SCIENCE : Popular Lectures. By Rev. Gerald 

MoLLOY, D.Sc, Rcrtor of the Catholic Univei-sity of Ireland. Svo. 7s. 6d. 
NE'WTON.— PRINCIPIA. Edited by Prof. Sir W. Thomson, P.E.S , and Prof. 

Blackburne. 4to. 31s. 6d. 
THE FIRST THREE SECTIONS OF NEWTON'S PRINCIPIA. With Notes, 

Illustrations, and Problems. By P, Frost, M.A. , D.Sc. 8d Ed. Svo. 123 
PARKINSON.— A TREATISE ON OPTICS. By S. Parkinson, D.D., F.R.S., 

late Tutor of St, John's College, Cambridge. 4th Ed, Cr. Svo. 10s. 6d 
PEABODY.- THERMODYNAMICS OF THE STEAM-ENGINE AND OTHER 

HEAT ENGINES. By Cecil H. Peabody. Svo. 21s. 
PERRY.— STEAM : An Elementary Treatise. By John Perry, Prof, of Applied 

Mechanics, Technical College, Finsbury. ISmo. 4s. 6d, 
PICKERING.— ELEMENTS OF PHYSICAL MANIPULATION. By Prof Ed- 
ward C. Pickering. Medium Svo. Part I., 12s. 6d. Part II., 14s. 
PRESTON.-THE THEORY OP LIGHT. By Thomas Preston, M.A. Illus- 
trated. Svo. l.^s. net. 
THE THEORY OF HEAT. By the same. Svo. [In preparation. 
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EAYLEIGH.-THE THEORY OF SOUND. By Lord Rayleiqh F RS 8vo 

Vol. I., 12s. Cd. Vol. II., 12s. 6d. [Vol. III. intU Press 

SHANN.— AN ELEMENTARY TREATISE ON HEAT, IN RELATION TO 

STEAM AND THE STEAM-ENGINE. By G. Shann, M.A. Or. Svo 4s 6tl 

SPOTTISWOODE.-POLARISATION OF LIGHT. By the late W. Spoitiswoode' 

P.R.S. Illustrated. Cr. Svo. 3s. Cd. ' 

STKWART.— Works by Balfour Stewart, F.R.S., late Langwortliy Professor of 

Physics, Owens College, Manchester. 
*A PRIMER OF PHYSICS. Illustrated. With Questions. 18mo la 
•LESSONS IN ELEMENTARY PHYSICS. Illustrated. Fcap. Svo. 4s Od 
•QUESTIONS. By Prof. T. H. Core. Fcap. Svo. 2s, 

STEWART and GEE.— LESSONS IN ELEMENTARY PRACTICAL PHYSICS 
By Baijoor Stkwabt, F.RS., and W. W. Haldane Gek, B.8c. Cr. Svo! 
Vol. I. General Physical Processes. 6s. Vol. II. Electricity and 
Magnktissi. 7s. 6d. [Vol. III. Optics, Heat, and Sound. In the Press 

•PRACTICAL PHYSICS FOR SCHOOLS AND THE JUNIOR STUDENTS OF 
COLLEGES. Gl. Svo. Vol. I. Electricity and Magnetism. 2b. 6d. 

[Vol. II. Optics, Heat, and Sound. In the Press. 
STOKES.— ON LfvJHT. Burnett Lectures. By Sir G. Q. Stokes, P.R.S., Luoasian 
Professor of Mathematics in the University of Cambridge. I. On the Nature 
OF Light. IL On Light as a Means of Investigation. HI. On the Bene- 
ficial Effects of Light. Cr. Svo. Vs. 6d. 
STONE.— AN ELEMENTARY TREATISE ON SOUND. By W. H. Stone 
Illustrated. Fcap. Svo. Ss. 6d. 

TAIT.— HEAT. By P. G. Tait, Professor of Natural Philosophy in the University 
of Edinburgh. Cr. Svo. 6s. 
LECTURES OX SOME RECENT ADVANCES IN PHYSICAL SCIENCE. By 
the same. 3d Edition. Crown Svo. 93. 

TAYLOR.— SOUND AND MUSIC. An Elementary Treatise on the Physical Con- 
stitution of Musical Sounds and Harmony, including the Chief Acoustical 
Discoveries of Prof. Helmholtz. By S. Taylor, M.A. Ex. cr. Svo. Ss. 6d. 

•THOMPSON. — ELEMENTARY LESSONS IN ELECTRICITY AND MAGNET- 
ISM. By SiLVANUs P. Thompson, Principal and Professor of Physics in the 
Technical College, Finsbury. Illustrated. Fcap. Svo. 4s. 6d. 

THOMSON.— Works by J. J. Thomson, Professor of Experimental Physics in the 
University of Cambridge. 
A TREATISE ON THE MOTION OF VORTEX RINGS. Svo. Os. 
APPLICATIONS OP DYNAMICS TO PHYSICS AND CHEMISTRY. Cr. Svo. 
7s. 6d. 

TODHUNTER.— Works by Isaac Todhuntee, P.R.S. 
AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, AND BESSEL'3 

FUNCTIONS. Crown Svo. IDs. 6d. 
A HISTORY OF THE MATHEMATICAL THEORIES OF ATTRACTION, AND 
THE FIGURE OF THE EARTH, from the time of Newton to that of Laplace. 
2 vols. Svo. 24s. 

TURNER.- A COLLECTION OF EXAMPLES ON HEAT AND ELECTRICITY. 
By H. H. Turner, Fellow of Trinity CoUege, Cambridge. Cr. Svo. 2s. 6d. 

■WEIGHT.— LIGHT : A Course of Experimental Optics, chiefly with the Lantern. 
By Lewis Wright. Illustrated. New Ed. Cr. Svo. 7s. 6d. 

ASTRONOMY. 

AIRY.— Works by Sir G. B. Airy, K.C.B., formerly Astronomer-Royal. 
•POPULAR ASTRONOMY. Revised by H. H. Turner, M.A ISmo. 4s. 6d. 
GRAVITATION : An Elementary Explanation of the Principal Perturbations in 
the Solar System. 2d Ed. Or. Svo. 73. 6d. 
OHEYNE.— AN ELEMENTARY TREATISE ON THE PLANETARY THEORY. 
By C. H. H. Oheyne. With Problems. Sd Ed., revised. Cr. Svo. 7s. 6d. 
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CLARK and SADLEK.— THE STAR GUIDE. By L. Clakk and H. Sadler. 

Boy. 8vo. 6s. 
CROSSLEY, GLEDHILL, and WILSON.— A HANDBOOK OF DOUBLE STAES. 
By E. Cbossley, J. Gledhill, and J. M. Wilson. 8vo. 21s. 
C0RBBCTI0N8 TO THE HANDBOOK OF DOUBLE STARS. 8vo. Is. 
FORBES.— TRANSIT OF \'ENUS. By G. Forbes, Professor of Natural Philo- 
sophy in the Andersonian University, Glasgow. Illustrated. Cr. 8vo. 3s. 6d. 
GODFRAY. — Works by Hugh Godfray, ]M. A., Mathematical Lecturer at Pembroke 
College, Canibriil^:^. 
A TB15ATISB ON ASTRONOMY. 4th E.I. 8vo. 12s. 6d. 

AN ELEMENTARY TREATISE ON THE LUNAR THEORY. Cr. 8vo. Ss. 6d. 
LOCKYER.— Works by J. Nobman Lockter, F.R.S. 
*A PRIMER OF ASTRONOMY. Illustrated. 18mo. Is. 

•ELEME.N- T AUY LESSONS IN ASTRONOMY. With Spectra of the Sun, Stars, 
and Nbbulie, and IliuB. 36th Thousand. Revised throughout. Fcap. 8vo. 5s. 6d. 
•QUESTIONS ON THE ABOVE. By J. Forbes Robertson. 18mo. Is. 6d. 
THE CHEMISTRY OF THE SUN. Illustrated. 8vo. 14s. 
THE METEORITIC HYPOTHESIS OF THE ORIGIN OP OOSMICAL 

SYSTEMS. Illustrated. 8vo. IVs. net. 
STAR-GAZING PAST AND PRESENT. Expanded from Notes with the assist- 
ance of G. M. Seabboke, F.R.A.S. Roy. 8vo. 21s. 
NEWCOMB.— POPULAR ASTRONOMY. By S. Newcomb, LL.D., Professor 
U.S. Naval Observatory. Illustrated. 2d Ed., revised. 8vo. 18s. 

HISTORICAL. 

BALL.— A SHORT ACCOUNT OP THE HISTORY OF MATHEMATICS. By W. 
W. Rouse Ball, M.A. Cr. 8vo. 10s. 6d. 
MATHEMATICAL RECREATIONS, AND PROBLEMS OP PAST AND 
PRESENT TIMES. By the same. Cr. 8vo. 7s. net. 



NATURAL SCIENCES. 

Chemistry ; Physical Geography, Geology, and Mineralogy ; Biology ; 
Medicine. 



ARMSTRONG.— A MANUAL OP INORGANIC CHEMISTRY. By H E Aem- 
STRONo, F.R.S., Professor of Chemistry, City and Guilds Ceutial Institute. 



CHEMISTRY. 

EMISTRY. 
Id Guilds Ce 

[In preparation. 

*°°SS?\T,SI..'^T/^^'^ COLLEGE COURSE OP PRACTICAL ORGANIC 
OHEMISTRI . By Jdlius B. Cohen, Ph.D., Assistant Lecturer on ChemistiT 
Owens College, M.iiichester. Fcap. 8vo. Ss. od. 
COOKE.-ELEMENTS OF CHEMICAL PHYSICS. By JosiAH P. CoOKE Pro- 

fessor.il Chemistry and Jl I iieralogy in Harvard University. 8vo 21s ' 
FLEISCHER. -A SYSTE \1 OP VOLUMETRIC ANALYSIS. By Em.l Fleisohek 

Translated, with Additions, by M. Jl. P. Mom, F.R.S.E. Cr. Svo. 7s. 6d 
FRANKLAND.-AGRICULTURAL CHEMICAL ANALYSIS. (SeeAgri'cultiu-e ) 
^^FH^T--^,'-''-*URSB OF QUANTITATIVE ANALYSIS FOR STUDENTS 
?/k ■■ Hartley, F.R.S., Professor of Chemistry, Royal College of Science; 

JJUDlin. Lil. oVO. OS, 

HEMPEL.-METHODS OP GAS ANALYSIS. By Dr. Walther Hempel. Trans- 
lated by Dr. L. M. Dennis. Cr. Svo. 7s. Gd. 
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HIORNS. —'Works by A. H. Hiorns, Principal of the Scliool of Metallurgy, 
Birmingham and Midland Institute. Gl. Bvo. 
A TEXTBOOK OF ELBMENTAEY METALLUKGY. 43. 
PRACTICAL METALLURGY AND ASSAYING. 6s. 
IRON AND STEEL MANUFACTURE. For Beginners. Ss. 6d. 
MIXED METALS OR METALLIC ALLOYS. 6s. 
JONES. -*THE OWENS COLLEGE JUNIOR COURSE OF PRACTICAL CHEM- 
ISTRY. By Fbancis Jones, F.R.S.E., Chemical Master at the Grammar School, 
Manchester. Illustrated. Fcp. 8vo. 2s. 6d. 
♦QUESTIONS ON CHEMISTRY. Inorganic and Organic. By the same. Fcap. 

Svo. 8s. 
LANDATJER.— BLOWPIPE ANALYSIS. By J. Lahdauer. Translated by J. 

Taylor and W. E. Kay, of Owens College, Manchester. 
LOOKTER.— THE CHEMISTRY OF THE SUN. By J. Nobman Lookyer, F.R.S. 

Illustrated. Svo. 14s. 
LUPTON.— CHEMICAL ARITHMETIC. With 1200 Problems. By S. Lofton, 
M.A. 2a Ed., revised. Fcap. Svo. 4s. Od. 

MELD0L4 THE CHEMISTRY OF PHOTOGRAPHY. By Raphael Meldola, 

F.R.S., Professor of Chemistry, Technical College, Finsbury. Cr. Svo. 6s. 
METER.— HISTORY OF CHEMISTRY FROM THE EARLIEST TIMES TO 
THE PRESENT DAY. By Ernst von Meyek, Ph.D. Translated by George 
McGowAN, Ph.D. Svo. 14s. net. 
MIXTER.— AN ELEMENTARY TEXT-BOOKOF CHEMISTRY. By W.G.Mixter, 

Professor of Chemistry, Yale College. 2d Ed. Cr. Svo. 7s. 6d. 
MDIR.— PRACTICAL CHEMISTRY FOR MEDICAL STUDENTS: First M.B. 
Course. By M. M. P. MuiR, F.R.8.E., Fellow and Pi-£elector in Chemistry at 
Gonville and Caius College, Cambridge. Fcap. Svo. Is. 6d. 
MUIR — WILSON.— THE ELEMENTS OF THERMAL CHEMISTRY. By M. 

M. P. Mdib, F.R.S.E. ; assisted by D. M. Wilson. Svo. 12s. 6d. 
OSTWALD.— OUTLINES OF GENERAL CHEMISTRY: Physical and Theo- 
retical. By Prof. W. Ostwald. Trans, by Jas. Walker, D.Sc. Svo. 10s. net. 
RAMSAY.- EXPERIMENTAL PROOFS OF CHEMICAL THEORY FOR BE- 
GINNERS. By William Ramsay, F.R.S., Professor of Chemistry, Univer- 
sity College, Loudon. 18mo. 2s. 6d. 
REMSEN.— Works b' Iba Remsen, Prof, of Chemistry, Johns Hopkins University. 
•THE ELEMENTS OF CHEMISTRY. For Beginners. Fcap. Svo. 2s. 6d. 
AN INTRODUCTION TO THE STUDY OF CHEMISTRY (INORGANIC 

CHEMISTRY). Or. Svo. 6s. 6d. 
COMPOUNDS OF CARBON : an Introduction to the Study of Organic 

Chemistrv. Cr. Svo. 6s. 6d. 
A TEXT-BOOK OF INORGANIC CHEMISTRY. Svo. IBs. 
EOSCOE.— Works by Sir Henry E. Roscoe, F.R.S., formerly Professor of Chemistry, 

Owens College, Manchester. 
»A PRIMER OF CHEMISTRY. Illustrated. With Questions. ISmo. Is. 
•LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC AND ORGANIC. 
With Illustrations and Chromolitho of the SoJar Spectrum, and of the Alkalies 
and Alkaline Earths. New Ed., 1892. Fcap. Svo. 4s. 6d. 
ROSCOE— SCHORLEMMER.— A TREATISE ON INORGANIC AND ORGANIC 
CHEMISTRY. By Sir Henry Roscoe, F.R.S., and Prof. C. Schoble-mmer, 

Vols. i. and li. INORGANIC CHEMISTRY. Vol. I.— The Non-Metallic Ele- 
ments. 2d Ed. 21s. Vol. II. Two Parts, 18s. e.ich. „,,„„„ 

Vol. III.-ORGANIC CHEMISTRY. THE CHEMISTRY OF THE HYDRO- 
CARBONS and their Derivatives. Parts I., II., IV., and YL 21s. each. 
Parts III. and V. 18s. each. 
BOSCOE — SCHUSTER.— SPECTRUM ANALYSIS. By Sir Henry Roscoe, 
P R S 4th Ed., revised by the Author and A. Schuster, F.R.S., Professor oJ 
Applied Mathematics in the Owens College, Manchester. Svo. 21s. 
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•THORPE —A SERIES OF CHEMICAL PROBLEMS. With Key. By T. E. 

Thorpe, F.R.S., Professor of Chemistry, Eoyal College of Science. Xew Ed. 

Fcap. 8vo. 2s. 
THORPE- RtfCKER.— A TREATISE ON CHEMICAL PHYSICS. By Prof. T. E. 

Thobpe and Piuf. A. W. RUcker. 8vo. [/h irreparaXion. 

WURTZ.— A HISTORY OF CHEMICAL THEORY. By Ad. Wurtz. Translated 

by Henry \\'aits, F.R.8. Crown 8vo. 6s. 

PHYSICAL GEOGBAPHY, GEOLOGY, AND 
MINERALOGY. 

BLANFORD.— THE RUDIMENTS OF PHYSICAL GEOGRAPHY FOR INDIAN 

SCHOOLS ; with Glossary. By H. P. Blanford, F.G.S Cr. 8to. 23. 6d. 

FERREL.— A POPULAR TREATISE ON THE WINDS. Comprising the General 

Motions of the Atmosphere, Monsoons, Cyclones, etc. ByW. Ferbel, M.A-, 

Member of the American National Academy of Sciences. 8vo. 18s. 

FISHER.— PHYSICS OF THE EARTH'S CRUST. By Rev. Osmond Fisher, M.A., 

P.G.S., Hon. Fellow of King's College, Lomlon. 2d Ed., enlarged. 8vo. 12s. 

GEIKTE. — Works by Sir Archibald Geikie, F.R.S., Director-General of the 

Geological Survey of the United Kingdom. 
•A PRIMER OF PHYSICAL GEOGRAPHY. Illus. With Questions. 18mo. Is. 
•ELIiMENTAEY LESSONS IN PHYSICAL GEOGRAPHY. Illustrated. Fcap. 

8V0. is. 6d. "QUESTIONS ON THE .SA-MB. Is. 6d. 
«A PRIMER OF GEOLOGY. Illustrated. ISmo. Is. 

•CLASS-BOOK OP GEOLOGY. Illustrated. Cheaper Ed. Cr. 8vo. 4s. 6d. 
TEXT-BOOK OF GEOLOGY. Illustrated. 3d Ed. Svo. 2Ss. 
OUTLINES OF FIELD GEOLOGY. Illustrated. New Ed. Gl. Svo. 3s. 6d. 
THE SCENERY AND GEOLOGY OF SCOTLAND, VIEWED IN CONNEXION 
WITH ITS PHYSICAL GEOLOGY. Illustrated. Or. Svo. I2s. Od. 
HUXLEY.— PHYSIOGRAPHY. An Introduction to the Study of Nature. By 

T. H. Hoxlet, F.R.S. Ulustrated. Cr. Svo. Cs. 
LOOKYER.— OUTLINES OF PHYSIOGRAPHY— THE MOVEMENTS OF THE 
EARTH. By J. Norman Lockyer, F.R.S., Examiner in Physiography for the 
Science and Art Department. Illustrated. Cr. Svo. Sewed, Is. 6d. 
MIERS.— A TREATISE ON MINERALOGY. By H. A. MiEBS, of the British 
Museum. Svo. {In preparation. 

PHILLrPS.— A TREATISE ON ORE DEPOSITS. By J.A.Phillip3,F.R.S. Svo. 25s. 
ROSENBUSCH—IDDINGS.— MICROSCOPICAL PHYSIOGRAPHY OF THE 
ROCK-MAKING MINERALS: AN AID TO THE MICROSCOPICAL STUDY 
OF ROCKS. By H. Rosenbusch. Translated by J. P. Idddjos. Svo. 24s. 
WILLIAMS.— Er.E:MENTS OF CRYSTALLOGRAPHY, for students of Chemistry, 
Physics, and Mineiiilogy. By G. H. Williams, Ph.D. Cr. Svo. 6s. 

BIOLOGY. 

ALLEN.— ON THE COLOURS OF FLOWERS, as Illustrated in the British Flora. 
By Grant Allen. Illustrated. Cr. Svo. cis. 6d. 

BALFOUR.- A TREATISE ON CCMPAH-VTIVB EJIBRYOLOGY. By F. M. 
Balfour, F.R.S., late Fellowand Lecturer of Trinity College, Cambridge Illus- 
trated. 2 VI .is. Svo. Vol. L ISs. Vol.11. 21s. 

BALFOUR— WARD.— A GENERAL TEXT -BOOK OF BOTANY'. By I. B. 
Balfour, I'.H.S., I'lof. of Botany, University of Edinburgh, and H.Marshall 
Ward, F.If.S., I'luf. of Botany, Roy. Indian Engineering Coll., Cooper's Hill. 
S^'^- [In preparaticm. 

•BETTANY. -FIRST LESSONS IN PRACTICAL BOTANY. By G. T. Betiany. 
18mo. Is. 
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•BOWER.— A COTTRSK OF PRACTICAL INSTRUCTION IN BOTANY By P 
0. Bower, D.Sc, F.R.S., Regius Professor of Botany in tlie University oi 
Glasgow, Cr. 8vo. 10s. M. [Abridged Ed. in preparation. 

BUCKTON.— MONOGRAPH OF THE BRITISH CICADjE, ORTETTIGIDJ! By 
G. B. Btjcktos. 2 Vols. Svo. 33s. 6d. each, net. 

CHURCH-VINES.— MANUAL OF VEGETABLE PHYSIOLOGY. By Professor 
A. H. Chukch, and Professor 8. H. Vines, F.R.S. Illustrated. Cr. Svo. 

^ [Inpreparatimi. 

COUES.- HANDBOOK OF FIELD AND GENERAL ORNITHOLOGY By 
Prof. Elliott Coues, M.A. Illustrated. Svo. 10s. net. 

EIMEB.— ORGANIC EVOLUTION as the Result of the Inheritance of Acquired 
Characters according to the Laws of Organic Growth. By Dr. G. H. T 
EiMEH. TransL by J. T. Chnninoham, P.R.S.E. Svo. 12s. 6d. 

FEARNLET.— A MANUAL OF ELEMENTARY PRACTICAL HISTOLOGY. 
By William Fearnley. lUnstrated. Cr. Svo. 7s. 6d. 

FLOWER — GADOW.— AN INTRODUCTION TO THE OSTEOLOGY OP 
THE MAMMALIA. By W. H. Flower, F.R.S., Director of the Natural His- 
tory Museum. lUus. 3d Ed., revised with the assistance of Hans Gadow, Ph.D., 
Lecturer on the Advanced Morphology of Vertebrates in the University of 
Cambridge. Cr. Svo. IDs. 6d. 

FOSTER.- Works by Michael Foster, M.D., F.R.S., Professor of Physiology in 

the University of Cambridge. 
»A PRIMER OP PHYSIOLOGY. lUustrated. ISmo. Is. 
A TEXT-BOOK OF PHYSIOLOGY. Illustrated. 6th Ed., largely revised. Svo. 
Part I. Blood— The Tissues of Movement, The Vascular Mechanism. 10s. 6d. 
Part II. The Tissues of Chemical Action, with their Respective Mechanisms 
—Nutrition. 10s. 6d. Part III. The Central Nervous System. Ts. 6d. Part 
IV. The Senses and Some Special Muscular Mechanisms. The Tissues and 
Mechanisms of Reproduction. IDs. 6d. 

FOSTER — BALFOUR. — THE ELEMENTS OP EMBRYOLOGY. By Prof. 
Michael Foster, M.D., r.R.S., and the late P. M. Balfour, P.R.8., 2d Ed., 
revised, by A. Sedgwick, M.aI, Fellow and Assistant Lecturer of Trinity 
College, Cambridge, and W. Heape, M.A. Illustrated. Cr. Svo. 10s. 6'l. 

FOSTER— LAUGLET.— A COURSE OF ELEMENTARY PRACTICAL PHY- 
SIOLOGY AND HISTOLOGY. By Prof. Michael Poster, and J. N. Lanoley, 
F.R.S., Fellow of Trinity College, Cambridge. 6th Ed. Cr. Svo. 7s. 6d. 

GAMGEE.— A TEXT -BOOK OF THE PHYSIOLOGICAL CHEMISTRY OF 
THE ANIMAL BODY. By A. Gamoee, M.D., F.R.S. Svo. Vol. L ISs. 

GOODALE.— PHYSIOLOGICAL BOTANY. L Outlines of the Histology of 
Fhsnogamons Plants. II. Vegetable Physiology. By George Lincoln 
GooDALE, M.A., M.D., Professor of Botany in Harvard University. Svo. 
IDs. 6d. 

GRAY.— STRUCTURAL BOTANY, OB ORGANOGRAPHY ON THE BASIS 
OP MORPHOLOGY. By Prof. Asa Gray, LL.D. Svo. 10s. 6d. 

HAMILTON.— A TEXT-BOOK OF PATHOLOGY. (See Medicine, p. 35.) 

HARTIG.— TEXT-BOOK OF THE DISEASES OP TREES. (See Agriculture, p. 39.) 

HOOKER.— Worlis by Sir Joseph Hooker, F.R.S., &c. 
•PRIMER OP BOTANY. Illustrated. ISmo. Is. 

THE STUDENT'S FLORA OP THE BRITISH ISLANDS. Sd Ed., revised. 
Gl. Svo. 10s. 6d. 

HOWES.— AN ATLAS OP PRACTICAL ELEMENTARY BIOLOGY. By G. B, 
Howes, Assistant Professor of Zoology, Royal College of Science. 4to. 143. 

HUXLEY.— Works by Prof. T. H. Hotley, F.R.S. 
•INTRODUCTORY PRIMER OF SCIENCE. IBmo. Is. 
•LESSONS IN ELEMENTARY PHYSIOLOGY. Ulust. Foap. Svo. 4s. 6d. 
•QUESTIONS ON THE ABOVE. By T. Alcock, M.D. ISmo. Is. 6d. 

C 
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HUXLEY - MARTIN.-A COURSE OF PBACTICAL IXSTRUCTION IN 
KLKJIENTARY DIOLOGY. By Prof. T. H. Huxley, F.R.S., assisted by 
II N Martin F K.S., Professor of Biology in tbe Johns Ho].kins University. 
Krw kd., revised Ijy G. B. Howes and D. H. Scott, D.Sc, .\s.sistant Professors, 
Uoyal College of Science. Or. 8vo. 10s. 6fl. 
KLEIN. -MICRO-OEGANISMS AND DISEASK. (See Medicine, p. 35.) 

THE BACTERIA IN ASIATIC CHOLERA. (See Medicine, p. 35.) 

LAMG —TEXT-BOOK OF COMPARATIVE ANATOMY. By Dr. Arnold LiNn, 

Professor of Zoology in the University of Zuriiai. Transl. by H. M. and M. 

Bkenard. Introduction by Prof. Haeckel. 2 vols. Illustrated. 8vo. Part I. 

;^7y_ ]ii,1-_ [Part II. in the Press. 

LAUKESTEE.— A TEXT-BOOK OF ZOOLOGY. By B. Ray Lahkester, F.R.8., 

Linacre Professor of Human and Comparative Anatomy, University of Oxford. 

gvo. [If^ preparation. 

LUBBOCK.— Works by the Eight Hon. Sir John Lubbock, F.R.S., D.C.L. 

THE ORIGIN' AND METAMORPHOSES OP INSECTS. Illus. Cr. 8vo. Ss. 6d. 
ON BRITISH WILD FLOWERS CONSIDERED IN RELATION TO IN- 
SECTS. Illustrated. Cr. 8vo. 4s. 6d. 
FLOWERS, FRUITS, AND LEAVES. Illustrated. 2d Ed. Cr. 8vo. 4s. 6d. 
MABTm and MOALE.— ON THE DISSECTION OF VERTEBRATE ANIMALS 
By Prof. H. N. Martin and W. A. Moale. Cr. 8vo. [In preparation. 

MIVART.— LESSONS IN ELEMENTARY ANATOMY'. By St. G. Mivart, F.R.S., 
Lecturer on Comparative Anatomy at St. Mary's Hospital. Fcap. Svo. 6s. fid. 
MtJLLER.— TUB FERTILISATION OF FLOWERS. By Hermann MBllee. 
Translated byD'ARCY W. Thompson, B.A., Professor of Biology in University 
College, Dundee. Preface by C. Darwin, F.R.S. Illustrated. 8vo. 21s. 
•OLrVER.— LESSONS IN ELEMENTARY BOTANY. By Dasiel Oliver, F.R.S., 
late Professor of Botany in University CoUege, Loudon. Fcap. Svo. 4s. 6d. , 
FIRST BOOK OP INDIAN BOTANY. By the same. Ex. fcap. S\o. Os. 6d. 
PARKER. — Works by T. Jefferv Parker, F.R.S., Professor of Biology in the 
Univrrsity of Otago, New Zealand. 
A COURSE OF INSTRUCTION IN ZOOTOMY (TERTEBRATA). Illustrated. 

Cr. Svo. 8s. 6d. 
LESSONS IN ELEMENTARY BIOLOGY'. Illustrated. Cr. Svo. 10s. 6d. 
PARKER and BETTANT.— THE MORPHOLOGY OF THE SKULL. By Prof. 
W. K. Parker, F.R.S., and G. T. Beitany. Illustrated. Cr. Svo. 10s. Od. 
SEDGWICK.— TREATISE ON EMBRYOLOGY. By Adam Sedowick, F.R.S., 
Fellow and Lecturer of Trinity College, Cambridge. Svo. [In preparation. 

SHUFELDT.— THE MYOLOGY OF THE RAVEN (Corvm mrax sinuatus). A 
Guide to the Study of tlie Muscular System in Birds. By R. W. Shufeldt. 
Illustrated. Svo. 13s. net. 
SMITH.- DISEASES OF FIELD AND GARDEN CROPS. (See ALiiiculture, p. 39.) 
WALLACE. — Works by Alfred Russel Wallace, LL.D. 
DARWINISM : An Exposition of the Theory of Natural Si-lection. Cr. Svo. 9s. 
NATURAL SELECTION: AND TROPICAL NATURE. New Ed. Cr.Svo. 6s 
1SI,AND LIFE. Now Ed. Cr. Svo. 6s. 

WARD.- TIMBER AX D SOME OF ITS DISEASES. (Sec Agriculture, p. 39.) 
WIEDERSHEIM.— ELEMENTS OF THE COMPARATIVE ANATOMY OP 
\'ERTEB1!ATES. By Prof. R. Wiedehsheim. Adapted by W. Newton 
rAKKi:n, Professor of Biology, University College, Cardiff. Svo. 12s. 6d. 

MEDICINE. 

BLYTH.— A MANUAL OF PUBLIC HEALTH. By A. Wynteb Blyth, M.E.C.8. 

8v<i. 17s. net. 
BRUNTON.— Works by T. Lauder Brunton, M.D., F.R.S., Examiner in Materia 

Mcdica in the University of London, in the Victoria University, aud in the 

Royal College of Physicians, London. 
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A TEXT-BOOK OF PHARMACOLOGY, THERAPEUTICS, AND MATERIA 
MEDICA. Adapted to the United States Pharmacopoeia by P. H. WiLLrAMa 
M.D., Boston, Mass. Sd Bd. Adapted to tlie New British Phannacopreia 
1885, and additions, 1891. Svo. 21s. Or in 2 Vols. 22s. 6d. Supplement. Is 
TABLES OF MATERIA MEDICA: A Companion to the Materia Medica 
Museum. Illustrated. Cheaper Issue. Svo. 5s. 
GRIFFITHS.— LESSONS ON PRESCRIPTIONS AND THE ART OP PRESCRIB- 
ING. By W.H.GnuFiTHs. Adaptedto the Pharmaeopoew, 1885. ISmo. Ss.6J. 
HAMILTON.— A TEXT-BOOK OF PATHOLOGY, SYSTEMATIC AND PRAC- 
TICAL. ByD. J. Hamilton, F.R.S.E., Professor of Pathological Anatomy, 
University of Aberdeen. Illustrated. Vol. I. Svo. 25s. 
KLEIN.— Works by E. Klein. F.R.S., Lecturer on General Anatomy and Physio- 
logy in the Medical School of St. Bartholomew's Hospital, London. 
MICRO-ORGANISMS AND DISEASE. An Introduction into the Study of 

Specific Micro-Organisins. Illustrated. Sd Bd., revised. Cr. Svo 6s. 
THE BACTERIA IN ASIATIC CHOLERA. Or. Svo. 6s. 
WHITE.— A TEXT -BOOK OF GENERAL THERAPEUTICS. By W. Hale 
WarrE, M.D., Senior Assistant Physician to and Lecturer in Materia Medica at 
Guy's Hospital. Illustrated. Ci-. Svo. 8s. 6d. 
ZIEGLEE— MAOAUSTER.-TEXT-BOOK OF PATHOLOGICAL ANATOMY 
AND PATHOGENESIS. By Prof. E. Zieoler. Translated and Edited by 
Donald Macalister, M.A., M.D., Fellow and Medical Lecturer of St John's 
College, Cambridge. Illustxated. Svo. 
Part L— GENERAL PATHOLOGICAL ANATOMY. 2d Ed. 12s. 6d. 
Part IL— SPECIAL PATHOLOGICAL ANATOMY. Sections I.-VIII. 2d Ed. 
12s. 6d. Sections IX.-XII. 12s. 6d. 
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Mental and Moral Phllosopliy ; PoUtloal Economy ; Law and Politics ; 
Anthropology; Education. 

MENTAL AND MORAL PHILOSOPHY. 

BALDWIN.— HANDBOOK OF PSYCHOLOGY: SENSES AND INTELl^EOT. 
By Prof. J. M. Baldwin, M.A., LL.D. 2d Ed., revised. Svo. 12s. 6d. 
FEELING AND WILL. By the same. Svo. 12s. 6d. 
BOOLE.— THE MATHEMATICAL ANALYSIS OF LOGIC. Being an Essay 

towards a Calculus of Deductive Reasoning. By George Boole. Svo. 6s. 
CALDERWOOD.— HANDBOOK OP MORAL PHILOSOPHY. By Rev. Henhv 
Calderwood, LL.D., Professor of Moral Philosophy in the University of 
Edinburgh. 14th Bd., largely rewritten. Cr. Svo. 6s. 
CLIFFORD.— SEEING AND THINKING. By the late Prof. W. K. Clifford, 

F.R.S. With Diagrams. Cr. Svo. 8s. 6d. 
HOFFDmG.— OUTLINES OF PSYCHOLOGY. By Prof. H. Hoffdino. Trans- 
lated by M. E. Lowndes. Cr. Svo. 6s. 
JAMES.— THE PEINCIPLES OF PSYCHOLOGY. By Wm. James, Professor 
of Psychology in Harvard University. 2 vols. Svo. 26s. net. 
A TEXT-BOOK OP PSYCHOLOGY. By the same. Cr. Svo. 7s. net. 
JARDDTE.- THE ELEMENTS OF THE PSYCHOLOGY OF COGNITION. By 

Eev. Robert Jardine, D.Sc. 3d Bd., revised. Cr. Svo. 6s. 6d. 
JE'VONS.- Works by W. Stanley Jevons, P.R.S. 
*A PEIMBB OP LOGIC. ISmo. Is. 
•ELEMENTARY LESSONS UST LOGIC, Deductive and Inductive, with Copious 

Questions and Examples, and a Vocabulary. Feap. Svo. 3s. 6d. 
THE PRINCIPLES OF SCIENCE. Cr. Svo. 12s. 6d. 
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STUDIES IN DBDIJOTIVB LOGIC. 2d Ed. Or. 8vo. 6s. 

PURE LOGIC: AND OTHEB MINOR WORKS. Edited by R. Adamsok, 
M.A., LL.D., Professor of Logic at Owens College, Manchester, and HAHRiffr 
A. Jevons. With a Preface by Prof. Adamson. Svo. 10s. 6d. 
KANT— MAX MiJLLEB.— CRITIQUE OF PURE REASON. By Immanuel Kant. 
2 vols. Svo. 16s. each. Vol. I. HISTORICAL INTRODUCTION, by Ldd- 
wio Nom4 ; Vol. IL CRITIQUE OF PURE RBASOX, translated by F. Max 

Mi LLER. 

KANT— MAHATFT and BEENABD.— KAXT S CRITICAL PHILOSOPHY FOE 
ENGLISH READERS. By J. P. M.^haffy, D.D., Professor of Ancient Historj- 
in the University of Dublin, and Johk H. Bebnabd, B.D., Fellow of Triuit> 
College, Dublin. A new and complete Edition in 2 vols. Cr. Svo. 
Vol. I. The Kritik of Pure Reason explained and defended. 7s. 6d. 
Vol. II. The Prolegomena. Translated with Notes and Appendices. 6s. 
KEYNES.— FORMAL LOGIC, Studies and Exercises in. By J. N. Ketkes, D.Sc. 

2d Ed., revised and enlarged. Cr. Svo. 10s. 6d. 
McCOSH. — Wurks by jA:*rEs MlCosh, D.D., President of Princeton College. 
PSYCHOLOGY, "cr. Svo. I. THE COl;NITI^'E POWERS. 6s. 6d. II. THE 

MOTIVE POWERS, lis. 6d. 
FIRST AND FUNDAMENTAL TRUTHS: a Treatise on Metaphysics. Svo. 9s. 
THE PREVAILING TYPES OF PHILOSOPHY. CAN THEY LOGICALLY 
REACH REALITY ? Svo. 8s. 6d. 
MAURICE.- MORAL AND METAPHYSICAL PHILOSOPHY. By P. D. 
Maurice. M.A., late Professor of Mciral Philosophy in the University of Cam- 
bridge. 4th Ed. 2 vols. Svo. 16s. 
'BAY.— A TEXT-BOOK OP DEDUCTIVE LOGIC FOR THE USE OF STUDENTS. 
By P. K. Ray, D.Sc, Professor of Logic and Philosophy, Presidency College, 
Calcutta. 4th Ed. Globe Svo. 4s. 6d. 
SIDGWICK.— Works by Henet Sidgwiok, LL.D., D.C.L., Knightbridge Professor 
of Moral Philosophy in the University of Cambridge. 
THE METHODS OF ETHICS. 4th Ed. Svo. 14s. 

OUTLINES OP THE HISTORY OF ETHICS. 2d Ed. Cr. Svo. 8s. 6d. 
VENN.— Works by John Venn, F.R.S., Examiner in Moral Philosophy in the 
University of London, 
THE LOGIC OP CHANCE. An Essay on the Foundations and Province of the 

Theory of Probability. 8d Ed., rewritten and enlarged. Cr. Svo. 10s. 6d. 
SYilBOLIO LOGIC. Or. Svo. 10s. 6d. 
THE PRINCIPLES OP EMPIRICAL OR INDUCTIVE LOGIC. Svo. ISs. 

POLITICAL ECONOMY. 

BASTABLE.— PUBLIC FINANCE. By 0. P. Bastable, Professor of Political 
_ Economy in the University of Dublin. [Jn tlie Press 

BOHM-BAWEEK.— CAPITAL AND INTEREST. Translated by William Smart! 
M.A. S\o. 12s. net. ' 

THE POSITIVE THEORY OF CAPITAL. By the same. Svo. 12s. net 
CAIENES.— THE CHARACTER AND LOGICAL METHOD OF POLITICAL 
ECONOMY. By J. B. Caibnes. Cr. Svo. Cs. 
SOME LEADING PRINCIPLES OP POLITICAL ECONOMY NEWLY EX- 
POUNDED. By the same. Svo. 14s. 
OOSSA.— GUIDE TO THE STUDY OP POLITICAL ECONOMY. By Dr L 
CossA. Translated. |A-j„j Edilioii in the Press. 

•FAWCETT.— POLITICAL ECONOMY FOR BEGINNERS, WITH QUESTIONS 

By Mrs. Henry Fawcett. 7th Ed. ISmo. 2s. Cd 
FAWOETT.-A MANUAL OF POLITICAL ECONOMY. By the Bight Hon Henry 
Fawcett, F.R.S. 7th Ed., revised. Cr. Svo. 12s 6d ' ' 

AN EXPLANATORY DIGEST of above. By C. A. Waters, B A. Cr Svo "s 6d 
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GILMAIT.—PEOFIT- SHARING BETWEEN EMPLOYER AND EMPLOYEE 
By N. P. Oilman. Or. Svo. Ts. 6d. 

GUNTON.— WEALTH ANDl PROGRESS : An examination of (lie Wages Question 
and its Economic Relation to Social Reform. By Geokob Gunton. ;Cr. Svo. es. 
HOWELL.— THE CONFLICTS OF CAPITAL AND LABOUR HISTORICALLY 
AND ECONOMICALLY CONSIDERED. Bdug a Hiatorv and Review of tlie 
Trade Unions of Great Britain. By GEOBaE Howell, M.JP. 2d Ed revised 
Or. Svo. 7s. 6d. 
JEVONS.- Works by W. Stanley Jevons, P.R.S. 
•PRIMER OF POLITICAL ECONOMY. ISmo. Is. 

THE THEORY OF POLITICAL ECONOMY. 3d Ed., revised. Svo. 10s. 6d. 
KETKES.— THE SCOPE AND METHOD OF POLITICAL ECONOMY Bv 

J. N. KEYNE3, D.Sc. 7s. net. 
MARSHALL.— PRINCIPLES OP ECONOMICS. By Alphed Mabshall, 3I.A., 
Professor of Political Economy in the University of Cambridce. 2 vols. Svo 
Vol. I. 2d Ed. 12s. 6d. net. 
ELEMENTS OF ECONOMICS OF INDUSTRY. By the same. New Bd 
1892. Cr. Svo. Ss. 6d. 
PALGRAVE.— A DICTIONARY OF POLITICAL ECONOMY. By various Writers. 
Edited by R. H. Inglis Palqrave, F.R.S. 3s. 6d. each, net. No. I. July 1891. 
PANTALEONI.— MANUAL OF POLITICAL ECONOMY. By Prof. M. Paata- 
leonl Translated by T. Boston Brdce. [In prepaTation. 

SIDGWICK.— THE PRINCIPLES OF POLITICAL ECONOMY. By Henry 
SiDOWicK, LL.D., D.C.L., Knightbridge Professor of Moral Philosophy in the 
University of Cambridge. 2d Ed., revised. Svo. 168. 
SMART.— AN INTRODUCTION TO THE THEORY OF VALUE. By William 

Smart, M.A. Crown Svo. 3s. net. 
WALKER.— Works by Francis A. Walker, M.A 
FIRST LESSONS IN POLITICAL ECONOMY. Cr. Svo. 6s. 
A BRIEF TEXT-BOOK OF POLITICAL ECONOMY. Cr. Svo. 6s. 6d. 
POLITICAL ECONOMY. 2d Ed., revised and enlarged. Svo. 12s. 6d. 
THE WAGES QUESTION. Ex. Cr. Svo. Ss. 6d. net. 
MONET. Ex. Cr. Svo. Ss. 6d. net. 
WICKSTEED.— ALPHABET OF ECONOMIC SCIENCE. By P. H. Wioksteed, 
M.A. Part L Elements of the Theory of Value or Worth. Gl. Svo. 2s. 6d. 

LAW AND POLITICS. 

BALL.— THE STUDENTS GUIDE TO THE BAB. By W. W. RonsE Ball, M. A, 
Fellow of Xrinity College, Cambridge. 4th Ed., revised. Cr. Svo. 2s. 6d. 

BODTMY.— STUDIES IN CONSTITUTIONAL LAW. By Emile Bodtmy. 
Translated by Mrs. Dic et, w ith Preface by Prof. A. V. Dicey. Cr. Svo. 6s. 
THE ENGLISH CONSTITUTION. By the same. Translated by Mrs. Eaden, 
with Introduction by Sir F. Pollock, Bart. Cr. Svo. 6s. 

♦BUCKLAHD.— OUR NATIONAL INSTITUTIONS. By A. Buokland. ISmo. Is. 

CHERRY.— LECTURES ON THE GROWTH OF CRIMINAL LAW IN ANCIENT 
COMMUNITIES. By H. R. Cherry, LL.D., Reid Professor of Constitutional 
and Criminal Law in the University of Dublin. Svo. 5s. net. 

DICET.— INTRODUCTION TO THE STUDY OF THE LAW OF THE CONSTITU- 
TION. By A. V. Dicey, B.C.L,, Vinerian Professor of English Law in the 
University of Oxford. 3d Ed. Svo. 12s. 6d. 

HOLMES.— THE COMMON LAW. By O. W. Holmes, Jun. Demy Svo. 12s. 

JENKS.— THE GOVERNMENT OF VICTORIA. By Edward Jenks, B.A., 
LL.B., late Professor of Law in the University of Melbourne. 14s. 

MONRO.— COMMERCIAL LAW. (See Commerce, p. 40). 

PHILLIMOBE.— PRIVATE LAW AMONG THE ROMANS. From the Pandects. 
By J. G. Phillimore, Q.C. Svo. 16s. 
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POLLOCK.— ESSAYS IN JUEISPBUDENOB AND ETHICS. By Sir Feeeerick 
Pollock, Bart. 8vo. 103. 6d. 
INTRODUCTION TO THE HISTORY OF THE SCIENCE OP POLITICS. 
By the same. Cr. 8vo. 23. 6d. 
SIDGWICK.— THE ELEMENTS OF POLITICS. By Henky Sidqwick, LL.D. 

8vo. 14s. net. 
STEPHEN.— Works ty Sir James Fitzjames Stephen, Bart. 
A DIGEST OF THE LAW OF EVIDENCE. 5th Ed. Cr. 8vo. 6s. 
A DIGEST OF THE CRIMINAL LAW : CRIMES AND PUNISHMENTS. 4th 

Ed., revised. 8vo. 16s. 

A DIGEST OP THE LAW OF CRIMINAL PROCEDURE IN INDICTABLE 

OFFENCES. By Sir J. F. Stephen, Bart., and H. Stephen. 8vo. 12s. 6d. 

A HISTORY OF THE CRIMINAL LAW OF ENGLAND. Three Vols. 8vo. 489. 

A GENERAL VIEW OF THE CRIMLNAL LAW OF ENGLAND. Svo. lis. 

ANTHBOPOLOG-Y. 

TTLOE.— ANTHROPOLOGY. By B. B. Ttlok, F.R.S., Reader in Anthropology 
in the University of Oxford. Illustrated. Cr. Svo. 7s. 6d. 

EDUCATION. 

ARNOLD.— REPORTS ON ELEMENTARY SCHOOLS. 1852-1882. By M.iTTiiEW 

Arnold. Edited by LoRU Sani>ford. Cr. Svo. 3s. 6d. 
HIGHER SCHOOLS AND UNIVERSITIES IN GERMANY. By the same. 

Crown Svo. 6s. 
BALL.— THE STUDENT'S GUIDE TO THE BAR. (See Law, p. 37.) 
•BLAKISTON.— THE TEACHER. Hints on School M.inagement. By J. E. 

Blakiston, H.M.I.S. Cr. Svo. 23. 6d. 
CALDERWOOD.— ON TEACHING. By Prof. Hekkt Calderwood. New Ed. 

Ex. {cap. Svo. 2s. 6d. 
FEARON.— SCHOOL INSPECTION. By D. R. Feabon. 6th Ed. Cr. Svo. 2s. 6d. 
FITCH.— NOTES OX AMERICAN SCHOOLS AND TRAINING COLLEGES. 

By J. G. Fitch, M.A., LL.D. Gl. Svo. 2s. 6d. 
GEEKIE.— THE TEACHING OF GEOGRAPHY. (See Geography, p. 41.) 
GLADSTONE.— SPELLING REFORM FROM A NATIONAL POINT OF VIEW. 

By J. H. Gladstone. Cr. Svo. Is. 6d. 
HERTEL.— OVERPRESSURE IN HIGH SCHOOLS IN DENMARK. By Dr. 

Hertbl. Introd. by Sir J. Orichton-Browne, F.R.S. Cr. Svo. 3s. 6d. 
RECORD OF TECHNICAL AND SECONDARY EDUCATION, Svo. Sewed 

2s., net. Part I. Nov. 1891. 
TODHUNTER.— THE CONFLICT OP STUDIES. By Isaac Todhuxter, F.R.S. 

Svo. 10s. 6d. 



TECHNICAL KNOWLEDGE. 

Civil and Mechanical Engineering; Military and Naval Science; 
Agriculture ; Domestic Economy ; Book-Keeping ; Commerce. 

CIVIL AND MECHANICAL ENGINEERING. 

ALEXANDER and THOiaSON.- ELEMENTARY APPLIED MECHANICS. (See 
Mixlianics, p. 26.) 

CHALMERS.— GRAPHICAL DETERMINATION OP FORCES IN ENGINEER- 
ING STRUCTURES. By J. B. Chalmers, C.E. Illustrated. Svo. 24s. 

COTTERILL.— APPLIED MECHANICS. (See Mechanics, p. 26.) 
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COTTEEILL and SLADE. — LESSON'S IN APPI.IBn MBCIIAXICS. (See 
Meclianii.s, p.,2il.) 

GRAHAM.— GEOMETRY OP POSITION. (See MecliRiiics, 20.) 
KENNEDY.— THE MECHANICS OP MACHINERY. (.See Jlochanics, 27.) 
PEABODT.— THERMODYNAJUCS OP THE STEAM-ENGINE AND OTHER 

HEAT-ENGINES. (See Physics, p. 2S.) 
SHANK.- AN ELEMENTARY TREATISE ON HEAT IN RELATION TO 

STE AM AND THE STKAM-ENG [XB. (See. Physics, p. 28.) 
WH1THAM.-STEA5I-KNGINE DESIGN. By J. M. Writham. 8vo. 25a. 
YOUNG.— SIMPLE PRACTICAL METHODS OP CALCULATING STRAINS ON 

GIRDERS, ARCHES, AND TRUSSES. By B. W. YouNa, C.E. 8vo. 7s. Od. 

MILITARY AND NAVAL SCIENCE. 

ARMY PRELIMINAilY EXAMINATION PAPERS, 1882-1891. (See Mathem.atics.) 

KELVIN.— POPULAR LECTURES AND ADDRESSES. By Lord Kelvin. 
3 vols. Illustrated. Or. 8vo. Vol. III. Navigation. 73. 6d. 

MATTHEWS.— MANUAL OP LOGARITHMS. (See Mathematics, p. 24.) 

MADRIOE.— 'WAR. By Col. G. P. Maurice, O.B., R.A. Svo. 6s. net. 

MERCTTR.— ELEMENTS OF THE ART OP WAR. Prepared for the use of 
Cadets of the United States Military Academy. By James Mebcur. Svo. 17s. 

PALMER.— TEXT-BOOK OP PRACTICAL LOGARITHMS AND TRIGONO- 
METRY. (See Mathematics, p. 24.) 

ROBINSON.— TREATISE ON MARINE SURVEYING. For younger Naval 
Oflicers. With Questions and Exercises. By Rev. J. L. Robinson. Cr. Svo. 
Vs. 6d. 

SANDHURST MATHEMATICAL PAPERS. (See Mathematics, p. 26.) 

SHORTLAND.— NAUTICAL SURVEYING. By Vice-Adm. Shortland. 8to. 21s. 

WOLSELEY.— Works by General Viscount Wolselet, G.C.M.G. 
THE SOLDIER'S POCKET-BOOK FOR FIELD SERVICE. 16rao. Roan. 6s. 
FIELD POCKET-BOOK FOR THE AUXILIARY FORCES. 16mo. Is. 'M. 

WOOLWICH MATHEMATIOAL PAPERS. (See Mathematics, p- 26.) 

AGRICULTURE AND FORESTRY. 

PRANKLAND.— AGRICULTURAL CHEMICAL ANALYSIS. By P. F. Frank- 
land, P.R.S., Prof, of Chemistry, University College, Dundee. Cr. Svo. 7s. 6rt. 
HARTIG.— TEXT-BOOK OF THE DISEASES OF TRIMS. By Dr. Robert 
Haktio. Translated by Wm. Someeville, B.S., D.OS., Professor of Agriculture 
and Forestry, Durham College of Science, Newcastle-on-Tyne. Edited, with 
Introduction, by Prof. H. Marshall Ward. Svo. [In preparation. 

LASLETT.— TIMBER AND TIMBER TREES, NATIVE AND FOREIGN. By 

Thomas Laslett. Cr. Svo. 8s. 6d. 
SMITH.— DISEASES OF FIELD AND GARDEN CROPS, chiefly such as .ire 

caused by Fungi. By Woethington G. Smith, F.L.S. Fcap. Svo. 4s. 6d. 
TANNER.— *BLBMENTARY LESSONS IN THE SCIENCE OP AGRICULTURAL 
PRACTICE. By Henry Tanner, F.C.S., M.B.A.C, Examiner in Agriculture 
under the Science and Art Department. Fcap. Svo. Ss. 6d. 
•FIRST PRINCIPLES OF AGRICULTURE. By the same. ISmo. Is. 
•THE PRINCIPLES OF AGRICULTURE, For use in Elementary Schools. By 
the same. Ex. fcap. Svo. 

T. The Alphabet of the Principles of Agriculture. 6d. 

II. Further Steps in the Principles of Agi-iculture. Is. , ,. ™, . , 

III. Elementary School Readings on the Principles of Agriculture for the Ihird 

Stage. Is. 

WARD.— TIMBER AND SOME OF ITS DISEASES. By H. Marshall Ward, 

F.R.S., Prof, of Botany, Roy. Ind. Bngin. Coll., Cooper's Hill. Cr. Svo. 6s. 
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DOMESTIC ECONOMY. 

•BARKER.— FIRST LESSONS IN THE PRINCIPLES OF COOKING. By Lady 

Barker. ISnio. Is. 
•BERNERS.— FIRST LESSONS ON HEALTH. By J. Bernebs. 18mo. Is. 
•COOKERY BOOK.— THE MIDDLE CLASS COOKERY BOOK. Edited by the 

Manchester School of Doiriestic Cookery. Feap. Svo. Is. 6d. 
CRAVEN.— A GUIDE TO DISTRICT NURSES. By Mrs. Craven. Cr. Svo. 2s. 6d. 
FREDERICK.— HINTS TO HOUSEWIVES on several points, particularly on the 

preparation of economical and tasteful dishes. By Mrs. Frederick. Cr.Svo. Is. 
•GRAND'HOMME.— CUTTING-OUT AND DRESSMAKING. From the French of 

Mdlle. E. Grand'homme. With Diagrams. 18mo. Is. 
GRENFELL.— DRESSMAKING. A Technical Manual for Teachers. By Mrs. 

Henry Grenfell. With Diagrams. 18mo. Is. 
JEX-BLAKE.— THE CAKE OF INFANTS. A Manual for Mothers and Nurses. 

By Sophia Jex-Blake, ^I.D. ISmo. Is. 
•TEGETMEIER.— HOUSEHOLD MANAGEMENT AND COOKERY. Compiled 

for the London School Board. By W. B. Tegetmeier. 18mo. Is. 
•WRIGHT.-THE SCHOOL COOKERY-BOOK. Compiled and Edited by C. E. 

Guthrie Wright, Hon. Sec. to the Edinburgh .School of Cookery. 18mo. Is. 

BOOK-KEEPING. (See p. 21.) 
COMMERCE. 

MACMTT.LAN'S ELEMENTARY COMMERCIAL CLASS BOOKS. Edited by 

James Gi.>w, Litt.D., Headmaster of the High School, Nottingham. Globe 8vo. 

THE HISTORY OF COMMERCE IN EUROPE. B\- H. DE B. Gibbins, M.A. 

3.=!. 6d. ' [Beady. 

INTRODUCTION TO COMMERCIAL GERMAN. By P. C. Smith, B.A., 
formerly scholar of Magdalene College, Cambridge. 2s. Od. [Ready. 

Cl-lMMERCIAL GEOGRAPHY. By E. C. K. Gonnek, M.A., Professor of Poli- 
tical Economy in University College, Liverpool [In preparation. 

COMMERCIAL FRENCH. 

COMMERCIAL ARITHMETIC. By A. W. Sukderlasd, SI. A., late Scholar of 
Trinity College, Cambridge ; Fellow of the Institute of Actuaries. [Inprep. 

COMMERCIAL LAW. By J. B. C. Munro, LL.D., Professor of Law and 
I'ohtical Economy in the Owens College, Manchester. [In preparation. 



GEOGRAPHY. 

(See also PHYSICAL GEOGRAPHY.) 

BARTHOLOMEW.- •THE ELEMENTARY SCHOOL ATLAS. By John Bar- 
tholomew, F.R.G.S. 4to. Is. 
•MACMILL.\N S SCHOOL ATLAS, PHYSICAL AND POLITICAL. 80 Maps 

and Index. By the same. Royal 4to. Ss. 6d. Half-morocco, 10s. 6d. 
THE LIBRARY REFERENCE ATLAS OF THE WORLD. By the same. 

84MapsandIndeitol00,000places. Half-morocco. Giltedges. Folio. £3:12:6 

net. Also in parts, 5s. each, net. Index, 7s. 6d. net. 
•CLARKE.— CLASS-BOOK OF GEOGRAPHY. By C. B. Clarke, F.RS. With 

IS JIaps. Fcap. 8vo. 3s. ; sewed, 2s. 6d. 
•GREEN. -A SHORT GEOGRAPHY OF THE BRITISH ISLANDS. By John 

Richard Green, LL.D., and A. S. Green, With Maps. Fcap Svo Ss Cd 
•GROVE.-A PRIMER OP GEOGRAPHY. By Sir George Grove ISmo Is 
KIEPERT.-A MANUAL OP ANCIENT GEOGRAPHY. By Dr. H. Kiepeht 

Cr. Svo. 6s. 
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MAGMUJiAN'S GEOGRAPHICAL SERIES.— Edited by Sir Abohibald Geikie, 

P.R.S., Director-General of the Geological Survey of tlie United Kingdom. 

•THE TEACHING OP GEOGRAPHY. A Practical Handbook for the Use of 

Teachere. By Sir Abchibali> Geikie, P.R.3. Or. 8vo. 2s. 
•MAPS AND MAP-DRAWING. By W. A. Eldekton. ISmo. Is. 
•GEOGRAPHY OF THE BRITISH ISLES. By Sir A. Geikie, P.R.S. 18mo. Is. 
•AN ELEMENTARY CLASS-BOOK OP GENERAL GEOGRAPHY. By H. K. 

Mill, D.Sc. Illustrated. Cr. 8vo. Ss. 6d. 
•GEOGRAPHY OP EUROPE. By J. Sime, M.A. Illustrated. Gl. Svo. 3s. 
•ELEMENTARY GEOGRAPHY OP INDIA, BURMA, AND CEYLON. By H. 

F. Blahford, P.G.S. Q1. Svo. 23. 6d. 
GEOGRAPHY OF NORTH AMERICA. By Prof. N. S. Sbaleb. [In preparation. 
GEOGRAPHY OP THE BRITISH COLONIES. By G. M. Dawson and A. 

SOTHKKLAKD. 

STRACHEY.— LECTURES ON GEOGRAPHY. By General Eichakd Stkachey, 

B.E. Cr. Svo. 4s. 6d. 
•TOZER.— A PRIMER OF CLASSICAL GEOGRAPHY. By H. P. Tozeb, M.A. 

18mo. Is. 

HISTORY. 

ARNOLD.— THE SECOND PUNIC WAR. (See Antiquities, p. 12.) 
ARNOLD.— A HISTORY OP THE EARLY ROMAN EMPIRE. (See p. 11.) 
♦BEESLY.— STORIES FROM THE HISTORY OP ROME. (See p. 12.) 
BRYCE.— THE HOLY ROMAN EMPIRE. By James Bryce, M.P., D.C.L., 
Regius Professor of Civil Law in the University of Oxford. Cr. Svo. 7s. Cd. 
Library Edition. Svo. 14s. 
•BUCKLEY.— A HISTORY OF ENGLAND FOR BEGINNERS. By Arabella 

B. Buckley. With Maps and Tables. Gl. Svo. 3s. 
BURY.— A HISTORY OP THE LATER ROMAN EMPIRE PROM ARCADIUS 

TO IRENE. (See Antiquities, p. 12.) 
CASSEL.— MANUAL OP JEWISH HISTORY AND LITERATURE. By Dr. D. 

Cassel. Translated by Mrs. Henry Ldoas. Fcap. Svo. 2s. 6d. 
ENGLISH STATESMEN, TWELVE. Cr. Svo. 2s. 6d. each. 
WiLLlAil tbe Cohqdkrok. By Edwabd a. Freeman, D.C.L., LL.D. 
Henry IL By Mrs. J. R. Green. 

Edward I. By F. York Powell. lln preparation. 

Henry VII. By James Gairdnee. 
Cardinal Wolsey. By Bishop Creighton 
Elizabeth. By E. S. Beesly. 
Oliver Cromwell. By Frederic Harrison. 
William III. By H. D. Traill. 
Walpole. By John Morley. 

Chatham. By John Morley. [In preparatvon. 

Pitt. By Lord Rosebeey. 
Peel. By J. R. Thuesfield. 
FISKE.— Works by John Piske, formerly Lecturer on Philosophy at Harvard 
University. „ 

THE CRITICAL PERIOD IN AMERICAN HISTORY, 1783-1789. Ex. cr. 

Svo. 10s. 6d. 
THE BEGINNINGS OF NEW ENGLAND. Cr. Svo. 7s. 6d. 
THE AMERICAN REVOLUTION. 2 vols. Cr. Svo. 18s. 
FREEMAN.-Works by Edwaed A. Feeeman, D.C.L., late Regius Professor of 
Modem History in the University of Oxford. 
•OLD ENGLISH HISTORY. With Maps. Ex. fcap. Svo. 6s. 
METHODS OP HISTORICAL STUDY. Svo. 10s. 6d. 
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THE CHIEF PERIODS OP EUROPEAN HISTORY. Six Lectures. With an 
Essay on Greek Citu-^ under Roman Kuie. 8vo. 10s. 6d. 

HISTORICAL ESSAYS. 8vo. First Series. lOs. 6d. Second Seiies. 10s. Cd. 
Third Series. 12s. Fourth Series. 12s. 6d. 

THE GROWTH OP THE ENGLISH CONSTITUTION PROM THE EARLIE.ST 
TIMES. 5th Ed. Or. 8vo. 6s. 

GREEN. — Works by John Richard Green, LL.D. 
*A SHORT HISTORY OF THE ENGLISH PEOPLE. Cr. 8vo, Ss. 6d. 
'Also in Four Parts. With Analysis. Crown 8vo. Ss. each. Part I. 607-1265. 
Part IL 1204-1553. Part HI. UAO-V',^9. Part IV. leeO-lSTS. lUustratcd 
Edition. 8vo. Monthly parts Is. net. Part I. Oct ISOl. 
HISTORY OF THE ENGLISH PEOPLE. In four rol^. Svo. lOs. e.ach. 
Vol. I.— Early England, 449-1071; Foreign Kings, 1071-1214; The Charter, 

1214-1291 ; The Parliament, 1807-1461. 8 Maps. 
Vol. IL— The Monarchy, 1461-1640 ; The Reformation, 1540-1603. 
Vol. III.— Puritan England, 1603-1660 ; The Revolution, 1660-lOsS. 4 Maps. 
Vol. IV.— The Ruvnliition, 1688-1760; Modern England, 1760-1815. 
THE 5IAKING OF ENGLAND, 449-829. With Jlaps. 8vo. 163. 
THE CONQUEST OP ENGLAND, 758-1071. With Maps and Portr.iit. Svo. 18s. 
•ANALYSIS OP ENGLISH HISTORY, based on Green's " Short Histoi-y of the 

English People." By C. W. A. Tait, M.A. Crown Svo. 4s. 6d. 
•READINGS IN ENGLISH HISTORY. Selected by J. R. Green. Three Parts. 
Gl. Svo. Is. 6d. each. I. Hengist to Crossy. II. Crcssy to Cromwell. III. 
Cromwell to Balaklava. 

GUEST.— LECTURES ON THE HISTORY OP ENGLAND. By M. J. Guest. 
With Maps. Cr. Svo. 6s. 

•HISTOEICAL COURSE FOR SCHOOLS.— Eilited by E. A. Freeman. 18mo. 

GENERAL SKETCH OF EUROPEAN HISTORY. By E. A. Freeman. 3s. 6d. 

HISTORY OP ENGLAND. By Edith Thojjpson. Ss. 5d. 

HISTORY OP SCOTLAND. By Maboahet Macabthur. 2s. 

HISTORY OP ITALY. By Rev. W. HoNT, M.A. 3s. 6d. 

HISTORY OF GER5I ANY. By J. SiME, M.A. 3s. 

HISTORY OF AMERICA. By John A. DoTLE. 43. 6d. 

HISTORY OF EUROPEAN COLONIES. By E. J. Payxe, M.A. 43. 6d. 

HISTORY OF FRANCE. By CHAaLOCTE M. YONOE. 3s. 6d. 
•HISTOET PRIMEBS.- Edited by Joh-j Richard Green, LL.D. ISrao. Is. each. 

ROME. By Bishop Creighton. 

GREECE. By C. A. FvFFE, M.A., late Fellow of University College, Oxford. 

EUROPE. ByE. A. Freeman, D.C.L. 

FRANOB. By CHARLcrrE M. Y'oNQE. 

ROMAN ANTIQUITIES. By Prof. Wilkins, Litt.D. Illustrated. 

GREEK ANTIQUITIES. By Rev. J. P. Maiiaefy, D.D. Illustrated. 

GEOGRAPHY. By Sir G. Grove, D.C.L. JL.ps. 

CLASSICAL GEOGRAPHY. By H. P. TozER, :M.A. 

ENGLAND. By Arabella B. BrcKLEv. [I ii prepayation 

ANALYSIS OF ENGLISH HISTORY. By Prof. T. F. TooT, M.A. 

INDIAN HISTORY : ASIATIC AND EUROPEAN. By J. Talbovs Wheeler. 

HOLE.— A GENEALOGICAL STEMMA OF THE KINGS OF ENGLAND AND 
FRANCE. By Rev. C. Hole. On Slieet. Is. 

JENNINGS.— CHRONOLOGICAL TABLES OF ANCIENT HISTORY. By Rev. 
A. C. Jennings. S\'m. 5s. 

LABBEETON.— NEW HISTORICAL ATLAS AND GENERAL HISTORY Bv 
R. H. Labbekton. 4tu. l:^s. 

LETHBRIDGE.— A SIIclRT MANUAL OF THE HISTORY OF 1NDI\ With 
an Account ol India as it is. By Sir Roi-er Lethbridqe. Cr. Svo. 6s. 
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MACMILLAN'S HISTORY READERS. Adapted to the New Code, 181)1. Cr. 8vo. 
Standard lU. Is. Standard IV. Is. Sd. Standai-d V. Is. 6d. 

(Stamlard VI. Is. 6d. in preimnUion. 
MAHAFFS".— GHEEK LIFE AND THOUGHT FROM THE AGE OF ALEX- 
ANDER TO THE ROMAN CONQDKST. (See Classics, p. 1«.) 
THE GREEK WORLD UNDER ROMAN SWAY. (Set Classics, [.. 13.) 
PROBLEMS IN GREEK HISTORY. (See Classics, p. 13.) 
MARRIOTT.— THE MAKERS OP MODERN ITALY : Mazzini, Cavoub, Gaei- 

BALDi. By J. A. R. Maiuhott, M.A. Gt. 8vo. Is. 6d. 
MICHELET.— A SUMMARY OF MODERN HISTORY. By M. Miohelet. Trans- 
lated by M. C. M. Simpson. G1. Svo. 4s. 6d. 
NORGATE.— ENGLAND UNDER THE ANGEVIN KINGS. By Kate Norgate. 

Witli Maps and Plans. 2 vols. Svo. 328. 
OTTfi.— SCANDINAVIAN HISTORY. By E. C Ott4. With Maps. Gl. Svo. iW 
SEELEY.— THE EXPANSION OF ENGLAND. By J. R. Seelev, M.A., Regius 
Professor of 5Iodern History in the University of Cambridge. Cr. Svo. 4s. 6d. 
OUR COLONIAL EXPANSION. Extracts from the above. Cr. Svo. Sewed. Is. 
SEWELL and YONGE.— EUROPEAN HISTORY. Selections from the Best 
Authorities. Edited by E. M. Sewell and C. M. Yonoe. Cr. 8vo. First 
Series, lOOS-1164. 6s. Second Series, 1088-122S. 6s. 
•TAIT. — ANALYSIS OF ENGLISH HISTORY. (See under Green, p. 42.) 
WHEELER.— Works by J. Talbots Wheeleb. 
•A PRIMER OF INDIAN HISTORY. ISmo. Is. 

•COLLEGE HISTORY OF INTJIA. With Maps. Cr. Svo. 3s. ; sewed, 23. 6d. 
A SHORT HISTORY OF INDIA AND OF THE FRONTIER STATES OP 
AFGHANISTAN, NEPAUL, AND BURMA. With Maps. Cr. Svo. 12s. 
YONGE.— Works by Chaklotte M. Yonqe. 
CAMEOS FROM ENGLISH HISTORY. Ex. fcap. Svo. 6s. each. (1) 
From Rollo to Edward IL (2) The Wars in France. (8) The Wars of the 
Roses. (4) Reformation Times. (5) England and Spain. (6) Forty Years of 
Stewart Rule (1603-1643). (7) Rebellion and Restoration (1642-1678). 
THE VICTORIAN HALF CENTURY. Cr. Svo. Is. 6d. ; sewed, Is. 



ART. 

•ANDERSON. — LINEAR PERSPECTIVE AND MODEL DRAWING. Witli 

Questions and Exercises. By Laurence Anderson. Illustrated. Svo. 2s. 
COLLIER.— A PRIMER OF ART. By Hon. John Collier. ISmo. Is. 
COOK.— THE NATIONAL GALLERY, A POPULAR HANDBOOK TO. By 

E. T. Cook, with preface by Mr. Roskin, and Selections from his Writings. 

3d Ed. Or. Svo. Halt-mor., 14s. L,.rge Paper Edition. 2 vols. Svo. 
DELAMOTTE.— A BEGINNERS DRAWING BOOK. By P. H. Delamotte, 

F.S.A Progressively arranged. Cr. Svo. 8s. 6d. 
ELLIS.— SKETCHING PROM NATURE. A Handbook. By Trjsiram J. Ellis. 

Illustrated by H. Stacy Marks, R.A., and the Author. Cr. Svo. 3s. 6d. 
GROVE.— A DICTIONARY OF MUSIC AND MUSICIANS. 1460-1SS9. Edited 

by Sir George Grove. Four vols. Svo. 21s. eacli. INDEX. 7s. 6d. 
HUNT.— TALKS ABOUT ART. By William Hunt. Cr. Svo. 3s. 6d. 
MELDOLA.— THE CHEMISTRY OF PHOTOGRAPHY. By Raphael Meldola, 

F.R.S., Professor of Chemistry in the Technical College, Finsbury. Cr. Svo. 6s. 
TAYLOR.— A PRIMER OP PLiNOFORTE-PLAYING. By P. Taylor. ISmo. Is. 
TAYLOR.— A SYSTEM OF SIGHT-SINGING FROM THE ESTABLISHED 

MUSICAL NOTATION ; based on the Principle of Tonic Relation. By SiULtv 

Taylor, M.A. Svo. Ss. net. 
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TYEWHITT.— OUE SKETCHING CLUB. I.etters and Studies on Landscape 
Art. By Rev. R. St. John Tybwhiit. With reproductions of the Lessons and 
Woodcuts in Mr. Buskin's " Elements of Drawing." Cr. 8vo. 7b. 6d. 



DIVINITY. 

The Bible ; History of the Christian Church ; The Church of 
England ; The Fathers ; Hynmology. 

THE BIBLE. 

History of the BiSZe.— THE ENGLISH BIBLE ; A Critical History of the various 
English Translations. By Prof. John Eadie, 2 vols. 8vo. 28s. 
THE BIBLE IN THE CHUBCH. By Bight Bev. B. F. Westcott, Bishop of 
Durham. 10th Ed. 18mo. 4s. 6d. 

Biblical Bistory.— BIBLE LESSONS. By Bev. E. A. Abbott. Cr. 8vo. 43. 6d. 
SIDE-LIGHTS ON BIBLE HISTOBY. By Jlrs. Svdney Buxton. '[7ii the Press- 
STOBIE.S FEOM THE BIBLE. By Rev. A. J. Church. Illustrated. Cr. 

Svo. 2 parts. 3s. 6d. each. 
'BIBLE READINGS SELECTED FEOM THE PENTATEUCH AND THE 

BOOK OF JOSHUA. By Rev. J. A. Cross. G1. 8vo. 2s. 6d. 
•THE CHILDREN'S TREASURY OP BIBLE STORIES. By Mrs. H. Gaskoin. 

18mo. Is. each. Fart I. Old Testament. Part II. New Testament. 

Fart III. The Apostles. 
-A CLASS-BOOK OF OLD TESTAMENT HISTORY. By Bev. G. F. Macleab, 

D.D. ISmo. 4s. 6d. 
*A CLASS-BOOK OF NEW TESTA^fENT HISTORY. 18mo. 5s. 6d. 
*.\ SHILLING BOOK OF OLD TESTAMENT HISTORY. 18mo. Is. 
•A sniLLING BOOK OF NEW TESTAMENT HISTORY. 18mo. Is. 
•SCniPTURE READINGS FOR SCHOOLS AND FAMILIES. By C. M. 

Yonge. Globe Svo. Is. 6d. each ; also with comments, 3s. 6d. each. 

Genesis to Deuteronomy. Joshua to Solomon. Klngs and the Prophets. 

The Gospel Times. ApostolicjTimes. 

Tkc Old Testament.— THE PATRIARCHS AND LAWGIVERS OF THE OLD 
TESTAMENT. By F. D. Maurice. 7th Ed. Cr. 8vo. 4s. 6d. 

THE PROPHETS AND KINGS OF THE OLD TESTAMENT. By the same. 
Cr. Svo. CiS. 

THE CANON OF THE OLD TESTAMENT. By Rev. H. E. Btle, Hulsean 
Professor of Divinity in the University of Cambridge. Cr. Svo. 6s. 

The Pentale-uch.—A'S HISTOBICO-CBITICAL INQUIEY INTO THE ORIGIN 
AND COMPOSITION OF THE HEXATEUCH (PENTATEUCH AND 
BOOK OF JOSHUA). By Prof. A. Kbenen. Trans, by P. H. Wicksteed, 
M.A. Svo. 14s. 

The Psa!ms.— THE PSALMS CHBONOLOGICALLY ABEANGED. By FooB 

Friends. Cr. Svo. 5s. net. 
GOLDEN TBBASUEY PSALTER. Student's Edition of above. ISmo. Ss. 6d. 
THE PSALMS, WITH INTEODUCTION AND NOTES. By A. C. Jennings 

M. A., and W. H. Lowe, M.A. 2 vols. Cr. Svo. 10s. 6d. each. 
INTEODUCTION TO THE STUDY AND USE OF THE PSALMS By Rev 

J. F. Thhupp. 2d Ed. 2 vols. Svo. 21s. 

Jsoia?!.— ISAIAH XL.-LX VI. With the Shorter Prophecies allied to it. Edited by 
Matthew Arnold. Cr. Svo. 5s. 
ISAIAH OF JERUSALEM. In the Authorised English Version, with Intro- 
duetion and Notes. By the same. Cr. Svo. 4s. 6d. 
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A BIBLE-RBADING FOR SCHOOIA— THE GREAT rROPHBCY OF 

ISRAEL'S RESTORATION (Isaiah, Ohaptere xK-lxvi.) Arranged and 

Edited for Young Learners. By the same. 18mo. Is. 
COMMENTARY ON THE BOOK OF ISAIAH : CRITICAL, HISTORICAL 

AND PROPHETICAL ; including a Revised English Translation. By T R 

BiEKS. 2d Ed. Svo. 12s. 6d. 

THE BOOK OF ISAIAH CHRONOLOGICALLY ARRANGED. By T. K. 
Cheyne. Cr. Svo. 7s. 6d. 

Zechartah.—rUE HEBREW STUDENT'S COMMENTARY ON ZECHARIAH, 
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